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'Benopycckuii rocy1apcTBEHHBIH YHUBEPCUTET
2Eenopyccm/n?l rOCyIapCTBEHHBIN TEXHOJOTMYECKUN YHUBEPCUTET

K BOIIPOCY O PABPEHIMMOCTH YPABHEHUM
CO CTENEHHO-JTOTAPUOMUYECKHUM SIIPOM
HA MHOT'OMEPHOM MUPAMUJIAJIBHON OBJIACTH

PaccmatpuBaroTcst ypaBHEHHS TIEPBOTO POJIa CO CTEIIEHHO-JIOTapU(MUIECKUMH SIIPAMU C TEHCTBH-
TENBHBIMA CTENCHSIMH JIOTapu()MOB B TIPOCTPAHCTBE aOCONFOTHO HETIPEPHIBHBIX HA OTPAaHHMYCHHOW IH-
pamunaneHOM obmactu GyHKUWi. K TakuM ypaBHEHHAM MPHUBOAAT 3a7adl KaK U3 HEKOTOPHIX Pa3/IelioB
MaTeMaTHKH, B 4aCTHOCTH Au((epeHInabHBIX YPABHEHNH, TaK U U3 (U3UKU, MEXaHUKH U JPYTHX ec-
TECTBEHHBIX HayK. [Ipm 3TOM mpobiema oOparneHus ¢ TOUYKH 3pEHUs MPUII0KESHUHN ABISETCA OOHOMN U3
tueHTpaibHbIX. C 3TOH HpoOIeMOoil TeCHO CBsi3aHa 3a/iaya IMOJYYCHHsS YCJIOBHH Pa3peIIMMOCTH pac-
CMaTPHUBAECMbIX YPABHEHUM B PA3JIMUHBIX IIPOCTPAHCTBAX.

OrpaHn4nmMcst B JaHHOM paboTe ciryyaeM aOCOJIIOTHON HENpephIBHOCTH BECOBOW (DYHKIIMU M 3HAYe-
HUSMH napaMeTpa Ha npoMexxytke 0 < a <1 (o= (ay, ..., 0,;)). Pemenue nogo0HOro ypaBHEHHS C LIEIbI-
MH CTeneHsMH Jorapudma ObuTO mpeacTaBieHo B pabote [1], HO ¢ MCHONB30BaHUEM ITPOU3BOIHON OT
BBIP2KEHHMS, COJIEPIKAIIEro HHTerpasl oT cBoOoaHOoro WieHa ¢ yHkiwmeil Bonbreppa B sinpe. Tam ke ObI-
Ja TIpeUTOKeHa Uesl PEelIeHUs YpaBHEHUS ¢ JeHCTBUTENHLHON CTETeHbIo torapudma. B myOmkammm [2]
OBLTH aHOHCHUPOBAHBI JOCTATOYHBIE YCIOBHS Pa3pEIIMMOCTH PacCMaTPHBAEMOT0 YPaBHEHHUS B TIPOCTPaH-
CTBE a0CONTIOTHO HETPEPHIBHBIX Ha OTpe3Ke (DYHKIMA M TPEICTAaBICH IPYroi BUA PEIIeHHs B TEPMHHAX
MpaBoi YacTH (OMHOMEPHBIN cirydaii). JlaHHas paboTa sSBILeTCS MPOJODKEHHEM HCCIICIOBAaHUS 331a4H B
STOM HAmNpaBICHUH M PACIIUPSET pe3yibTaThl [2] Ha ciay4ail MHOTOMEPHOW MHUpaMHUIAIFHON 00JIacTu.
YpaBHEHHE perraeTcs METOAaMHU JPOOHOTO MHTETPUPOBAHMUS C MCIOIB30BAaHUEM OOOOIIEHMSI HA MHOTO-
MEPHYIO MPAaMUAAIBHYIO 00J1aCTh KIIACCUUECKUX MHTErpaioB Prumana — JInyBuiuis, ciequalibHbIX (QyHK-
uii BoneTeppa u oneparopoB tuna cBepTkH. Teopusi IpOOHBIX HHTETPAJIOB M METOJMKA X TPUMEHEHUS
K PEIICHHIO Pa3IMIHOTO PoJia MPUKIAIHBIX 33]a4 JOCTATOYHO MOJIHO OnMcaHa B padorax [1] u [3].

KnioueBble cjl0Ba: MHTErpabHOE YPaBHEHHE, YPAaBHEHHUS CO CTEMEHHO-JIOrapH()MHUECKUMH SI-
paMH, HHTETpaJIbHBINA ONepaTop THUIA CBEPTKH.

S. V. Ponomareva', O. N. Pyzhkova?, L. D. Yarotskaya®
'Belarusian State University
*Belarusian State Technological University

TO THE QUESTION ON THE SOLVABILITY OF EQUATIONS
WITH POWER-LOGARITHMIC KERNELS
ON A MULTIDIMENSIONAL PYRAMIDAL DOMAIN

We consider equations of the first kind with power-logarithmic kernels with real powers of loga-
rithms in the space of absolutely continuous functions on a bounded pyramidal domain. Such equations
are caused by the problems from certain sections of mathematics, in particular, from differential equa-
tions, and from physics, mechanics, and other natural sciences. At the same time, the problem of ad-
dressing from the point of view of applications is one of the central ones. The problem of obtaining
conditions for the solvability of the equations in different spaces is closely related to this problem.

We confine ourselves in this paper to the case of absolute continuity of the weight function and the
values of the parameter on the interval 0 < a < 1 (a = (0, ..., a,)). The solution of such an equation
with integer powers of the logarithm was presented in [1], but using the derivative of the expression
containing the integral of the free term with the Volterra function in the nucleus. In the same place, the
idea of solving an equation with real power of the logarithm was proposed. In [2], sufficient conditions
were stated for the solvability of the equation in the space of functions that are absolutely continuous on
the interval and another solution is presented in terms of the right-hand side (one-dimensional case).
This paper is a continuation of the investigation of the problem in this direction and extends the results
of [2] to the case of a multidimensional pyramidal region. The equation is solved by fractional integra-
tion methods using generalization to the multidimensional pyramidal region of classical Riemann —
Liouville integrals, special Volterra functions, and convolution type operators. The theory of fractional
integrals and the method of their application to the solution of various kinds of applied problems are
sufficiently described in [1] and [3].

Key words: integral equation, equation with power-logarithmic kernels, operator of convolution type.
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BBenenne. PenieHue MHTErpalibHBIX YpaBHe-
HUH CO CTENEeHHO-JIOTapU(PMHUECKUMHU SIIPaAMH C
LIEJTBIMH CTENEHSIMH JIoTapu(pMOB B IPOCTPaHCTBAX
WHTETPUPYEMBIX W HENPEPHIBHBIX HA KOHEYHOM
OTpe3Ke ACHCTBHTENBbHOW mpsAMON (yHKUWH uc-
cienoBasiock B MoHorpaduu [1], apyroit Bun pe-
IIEHUA U JIOCTaTOYHBIEC YCIOBHUS Pa3peLIMMOCTH B
TeX K€ TMPOCTPAHCTBAX OBUIN IMOJIYICHBI B ITyOJIH-
karuu [2]. OCHOBHOW TEXHHMKOW pEmIeHUs MMOom00-
HBIX YpaBHEHHU SIBISETCS HWCIOJIb30BaHHE METO-
J0B ApOOHOTO HMHTETPUPOBaHMSA U TUPPepeHIH-
poBanus. B paGore [1] ObLT TpEIOKEH METOJ
peuleHusl YpaBHEHUH ¢ JEHCTBUTEIbHBIMU CTEIIE-
HAMH JIOTapu(PMOB, OJHAKO HE OBUIO TOIYUYEHO
YCIIOBUH pa3penInMOCTH 3TOTO YPaBHEHHUS B OTIpe-
JIeNIEHHBIX TIPOCTPAHCTBAX (DYHKIIHA, TPH KOTOPHIX
pelIeHre MOXET BbIpa)kaTbCs B TEPMUHAX MpaBol
4acTH MCXOJHOTO ypaBHeHMs. Jliis pemieHus yka-
3aHHOM 3a1a4yul MOHaIO00MIOCH MCCIEAOBaHUE He-
KOTOPBIX HMHTErPANbHBIX OIEpaToOpoOB B OIpene-
JIEHHBIX (PYHKITMOHAIBHBIX MTPOCTPAHCTBAX.

IpeasaputeibHbie cBexenusi. Ilycte R” —
n-mepHoe  EBkinupoBo  mpoctpaHcTtBo. s

x=(x,....,x,)eR" u t=(¢, ..., t,)eR" obo-

n
3HAYUM Yepe3 x-t=2xktk UX CKaIAPHOE MpO-
k=1

HW3BEJICHHWE; B YaCTHOCTH JIA 1=(1, . 1)

x-lzixk. Ilycts dx=dx,-...-dx,, a x>t
k=1
3HAUUT, X, >1, ..., X, >1,.
[Tycts Ri‘z{xeR":x>O}, k=(k,...k,) eN;,
(kieNo, i=1 ..., n) — MYJIBTUUHICKC C |k|:

=k+..+k.na xeR", keNj, Dz[i,...,i]
ox,  Ox

n

u ocR} momoxum:

X=X X,
K
K__ O
R
X Xn
I'(a)=T(a)-....T(at,,),

rae F(z) — raMMa-QyHKIus Dijepa.
ITyctn Az“ajku (ajkeR) — Marpuna Io-

pAAKa MNX7M C ONpPEASIIUTEIIeM |A| =detA =0,

BEKTOP-CTPOKH  KOTOpOH  0003HauuM  depes

a; :(ajl, ...,aj,,), a 3JEMEHThI OOpaTHOW Mart-
-1 ~
puusl A7 obo3HaumM G ,. be3 orpaHmucHus

OOIIIHOCTH ITOJIOKUM |A| =1. Ilycts ewme

A-x=(a,-x,.

8y X);
(A-x)" =(a,-x)" ... (a, - x)";

n

b=(b, ey bn)eR“, c=(cl,..., cn)eR“;
—0<b;, ¢; <o,
rae o=(a, ..., o,).

OcHoBHast yacTb. PaccMOTpUM ypaBHEHUS
1 a-1 Y
c(x—t)(x—t) lnB—q)(t)dt:f(x);
F(a) AC,Z"(X) x—t
xeA (b), 0<a<1 1

CO CTENEHHO-JIOTaPU(PMHUUECKUMU SAPAMH 110 MHO-
TOMEPHOH MHUpaMHIaTHFHON 00JIaCTH:

A, (b)={teR": A:(b—t)>0, c-t+r=0}

B R"c BepmmHO# B Touke b, ocHoBaHWMeM Ha

runepriockoctd ¢-t+r=0 ©u ¢ OOKOBBIMH
TPaHsIMH, JISKAIIUMH HAa  THUHEPIUIOCKOCTIX
a; -(b - t) =0, j=1,...,n B NpeANoONOKECHUU

a0COIFOTHON HEMPEepBIBHOCTH (HYHKITUH c(x) 51
0<a<l, B>-1.

B gactnoctn, korma A=E =H8 ij — €JIMHUY-

Has Marpuia, a c:1:(1, e 1) u r=0, To

A”(b) ABIIAETCS IPOCTEHIIEd MOICIBHOM IH-

pamuIoii BHIa El(b)z{teR“: b>t, t~120}.

WzBectHo [1, temma 28.2], 4T0 HEOOXOIUMBIM U
JOCTAaTOYHBIM ~ YCIIOBHEM HEIMYCTOTHI MHUPaMHUIIbI
A, (b) sBmsercs ycnosue (A*1 -c) ‘b+r>0.

B nanpHeiiiem HaM MOHAZOOUTCS TaKxke Qop-
MyJia TIEPEeCTaHOBKH MOPSIKa MPENeoB WHTETPH-
poBanus [1 (28.63)]:

I dt J. f(t,r)dr: I dt I f(t,r)dt,
Agr(b)  Agr(t) Acr( (b,T)

’b) G

rae c(b, ‘r)z{teR": A-TSA-tSA'b}.
3ametum, 4T0 ypaBHeHue (1) MOXHO ¢ MOMO-

IIbIO 3aMEHBI IEPEMEHHBIX

r a4y r

. x=A'L_—

ef” d |’

rae d=A71C, A ﬁ,m,& >

d |4 d

n
CBECTH K YPaBHEHHIO [0 MOJCIBHON MMHPaMUIaIb-
HOH 00J1aCcTH:

1 a-1
F(Ot) El.!-X)C(X_t)(X_t) lnBXL—t(I)(t)dt:f(x);

t=A1Y_ 2
q ()

d=c+...4¢,,

erl(b),0<a<1, 3)
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Y MO3TOMY B JalbHEWIIeM OyJeM paccMaTpUBaTh
ypaBHenue (3) Bmecto (1), cuutas (¢ yuerom (2))
WX UJCHTUYHBIMHU.

Hecmortpst Ha TO, 4TO B 00IIEM CiTy4ae MHOTO-
MEpHBIC ypaBHEHHS MO MHUPaMUIATBHON 001acTh
HEJB3s CBECTU K MIPOCTOMY MOBTOPHOMY WHTETPH-
pOBaHMWIO, B HamieM ciydae (Kiaacchl (yHKIIHH, B
KOTOPBIX 3TO BO3MOXKHO, OyJIyT OMMCAHBI HUXKE) C
MOMOIIBIO (DOPMYJIBI TIEPECTAHOBKH TOPSJIKA HH-
TErPUPOBAHUS 3TO OKA3bIBACTCS BBHITIOIHUMO.

Jis pemieHuss HaM HEOOXOIUMBI HEKOTOPBIC
crenuagbHble (YHKIMU U Cleayronme o0o3Haue-
HUSl, B YACTHOCTH:

n(x, o, 0) =] Ju(x o o );

k=1

§)=TTv(s) =T Tu(x. 0.0
va(x)= thk (% );

1

-1-a
u(x, o, oc)zx“ (ln—j x

X

)" )
xu(l,—l—nk,ock)ln[x—j +0 (lnx—] ,
k k

arg ]n[l]
'xl'

Nx ompeneneHus U CBONCTBA OIMUCBHIBAIOTCA,
HanpuMmep, B padorax [1] u [4].

Cneyuansuule knaccol pynkyuii. JIna maoro-
MEpPHOTO TPOCTPAHCTBA BBEIEM KJacChl (PYHKIIUM

rae Rec, >-1, <m, x—0,x, ¢,0eR".

1, (Ll), anamoruunele kmaccam AC abCoIoT-
C,r

HO HEMpPEephIBHBIX (YHKIUHA OJHOMEPHOTO IIPO-
CTPaHCTBA, WCHOJB3Ysl CBOHCTBO aOCONIOTHO He-
MPEPBHIBHBIX (DYHKIUI OBITH TPEICTABUMBIMH HH-
TerpajgaMy OT HHTETPUPYEMBIX (yHKITHIA:

L, (L)=1/:/(x)="[ o(t)dt:
A1)
d(t)e AC(A, (b))}
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3aMeTuM, YTO eciu f( )e I (L1 ), TO Cy-
IIECTBYIOT YaCTHBIE TPOU3BOIHBIE oT /f 1o mopsiika
n  BKIIOYUTEIBHO, U

:g(id”‘ %J £ (x).

rae d; — dIEMEHTBI 00paTHOM MaTPHLbl A
Amuasornuno knaccy ACy[a,b] BBemeM knacc
bynkuwmii 1) (Ll) CITETyIOIINM 00Pa3oM:

1 (L)={r(x)el,, (L): /(%)

cx+r=0 —

cx+r=0 —

=0;.

n
;djk g}f(x) cxtr=0
3ameTuM, YTo IpH # =1 MPOCTPAHCTBO [ (11)
coBrmagaer ¢ npocrpanctBom AC, [a b] u ;[BnﬂeTca
KJaccoM (YHKIMH, MpeIcTaBUMBIX MHTErpajlaMH I10
MHPaMHUIaTIbHOM 00JIaCTH OT CBOMX NMPOU3BOIHBIX.
HumezpanvHblii onepamop Mmuna Ceepmiu.
B monorpadun [1] mpuBomutcs dopmyna obpa-
IIEHUs] OJHOMEPHOTO HMHTETPajbHOTO OIeparopa
TUIA CBEPTKU:

(121’%)()6)5
TP g(r)de= £(x); (4)

x—t

|||
Q '—-.‘«

a<x<b<ow

M YCIIOBHUS pa3pelmuMOCTH ypaBHeHHUS (4) B dop-
MYJIUPOBKE, MPUBEJACHHON B Teopeme 1.

Teopema 1. [1y1a pazpemumMocTi ypaBHeHHS (4)
B mpoctpanctee L, (a,b),1< p <oo HEOOXOMMMO
U JIOCTaTOYHO, YTOOBI CBOOOHBIN WieH f ObLT Mpe-
CTaBUM B BHJIE

1) = fitay (x—0)2(1)dt, (1) € L, (a,

IIpu BBINOTHEHMH 3TOTO YCJIOBUS PEUIEHHE @
€AMHCTBEHHO U BBIpaxkaeTcst GopMyIoi

o(x)=(E+T, )_1%Gful_a,_ﬁ(x—t)f(r)dt} (6)

b). (5)

X

TZIE OIEPATOp (Twcp)(x) = j\y(x—t)(p(t)dt [1,c. 487].

CdhopmynrpyeM MHOTOMEPHBIM aHAJIOr 3TOrO
YTBEPXKIEHUA 111 MoJenbHON mupaMunsl E, (b) =
=lteR": b>t, t-lZO}. Beengem ananor orme-
patopa (4).
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Teopema 2. J1yig pa3peminMOCTH YPaBHEHUS
o,p _
(IEl(x)(I)) ('x) =

o e ),

B poctpaHctBe I, (Ll) HE0OX0UMO U IOCTATOYHO,
9TOOBI CB060,£[HLII/I 4JieH f ObUT IpeJCTaBUM B BUJIE

S(¥)= [ pap(x=t)x(t)dt,x(t) el (Ly).(7)
Ey(x)

[Ipu BBIMOTHEHUH 3TOTO YCIOBHUS pEIICHUE (O
€IMHCTBEHHO M BbIpaXkaeTcs GopMyIIoit

¢(x)=

N t)f(t)dtJ ®)

El (x)

i} orepaTop (Tw(p)(x) =

n

HokaszatenncTBO. cnomsdyem Gopmyty
IIEPECTAHOBKHU IIPEAEIOB MHTErPUPOBAHUA U IIPU-
HaJJISKHOCTh (QyHKIMH Knaccy 1 A (L1 ) Hanee
OyzeM cienoBaTh TOW K€ CXEeMe J0Ka3aTeNbCTBa,
YTO U B OJTHOMEPHOM ciydae [4].

Jns Toro 4TOOBI MOTYYUTH APYTOM BHUI pelie-
Hus ypaBHeHHs (3), BBeieM 00O3HAaUeHHE M0 aHa-
JIOTHH C TIEJIOYUCIIEHHBIM citydaeM [1, c. 483]:

(75 )(x) = %E{)ul_a,_ﬁ(x—t)f(t)dt. ©)

E
[na onepatopa (Jy’lm’[i f )(x) B IIPOCTPAHCTBE
aOCOJIOTHO HENPEPHIBHBIX HA OTpE3Ke (PYHKIHMA
BBITIOIHSIETCS CIIEAYIOMIAst TeopeMa
Teopema 3 Iycth f( ) (L1)-

( luﬁf)( )ely (L)

ﬂoxa3aTenLCTBo.

Torma

Tak kak QyHKIUS

f (x) eIE1 (Ll), TO OHa IpeICcTaBUMa B BHJE

00 [T S 2 e )

Elkl

[Toacrapisist 3170 BEIpakeHHe B (9), OCyIIEeCTB-
Jsisl TIEPECTAHOBKY TOPSIKA HWHTETPUPOBAHUS BO
BTOPOM cliaraeMoM 1o hopmyre Jlupuxiie, nmeeM

(s )3 = [ by (O (O] +

Y B

IH(;% J (1) dtildt_

Ey (1) k=1

:—f(x)|1‘x:0 J‘ “'170(,*[3 (X—t)dt+
LEoYE)

IR O

yEl(t)k 1

)dt I o p(x—t)dt.

Ey(x)
B cuny ceoiicts ¢ynkumn p, . [4, c. 230]

nMeeM |p1_a,_ﬁ(x)|SK na E;(b), rzme

1
K=———. Orcrona crneayeTr NpuHaIJIC)KHOCTh
r (oc + 1)

knaccy Ip (L, ) HEPBOrO CIaraeMoro.

JIsl BTOPOTO CJ1araeMoro CHOBA MCHOIb3yeM
OILIEHKY ‘ul_a,_ﬁ (x)‘ <K u orpaHuueHHOCTH (PyHK-
wm f(x) wa E;(b), otkyna cnenyer, 4rto u
BTOpOE Craraemoe npuHaateknut kmacey I (Ly).
DTO U 3aBEpINAET J0KA3aTeNbCTBO TCOpEeMBL

CnencrtBUue. OnepaTop J” p/ Orpanu-
yeH B npocTpaHcTBe 1,

Jlemma 4. Ilycte &)YHKI_II/IH f ( ) (L1 )
Torza oHa MOKET OBITh IPEICTABIEHA B Bm[e

f(x)z I ;,tw(x—t)x(t)aft,)((t)eIE1 (Ll).(lo)
Ey(x)

JlokazaTtenbcTBO. s T0Ka3aTeIbCTBA HUC-
TIOJIb3yeTCsl TIpeCTaBICHHE, OTpaKEHHOE B paboTe
[1, c. 487], a B xauecTBe (YHKIUH X(t) el (Ln)
MOJKHO B34Th x(t) (E +T )((p( ))

I[aﬂee paccMaTpuBacM IpPOCTPaHCTBO (yHK-
185074 I (L )

Teopema 5. Ilycre f(x) € IOEl (Ll). Torma
(Jf,la,ﬁf)(x) € I?El (L), mpuoTom

{1 2ot s 1 S5, 2

k=1

JdoxkazatrenbcTBO. [lo ananoruu c joka-
3aTebCTBOM TEOPEMBI 2, UCHIONB3Ys GOPMYIy U3-
MEHEHUSI TIOPS/IKA NHTETPUPOBAHUSI, YUUTHIBAs CBOM-
cTBa (QYHKIMH |, 5 U NPUHAUIEKHOCTh (QyHKIUM
f (x) Kknacey Iy, (il ), MOTy4uM TpedyeMoe mpe-
CTaBIICHHE.

Jocmamounvie ycnosus paspemaumocmu ypag-
nenua (3). I naxonen, copMmyiupyeM ciemyro-
Y0 TEOpEMY, JAIOIIYIO IOCTATOYHbIE YCIOBHS pa3-
pemmmMoct ypaBHeHUs (3) u npyryio ¢gopmy ero
peLIeHHSI.

Teopema 6. Ilycts  f ( ) eIO Ll) Torma ypas-
HeHue (3) paszpemmo B I L1 U €ro €QUHCT-
BEHHOE peIlIcHHE IaeTCs (bopMynon

¢(x)=
=(E+T,) qu{g(iﬁjkﬁy](x)- (11

Tpyasi BITY Cepus3 Ne2 2018



14 K Bonpocy o pa3pelmmMocTi ypaBHEHUI CO CTENEHHO-AOrapPUMDMUYECKMM SIAPOM

HoxazatenbctBo. CormacHo nemme 4,
GyHKIMS f{x) TpeACTaBMMa B BUIC BBIPAKEHUS
(10), a 3HauymT, MO Teopeme 2 ypaBHeHue (3) pas-
peuvo B I (L1) U €r0 eIUHCTBEHHOE pEIlleHUe
MOJXKET OBITh MPEJICTABICHO B BUJIC YpaBHEHUs (8).
Hanee, ucnonb3ys teopeMy S5, obo3Hauenue (9) u
[1, Teopema 32.2], moxyIum

1 n n B a
=(E+T,) Jiu [H(Zajk g]fJ(x)’
k=1\_j=1 j
4TO paBHOCHIBHO popmyne (11).
3axmouenue. [lomydeHsl J0CTaTOYHBIE YCIOBUS
pa3peIMMOCTH YPaBHEHHUI CO CTETEHHO-JIorapud-
MUYECKUMU SIAPAMHU C JEUCTBUTEIBHOU CTETEHBIO

morapudma B IPOCTPaHCTBE aOCOIOTHO HEMPEPHIB-
HBIX Ha OTPaHWYEHHON MHUpaMHUIAIBHOH 001acTH
(GyHKUMIT; 1aHO pelIeHne pacCMaTpUBaEMbIX ypaB-
HEHUU B TEPMHUHAX IIPaBOU 4acCTH.

o(x)= (E+ T, )_1 f[(zr:.&jk g}(‘]ﬂzpf) =

=1\ j=
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