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H. II. Mo:xeit
benopycckuii rocyrapcTBeHHBI YHUBEPCUTET HHPOPMATHKH U PAHOIIEKTPOHUKH

HOPMAJIBHBIE CBA3HOCTHU HA CUMMETPHYECKHUX MHOI'OOBPA3UAX

B pabote npencraBieHa JoKaibHas KIacCU(DUKAINSA TPEXMEPHBIX CUMMETPHUECKUX OJHOPOIHBIX
IPOCTPAHCTB, AOMYCKAIOUIMX HOPMANbHYIO CBSI3HOCTH. B cTaThe paccMaTpuBaeTcs cilydail Hepaspe-
Mol rpymnsl JIn npeoOpaszoBanuii. JlokaneHas knaccuuKanysi OJHOPOIHBIX POCTPAHCTB DKBHBA-
JeHTHa onucanuto 3¢dextuBHbIx map anredp Jlu. Onucanel MHBapHaHTHbIE apGUHHBIE CBSI3HOCTH
BMeECTE C UX TEH30paMH KPUBHM3HBI U KPYUEHHsI, CCIIEJOBAHbI aJIreOpbl TOJIOHOMUH OJHOPOIHBIX IIPO-
CTPaHCTB W HaWJeHO, KOIJa WHBAapHaHTHAas CBSI3HOCTh HOpMaibHa. lccienoBaHusl OCHOBaHbBI Ha HC-
TI0JIb30BAaHNM CBOMCTB anredp JIu, rpynn JIn 1 0XHOPOAHBIX MTPOCTPAHCTB U HOCST, TIIABHBIM 00pa3oM,
JIOKaNbHBIN XapakTep. OCOOEHHOCTBIO METOIOB, NMPEACTABICHHBIX B pabOTe, SBIAETCS MPUMEHEHHUE
YHUCTO alNreOpanvecKoro Mojaxo/a, a TAKXKE COUETaHUE PA3IMYHBIX METOAOB IU((epeHINaNbHON reo-
METPHH, TEOPUH TPy U anredp JIu 1 Teopur 0JHOPOIHBIX IPOCTPAHCTB.

KiioueBble c¢jioBa: HOpMalbHasi CBSI3HOCTb, TPYyINa MPeoOpa3oBaHMil, CUMMETPHUYECKOE IMPO-
CTPaHCTBO, anredpa roJOHOMHHU.
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NORMAL CONNECTIONS ON SYMMETRIC MANIFOLDS

In this article we present a local classification of three-dimensional symmetric homogeneous spaces
allowing a normal connection. We have considered the case of the unsolvable Lie group of transfor-
mations. The local classification of homogeneous spaces is equivalent to the description of the effective
pairs of Lie algebras. We describe invariant affine connections together with their curvature and torsion
tensors. We have studied the holonomy algebras of homogeneous spaces and have found when the in-
variant connection is normal. Studies are based on the use of properties of the Lie algebras, Lie groups
and homogeneous spaces and they mainly have local character. The peculiarity of techniques presented
in the work is the application of purely algebraic approach, as well as combination of methods of dif-
ferential geometry, the theory of Lie groups and algebras and the theory of homogeneous spaces.
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BBenenne. IloHsATHE HOpPMaIbHON CBS3HOCTH
BBen O. Kapran juis pumanoBa MHOrooOpasust (cM. [1]).
MHuoroo6pa3usi ¢ IIOCKOH HOPMaJbHOW CBS3HO-
cteto uccnenosanu /. U. Ilepenenkun u ®@. Dabd-
puuuyc-breppe, a taxxke 3. Kapran. Utorn stux
HICCITeIOBaHNI TToBeieHB! B MoHOrpadguu b. Uena [2].
CuMMeTprYecKre MPOCTPAHCTBA O0JIAAI0T Mate-
MaTHYECKH KpPacHUBBIMU CBONCTBAMM — 3TO IpO-
cTpancTBa apUHHOM CBSI3HOCTH 0€3 KpydeHus,
TEH30p KPHUBHU3HBI KOTOPHIX COXpaHSIETCA HpHU Ta-
pamtensHOM Tieperecennd (cM. [1]). CummeTpude-
CKH€ PHMAaHOBBI MPOCTPAHCTBA BIIEPBBIE MCCIIEIO-
Baxn [1. A. [llupokoB, KiacCUpUKAI PUMAHOBBIX
CUMMETPUYECKHUX MPOCTPAaHCTB moxydeHa O. Kap-
TaHOM, UM ObUIa pelleHa W 3ajJada JIOKaJbHOH
KJIacCU(pUKAUKN CUMMETPUYECKUX OJHOPOTHBIX
MIPOCTPAHCTB C MPOCTHIMH KOMITAKTHBIMH OCHOB-
HeIME Tpynmamu (cMm. [3]). TpexmepHbie pemyk-
TUBHBIE OJHOPOIHBIE TPOCTPAHCTBA C HeEpaspe-
MIMMOH TPYMITON MpeoOpa3oBaHuH, JOMYCKAOIINE
HOPMaJIbHbIE CBA3HOCTH, HM3y4yaluch B [4], cum-
METpUYECKHE OJHOPOJHBIE MPOCTPAHCTBA C pas-
pemrMoil rpynmnoil mpeoOpa3oBaHUM, JOMYCKaro-
[I1Me HOPMaJbHBIC CBSI3HOCTH, MUCCIEAYIOTCS B [5],
rJie TpuBeneH Ooyiee MOAPOOHBI TEMATHUSCKHIA

0030p, a Takke 00OCHOBAaHHE MPHMEHSIEMBIX Me-
TOJIOB; MPH M3JIOKEHUH COXpaHEHbl 0003HAYCHUS,
BBEJICHHBIC paHee. B maHHON pabore Takxke H3y-
YaroTCsl HOpPMaJbHBIE CBSI3HOCTH HAa CHMMETpHYe-
CKHMX MHOT000pa3usix, HO BHUMaHHE COCPEoToUe-
HO Ha TIPOCTPAHCTBAX, Ha KOTOPHIX JIEHCTBYET He-
paspemumasi rpyIma npeoopa3oBaHuil.

1. OcHoBHble ompeaesenus. Ilyctb M -
muddepeHupyeMoe MHOroodpasue, Ha KOTOPOM
TPaH3UTHBHO JeiicTByeT rpynma G, G=Gx
CTabwmIIM3aTop MPOU3BOILHON Toukn x€ M. Ilpo-
Onema kiaccu(UKauy OJTHOPOIHBIX MPOCTPAHCTB
(M, G) paBHOCHIbHA KIacCHMUKALMH AP TPYII
Ju (G,G), rae G G, Tak kak M MOXKeT ObITb
OTOX/IECTBIICHO C MHOTOOOpa3HeM JIEBBIX CMEXK-
HbIX kmaccoB G/G. Ilycts g — anrebpa Jlu
rpymmsl JIu G, a g — nojanredpa, COOTBETCT-
Bytomiass noarpynmne G. Ilapa (g,g) anre6op Jlu
HazbiBaeTcs 3(pPEeKTUBHOH, eclin mojanredpa g He
COJICP)KUT OTJIIMYHBIX OT HyJsl upeanoB g. [lapa
(g,9) Ha3BIBaeTCS M30TPOITHO-TOYHOM, €CITH TOUHO
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M30TpOIHOE mpencraBienue g. Heobxoxmmoe yc-

JOBUE cyliecTBOBaHHS a((OUHHON CBSI3HOCTH CO-
CTOUT B TOM, YTO NPEACTaBICHHE M30TPONUU IS

G 1OKHO ObITh TOUHBIM, eclii G > deKTHBHA Ha
G/ G . Apunnoii cessnocmovio na mape (g, g) Ha-
3BIBACTCSl TaKoe oToOpaxkeHnue A:g— gl(m), dto
€ro OrpaHMYEHUE Ha g — W30TPOIMHOE IMPE/ICTaB-

JICHHWE TMOAANTe0phl, a BCE OTOOpaKEHUE SBISICTCS
¢ -uHBapuaHTHBIM. Tam, rJe 3TO He OyJIEeT BbI3bI-

BaThb pa3sHOYTEHMs, OyAeM OTOXIECTBISTH MOJ-
MIPOCTPAHCTBO, JOTIOJHUTEIBHOE K g B ¢, W (ak-

TOP-TIPOCTPAHCTBO M =g /g .

Cummempuueckoe npocmpaHcmseo ecTh TPO-
Ka (G, G, o), cocTosmas u3 CBA3HOM rpymmsl Jlu
G, 3aMKHYTOMH Toarpymmsl G s G ¥ MHBOJIO-
THBHOTO aBTOMOpU3Ma G misi G TAaKoro, 4To
o(g) = 5,°g°s, ' nna ge G, rie s, — CAMMETpPHS ISt
M B o. Ilycts (g, g, 0) — cuMMeTpUYecKas anredpa
JIu. [lockonbKy G WHBOJIOTHBHO, TO €ro COOCT-
BCHHBIMHU 3HAYCHUSAMH sIBIsitoTes 1 w —1, a g —
coOcTBeHHOE TonpocTpancTBo s 1. [Tycte m —
cOOCTBEHHOE MOJNPOCTpaHCTBO Jyist —1. Pazmoxe-
HUE § = g+m Ha3bIBACTCS KAHOHUYECKUM pPA3-
nooicenuem 1 (g, g,0). Ecmu g = g+ m— kaHo-
HUYECKOE PA3NIOKCHUE CHMMETPUYIECKOl anreOphl JIu
(g,9,0), 10 [g,g]c g, [g.m]cm, [m,m]C
g. Temszop kpyuenus T e Ianzl(m) U TEH30D
KpUBH3HBI R € Ian31(m) UMEIOT BU]I

T(Xps V) = AX) Y = AD)x, =[x, 3],
R(xys7m) = [AG), A= A, »)

I BCEX X, Y € g. Anrebpa Jlu b* IPYIIILL FOJIO-
HOMHUY MHBapuaHTHOU cBs3HocTn A g — gl(3, R)
na mape (g,9) — or0 momanreGpa anreOpsl Jlu
gl3,R) Buma V+[A(9),V]+[A(®).[A(@),V]]+
+..., TIe V — NOIIPOCTPAaHCTBO, MOPOXKIEHHOE
{IA), AM]=A(x,yD|x,y€ g}
[Monoxum q pasHoii momanredpe B gl(3, R),

MHOKCCTBOM

nopoxxaennoi  {A(x)|xe g}. Bymem roBopuTh,
4TO CBS3HOCTB HOpMaTbHa, ecan b = a.

2. Knaccupukanusa cUMMeTPUYECKHUX MPO-
crpaHcTB. Bynem onuceBats mapy (g, 9) mpu
noMomu  Tabnomubl  yMHOkeHus ~ §.  Uepes
{ei,...,e,} obosnaunm Gazuc g (n=dim g). By-
JIEM T10J1araTh, 4TO § MOPOKAAETCA €, ..., €, 5, a
{uy=e, ,,u,=e, ,u;=e,} — Gasuc m. Jiia Hy-
Mepalyuy IoJaIredp UCIONb3yeM 3auCh d.n, s
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HyMepauuu nap — d.n.m, 31ech d — pa3MepHOCTh
nojanredpel, n — Homep nmopanredpsl B gl(3, R)
a m — Homep mapel (g,9). Bymem omuceiBaTh
CBSI3HOCTh uepe3 00pa3bl 0a3HMCHBIX BEKTOPOB
A(uy), A(u,), A(uy), Tensop KpuBu3HEI R — de-
pes R(up,uy), R(uy,us), R(uy,usz), a tensop kpy-
yenus T —uepes 1 (uy,u,), T(uy,uy), T(uy,usy).
Teopema 1. Bce TpexMmepHble CHMMeETpUYe-

CKHUC OJHOPOJAHBIC IMPOCTPAHCTBA, AOITYyCKArOLIUC
HOPMAJIbHYIO CBA3HOCTbH, TAKHEC, YTO ﬁ HEpaspe-

muMa, a g paspemuma (g # {0} ), ToKanbHO HUMe-
IOT CICAYIOIUN BU;

1.1.5 | el u U Uz
€1 0 Uu —U 0
U —-u; 0 e 0
[Z5) [Z5) —€] 0 0
us 0 0 0 O
1.3.5 | €] [Z3] Uy U3
€] 0 Uy U 0
u 175 0 (4] 0 5
Uus —Uu; —€ 0 0
us 0 0 0 O
1.3.6 | €] U Uy us
(4] 0 —Uy U 0
U Uy 0 —€] 0 ,
Uy —U (4] 0 0
us 0 0 0 O
2.9.12 €1 € [Z31 U Uus
(4] 0 —€) U —2142 2u3
(%)) (%)) 0 0 0 U
U —Uq 0 0 (%) 0 ,
Uy 21/!2 0 —€) 0 —€]
usz —21/13 —Uq 0 (4] 0
3.19.14 €] € €3 U U us
€] 0 —€) €3 0 Uy —U3
(50 [50) 0 0 0 U 0
[5£] —€e3 0 0 0 0 Uu ,
U 0 0 0 0 [£] (50
Uy -, —u; 0 —-e3 0 e
Uz Uz 0O —u -e —-e 0
3.21.6 €] (%) €3 [Z3] Uy us
€ 0 —e3 € 0 —U3 U
€ €3 0 0 0 Uu 0
€3 —€) 0 0 0 0 u
U 0 0 0 0 € €3
Uy us —Uy 0 —€) 0 (4]
Uus —Uy 0 —Uu; —e; —€ 0
3.21.7 (41 () €3 U Uy usz
€ 0 —e3 € 0 —U3 Uy
€ e3 0 0 0 U 0
e3 —€) 0 0 0 0 U
U 0 0 0 0 —€ —€3
Uy us —Uy 0 € 0 —€]
usz —Uy 0 —Uu; e3 € 0
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3ameuanue. Ecnu Ha mapamerpbl, TOSBISIO-
npecsl B Tmporecce Kiaccu(uKalyu, HaKIabIBa-
IOTCSI HEKOTOPBIE JIOTIONIHUTEIBHBIC YCIOBHS, TO
OHHU 3aIMCBHIBAIOTCS cpa3y TOCie TaOIUIBl YMHO-
XKeHus. B MpOTHBHOM cilydae Mmpe/nonaraercs, 4to
nmapaMeTpsl npoderaiot Bce R.

Joxazamenvcmeo. CHavana ONKMCaHBl TPEX-
MEpHBIE HM30TPOIHO-TOYHbIC Tapel. Jms 3toro
knaccuunupoBanbl noganredopsl g B gl(3,R), a
Jayiee HalIeHB! (C TOYHOCTHIO /IO SKBUBAJICHTHOCTH)
napsl (g,g). M3 HUX BBIOpaHBI CHMMETpPHYECKUE

Mapel ¢ HEPa3peIMMON g U pa3petmMoin g, JOoImyc-
KaloIie HOPMAIBHYIO CBS3HOCTD, T. €. JJIsl KOTOPBIX
g=g+tm, gnm=0, [g,g]cg, [g,m]cm,
[m,m]Cg.

Ecin g — paspemmmast noganredpa anredpsl
gl(3,R), Takas, yto mapa (g,g) 3amaeT Tpex-
MEpPHOE CHMMETPHYECKOE OAHOPOJHOE Mpo-

CTPAHCTBO, JAOIYCKAIOLIee HOPMAIbHYIO CBSI3-
HOCTh, g He sABIsfeTcs paspemnmoit u g# {0},

TO ¢ COMNPSDKEHA OJHOW M TOJBKO OJHOU W3 Crie-
JYIOIIUX TI01anreop:

x x y x
1.1 —-x |1.3|—x ;2.9 -2y ;
2y
y z y oz
3.19) x ;3.21 x|.
-X —x

31ecy mpernoaaraeTcs, YTo MepeMeHHbIe 000-
3HAYEHBI JJATUHCKUMH OyKBaMU U mpuHAIeKaT R .
Basuc nonmanreOpbl, o ymonauaHuio, OyaemM BbIOU-
paTh, MPUAAB OJHOW W3 JIATUHCKUX IMEPEMEHHBIX
3HauyeHue 1, a ocranbHbIM 0, HyMeparus 0a3uCHBIX
BEKTOPOB COOTBETCTBYET al(paBUTY.

Jliis xaxkmmoit Takoi mojanreOpbl HalaeM H30-
TPOITHO-TOYHBIE TMaphl. PaccMoTpum, Hampumep,
nmapy tuma 1.1. M3 ToxaectBa SIkoOu ciemayer, 9To
[u,u,1=ae, +0ouy, [u,u,]=Bu, [u,,u]="v,u,.
Ecmm B, +v,#0, 10 g, =0a,=0 u mapa (g,9)
9KBMBAJICHTHA Iape, HE BXOJAIICH B paccMaTpu-
BaeMblii B pabore kimacc map. Ilpu B, +7v, =0,

a,#0 u o,#0 mnapa sxeuBaneHTHa 1.1.5. Ilpu
B,+v,=0, a0, =0 mapa 5KkBUBaJCHTHA OJHOH U3
nap, He BXOJSIIMX B U3y4yaeMblil B paboTe Kiacc.
Paccmotrpum Temepr mapy tuma 1.3. Torma
le,,u,]=—u,,le,u,]=u, [e,u]=pe,peR. N3
ToxaecTBa SIkoOu momyunm [u,,u,]= a,e, + 0u;,
[u,,u]=Bu,, [u,,u;]=Bu,. Hpu o,=0,a #0

napa (g,9) skeuBanentHa 1.3.5 wm 1.3.6 mocpencr-
BOM TU: Qs — §, T(e) = e, (u,) =/l |u,, (u,)=
= a, u,, m(u;)=u,. Taper 1.3.5 u 1.3.6 He >kBU-

BAJICHTHBI, TIOCKOJIBKY monanredpa Jlesu (s,9)
usomoppua SU(2), a momanrebpa Jleu (g;,9,)
momopdua 5[(2,R). B ocransubix cnyuasx (g,9)

9KBUBAJICHTHA OJHOW M3 Map, HE BXOJSIIUX B pac-
CMaTpHUBAaEMBIii B paboTe Kitacc.
Paccmotpum Teneps noganredpy 3.21. Torna

le,u;]=0,[e,,u,]1= pe,,[e;,u,]1= pe;,
[elauz]: qge, —u3,[e2,u2] =u1,[e3,u2] = pe,
le,u;]=u, +re,[e,,u,]=—pe,[e;,u,]=u,,

mpu p #0 mpocTpaHCTBO HE ABISETCS CUMMETPH-
yeckuM. Ecim p=0, To umeem: mpu r#0 mpo-
CTPAaHCTBO TaKXKe HE SBIISETCS CUMMETPHUYECKUM,
mpu a, =r =0 mapa dKBHBaJICHTHAa TPHUBHAIbHOU
nape, anredpa sIBJIIETCS pa3pelInMoi U He BXOAUT
B paccMaTpuBaeMblil B paboTe kiacc anredp, mpu
a,>0, r=0 mnapa (g,g) DKBUBAJICHTHA IIape
3.21.6 (3TO POCTPAHCTBO SIBISETCS CUMMETpPHUYE-
cKkuM), npu a, <0, r=0 mnapa 3KBHUBaJECHTHA
3.21.7. dim Dyg, # dim Dy,

dim Dg, # dim Dy, , nonanre6pa Jleu B g, u3o-

3aMeTUM,  YTO

MopdHa s[(2,R), a momanredpa Jlesu B g, u3o-
moppra su(2). Orcroga ciemyer, 4TO Mapbl HE

9KBUBAJICHTHBI JPYT JIPYTY.

OcTanpHbI€ CITy4Yan UCCIEAYIOTCS aHAJIOTHIHO.

[Tapa (g,g) HaA3BIBACTCS MPUBUATLHOU, €CIIU
CYLIECTBYET KOMMYTaTHUBHBIM Haean a B anreOpe
JIu g, takoii, uto gD@a=7g.

Teopema 2. Bce TpexmMepHbIE CUMMETpHUYE-
CKUE TPUBHAIbHBIE OJIHOPOJHBIC MPOCTPAHCT-
Ba, JONYyCKalolHe HOPMAaIbHYIO0 CBS3HOCTb,
Takhe, 4YTO ¢ W ¢ HEepa3pellnMBbl, JOKaIbHO
nmeroT Bua g@a=7g, roe g (momanredpa ai-
re6psl JIu gl(3,R)) compsiskeHa TONBKO OJHOU
u3 nojanreop

Xy Xy Yy ox
331z —x 3.4z vy |;3.5-y z|.

z —X —X -z

Bce TPEXMCPHBIC CUMMCTPUUICCKUEC HETPUBU-
AJIbHBIC OJHOPOAHBIC TIIPOCTPAHCTBA, MAOITyC-
Karmue HOPpMAaJIbHYIO CBA3HOCTH, TaKUEC, YTO ﬁ

U g Hepa3pemuMbl, JTOKaIbHO HMEIOT CIETyIo-
IUNA BUI:
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342 (4] € (%] U Uy usz
(4] 0 € —e3 U 0 —U3
€ —€) 0 (4] 0 U Uy
(5] es —€] 0 Us usz 0 B
Uu —Uy 0 —Uy 0 € —€]
175 0 —Uuy —U3 —€ 0 —€3
us us —Uy 0 (4] €3 0
34.3 (3] (50 €3 Uu [Z5] Uus
e 0 e -e w 0 -u
e - 0 e 0 U, U
e es —e 0 Uy U 0o
U -u; 0 —u, 0 —e e
Uus 0 Uy —Uj3 [50) 0 €3
us us —Uy 0 —€) —€3 0
352 (4] € (%] U Uy Uus
(4] 0 es —€ —Uj3 0 u
€ —e3 0 €1 —Uy Uup 0
€3 € —€] 0 0 —Uus U ,
u us U 0 0 € (4]
Uy 0 —Uy us —€) 0 es
us —Uy 0 —U; —€; —e3 0
3.5.3 el (5] e3 U U usz
(4] 0 e3 —€) —Uj3 0 Uy
€ —e3 0 4 —Uy U 0
e3 € —€] 0 0 —Uj3 Uy
U us 175 0 0 —€; —€
Uy 0 —Uy usz (%) 0 —e3
usz —U 0 —Uy (4] e3 0

Jloxazamenvcmeo. Bce TpuBHAIbHBIE OJIHO-
PONHBIE TIPOCTPAHCTBA SBISIOTCS CHUMMETpHUE-
ckuMHU. B Teopeme BhINUCaHbl HEpa3pelIUMbIe T10-
nmanreopsr anrebper Jlm  gl(3,R), momyckaromtue

HOPMAJIbHYIO CBS3HOCTh. AHAJOTHMYHO TIPUBEICH-
HOMY BBIIIIE, €CIIH ¢ — Hepas3pemmMas rmojaaireopa

anre6psl JIu gl(3,R), Takas, uro mapa (g, g) He-

TpPUBHANbHAS CHMMETPUYECKAs, JIOIYCKArOIas
HOPMAJIbHYIO CBSI3HOCTh, @ § HEpa3peninMa, To ¢

COTpsDKEHA OJHOW W TOJBKO OJHON M3 Tomanreop
3.4, 3.5. Haiinem n30TpOMHO-TOYHBIE MapHI.

Paccmotpum mapy (8,9) tuna 3.4. Ilycts b
(HmnenioTeHTHAs nofanreOpa anredpst JIn @) mopo-
7ena BekTopoM ¢, g (h) =Re, ® Ru,, g (h) =
=Re,®Ruy, §7"(h) =Re;®Ruy, [u,u,]e §V(h),
[u,,u;1€ (), [u,,u;]e 37" (h), Torma, ucroms-
30BaB TOXIECTBO SIKOOM, MOTYydUUM, 4TO [u,u,]=
= wey + oy, [uy,u3] = —azey + Oy, [Uz,us] = —ases +
+ oyu. Tlomoxum p=a,+o; /4. Tlpu p=0
mapa (g,g) SKBUBaJCHTHA TPUBHATHHOU Tape MpH
HoMoIIM OoToOpakeHust mw:g — g, n(e)=e,
i=1,3, w(u,)=u— (0, / 2)e,, ©(u,) =u, + (0, / 2)e,,
(uy) =u, + (0, /2)e,. Ilpu p>0 mapa (g,g) k-
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BuBanieHnTHa 3.4.2, mpu p <0 mapa (g,g) SKBHUBaA-
nenTHa 3.4.3.

INockonbky dimt(g,)#dime(g,) u dime(g,)#
#dimr(g;), (6,.9)
(9,,9,) u (9;,9;). [lockospky g, — mpocras ai-
rebpa JIu (g, =s((2,C);), a anrebpa Jlu g, He
npocta (g, = sl(2,R)xsl(2,R)), naper (g,,9,) 4

rnapa HC DOKBHBAJICHTHA

(9;,9;) HE 3KBUBAJICHTHBI.

Paccmorpum mapy tima 3.5. B cumy ToxkaecTsa

SlkoOm (¢ ydeTroMm TOro, 4To ¢ — IOJyIpOCTas ai-
reopa JIn) [u,u,]=a,e, +o,u;, [u,u;]=a,e —

—OU,, [uy,us]=a,e; +0o,u,. Tlonoxum p=
=la, -0 /4" npu a, z 0 / 4.
1.4a,=0;. Tlapa (g,g) OKBUBAIEGHTHA TpH-

BUAJIBHOM Nape IOCPEICTBOM T: g, = g, T(e,) =e,,
i=1,3, 1) =u, + (0 / 2)e;, Mu,) =u, — (0t / 2)e,,
T(uy) = uy + (0, / 2)e,.

2. 4a, > OL§ . [lapa (g,g) »xBuBanentHa 3.5.2

OpH IOMOIIM T:g, =g, n(e)=e, i=1,_3,
W(u,) = p(u, +(04/ 2)ey), ™(u,) = p(u, — (0 /2)e,),
W(uy) = pus + (0L / 2)e, ).

3. 4a, <0. DxBuBajeHTHOCTH map (g,g) H
3.5.3 ompenensierca m:g, > ¢, T(e)=e,, i=13,
Tc(”]) :p(ul + (OC3 /2)63)7 ﬂ:(uz) :p(uz - (OC3 /2)61 )a
T(uy) = p(u; + (0t / 2)e,).

Mockonsky €(§,) # {0} 1 t(g,) = t(3,) =10} ,
HU ogHa u3 map 3.5.2 u 3.5.3 He SKBUBAJICHTHA
TpUBHAIbHOU mape. 3ameTuM, uto anredpa Jlu g,
npocta (g, =sl(2,C); ), a anrebpa Jlu g, He
npocra (g, = su(2)x su(2) ). Orcrona cienyer, 4ro
napset 3.5.2 u 3.5.3 He SKBUBAJICHTHBI.

3. CBSI3HOCTH HAa CHMMETPUYECKHX MPO-
crpaHcTBax. JIJisi HaWJEHHBIX Tap BBIMHCHIBAEM
adpuHHABIE CBA3HOCTH, TEH30PHI KPUBU3HBI U KPY-
qeHus, anreOpsl rojoHoMuH. Haxommm anreOpbl
TOJIOHOMHH yYKa3aHHBIX CBSI3HOCTEH U OIpe/ielisieM,
korna appuHHAS CBI3HOCTh HOPMaJbHA.

llooaneebpa g — paspewuma. Paccmotpum,

HanpuMmep, napy 2.9.12. IIpsmMbIMU BBIUHCIEHUAMU
nonyuuM A(u,) = A(u,) = A(u,)=0. Tensop xpu-
BU3HBI MMEET BWJ, YKa3aHHbIM Hmke. AnreoOpa,
NIOPOXK/ICHHAsE MHOKECTBOM R(u;,u;), T. e. V=

={[A(X), A= A(lx,y])[ x,y€ g}, coBmamaer ¢
anreOpo TOJIOHOMUHM (TakuM 00pasom, anredpa ro-
JIOHOMHH COBEpILICHHA). JIeHCTBUTEIILHO, TOCKOIBKY
cBsi3HOCTH TpuBHaIbHA, A(g) = A(g) u [A(g),V]=
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=[A(g),V]1=V, takkak A(g) coBnamaer ¢ V' . B nan-

HOM ciydyae a; = A(g) u h' = ag, T. €. CBA3HOCTD

HopManbHa. TeHzop KpydeHus: HysneBoil. Ocrtaib-
HBIE CITyYad pacCMaTpPUBAIOTCS aHAIOTHYHO.

TakuM 00pa3oM, TPSMBIMH BbIYUCICHUSMH
HaxoJIuM, 4T0 aUHHBIC CBSI3HOCTH WMEIOT CJe-

1.15 [ (o
0

0 P33P0 0

93,11 — 343,

0 P33P
0 0 ,

0 0 0

0 0 q,315—1,4,,
0 0

1.3.5,
1.3.6

O oo’y oo

~

-4 H¥l 0
—-HHl -4 0 |,
0 0 24
0 piars=h,Pis 2P
0 posrisHinPishaPas |
C 0
0 =pysr3=1,P 5+ Doy
0 pisnsaPisTiaPas |
0
A==p,3p5; + Pi3Pss
H= P3Pyt PasDss
B=py 1= Psohis —15Ds,
C=psli,+Psoliy —13Ps,
D ==p, 1= Psihis +155P55

F=psh,—Psali, —TaPs,

2.9.12

0 0
0 0
0 0

-1Y(0 0 0)(1 0O O
0,00 0,0 =20
0)l0 0 0)l0 0O 2

[Tapa

Tenzop kpyueHust

3.19.14

(0,0,0),(0,0,0),(g,5 —7,.0.0)

3.21.6,3.21.7

(0,0,0),(0,0,0),(2¢,,0,0)

YOI BUJ:
[Mapa AddunHas cBSI3HOCTD
3.19.141 (0 0 0)(0 0 ¢,)(0 5, O
0 0 O}, 00 01,0 0 O
0 0 0)l0O 0 O 0 0 0
3.21.6 00 0)/(0 g, 4
3.21.7 [O 0 0,0 0 0 |
0 0 0)Jlo O O
0 —q; %,2}
0 O 0
0 O 0
1.1.5 00 ps){0 0 0
0 0 0Ll 0 0 gy
0 p, O ¢, O
n, 0 O
0 n, O
0 0 ny
1.3.5 0 0 Pis 0 0 P23
1.3.6 0 0 JZERE 0 0 Pz |
P Pip 0 —Pip Psy 0
o ho O
~r, hy 0
0 0 n,
2.9.12 TpUBHATLHAS (HyJICBasI)

TeH30pbl KPUBU3HBI U KPYUECHUS:

1.1.5

(030’103,2 _%,1)9(171,3 _7'1,13030):
(09%,3 _rz,z’o)

1.3.5,1.3.6

(0,0,2‘03,2 ),(p1,3 —Ni1sPst }’1’2,0)’
(=P2a =12 Pra = 11150)

2.9.12

HYJIEBOU

AnreOpbl rOJIOHOMUU:

ITapa

Anrebpa TOJTOHOMUHU

ITapa TeH30p KpUBU3HBL
3.19.14 (0 0 -1)(0 -1 0Y(0 0 O
00 O0}LO O 0,0 -1 0
00 0)l0O 0 O0)lO0 O 1
3216, (0 F1 0)(0 0O F1)(0 0 O
321710 0 oljo 0o oo 0 I
0 0 0)l0O O 0)(0 %1 O
1.1.5 JA 0 0
0 —P;,9,5H 0 ,
0 0 P329257P13%5,

2.9.12

p, O D
0 —2p, O
0 0 2p,

3.19.14

0 p, p
0 p, O
0 0 -p
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3.21.6,3.21.7 0 p p
0 0 -p,
0 p, 0

Y map 2.9.12, 3.19.14, 3.21.6 u 3.21.7 cBsaz-

HOCTb SBJISICTCS HOPMAJIbHOM.
llooanezebpa g — nepaspewuma.

Iapa AdduHHas CBA3HOCTH
342,343 (0 p, 0)\(-p, O ©
0 0 pl,Z 5 0 0 0 B
0 0 0 0 0 p,
0 0 o0
—Pis 0 0
0 —Di> 0
352,353 0 0 0 0 0 —-py,
0 O p2’3 N O O 0 )
0 —pyy 0 ){Ps 0 0
0 D3 0
P23 0 0
0 0 0

Jna mapet 3.4.2 CBA3HOCTb HOpMalbHa NpHU
p1,22 #1; mna 3.4.3 n 3.5.2 cBA3HOCTb sIBISETCA
HOpPMAaJbHOM, y 3.5.3 — HOpMasbHA IpH p2’32 #1.

TeH30pbl KPUBU3HBI U KPYUECHUS:

ITapa TeH30p KPUBU3HBI
342,343 0 p, 7l 0
0 0 p1,22 Fl|,
0 0 0
_p1,22 +1 0 0
0 0 0 ,
0 0 p, ¥l
0 0 0
-p, tl 0 0
0 _p1,22 1 0
352,353 0 -pF1 0
p2,32 +1 0 01,
0 0 0

352,353 0 0 —p 7l
0 0 0 ,
pz,32 1 0 0
0 0 0
0 0 _pz,32 Fl
0 p,, *1 0
[Tapa TeH3op KpyuyeHust
3.42, 2p,,,0,0),(0,2p,,,0
p s Vs D) B p D) D)
3.43 (2£12:0.0)(0.25,.0)
(0,0.2p,,)
352’ 0907_ 2[7 > Oazp ,0 >
353 ( 20 }(0.26:0)
(-2p,5,0,0)
[Tapa Anrebpa roTOHOMUH
343 P, D 0
2
342 pl,Z ¢1 p3 O p]
0 p -p,
342 P, =1 HyJeBast
352 0 -p, D,
3.53 2
Py #1 0 —p
P, DPs 0
3.53 Prs =1 HyJieBas

3akioyenne. Takum o0pa3oMm, MpHUBEICHA B
SIBHOM BHJIE MOJHASA KIacCU(UKAIHS TPEXMEPHBIX
CUMMETPHUYECKHX OJHOPOJHBIX IPOCTPAHCTB C
HEepa3pelrMoi Tpynnoi npeoOpa3oBaHuid, J0Myc-
KalOIUX HOPMAaJbHYIO CBA3HOCTb. OIHUCaHBI BCe
WHBapUaHTHbIC aQ(UHHBIE CBSI3HOCTU HA KaXIOM
TaKOM IPOCTPAHCTBE, HAWJIEHBI TEH30PBbl KPUBU3-
HBI, KPY4CHHS, anreOpbl TOJOHOMHH YKa3aHHBIX
CBSI3HOCTEH W ompeneneHo, korga adduunas
CBSI3HOCTb HOPMaJIbHA.

[Tony4eHHbIE pe3yabTaThl MOTYT OBITH UCIIOJIb-
30BaHbl NPU HCCIENOBAHUU MHOIr000pasuil, mpu
H3yYEHHH NPOCTPAHCTB ¢ ad(hUHHON CBS3HOCTHIO,
a TakKe MMETb MPUIIOKEHUS B Pa3IMYHbIX oOJiac-
TSIX MaTeMaTHKH M (DU3MKH, MOCKOJIBKY MHOTHE
(yHIaMeHTaJ bHbBIC 3a7a4l B 3TUX OONACTSIX CBSI-
3aHbl C M3yYEHHEM HHBAPHAHTHBIX OOBEKTOB Ha
CUMMETPUYECKUX MPOCTPAHCTBAX.
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