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JTOCTATOYHBIE YCJIOBUS PASPEILIMMOCTHU YPABHEHUI
CO CTENNEHHO-JTIOTAPU®GMUYECKUMM SIIPAMU
C JEMCTBUTEJbHOM CTENEHBIO JIOTAPU®MA

PaccmatpuBaroTcsi ypaBHEHHUS IIEPBOTO POJia CO CTETIEHHO-JIOrapU(pMUUECKUMH SIpaMu ¢ AeHCTBH-
TEJIbHBIMH CTEIICHSIMH JIOTapU(PMOB Ha OTPE3Ke JICHCTBUTEIILHONH OCH B IPOCTPAHCTBE aOCOJIIOTHO He-
MIPEPBIBHBIX Ha OTpe3ke (yHKIMH. K TakuM ypaBHEHUSIM TPUBOAAT 3aJaudl KaKk M3 HEKOTOPBIX pasjie-
JIOB MAaTeMaTHKH, B YaCTHOCTH, MNP PEPCHIINATBHBIX YPaBHECHHH, TaK U U3 (U3UKH, MEXaHUKH H APY-
TMX €CTECTBEHHBIX HayK. [Ipu aTOM mpobiiema oOparieHus ¢ TOUKH 3pEHHS MTPHIIOKEHHUH SBIISETCS OJ1-
HOW M3 HeHTpasbHBIX. C 3TOH MPOOIEeMOi TECHO CBs3aHa 3ajada MOyYeHUS YCIOBUH Pa3pelInMOCTH
paccMaTpUBaeMbIX YPaBHEHMH B pPa3IMYHBIX MPOCTpaHCcTBaX. OTpaHUINMCS B JaHHOH padoTe cirydaem
a0COJIFOTHON HENpephIBHOCTH BECOBOW (DYHKLIMM M 3HAYCHUSIMH IapamMerpa Ha rmpoMexyTke 0 <o <1
(U 3HaYEHWH O 3a TPAaHULAMH 3TOTO MPOMEKYTKA MPUAETCS JOMOTHUTEIBHO AnGPepeHIIpOBaTh

WX UHTCTPUPOBATH JOMOJHUTCIBHO COOTBETCTBYIOIICC BBIPAKCHUC [OC] pa3). Pemenne Takoro YpaB-

HeHusi ObLIO mpejcTaBieHo B [1], HO ¢ UCIOIB30BaHUEM ITPOM3BOAHON OT BBIPAKEHHMS, COJIEPIKAILETO
HHTErpaj oT cBOOOAHOTO WicHa ¢ QyHKIuei Bonbreppa B sape. B maHHO# paboTe mosy4eHsl q0CTa-
TOYHBIE YCJIOBHSI Pa3pelIMMOCTH PAacCMaTPHBAEMOr0 YpPaBHEHHMSI B IPOCTPAHCTBE aOCOJIIOTHO HETpe-
PBIBHBIX Ha OTpe3Ke (DYHKIHMHA M TPENCTaBIsIeTCs APYrod BHJ pPEUICHUs] B TEPMHHAX IPaBOM YaCTH.
VYpaBHEHHE pemIacTcss METOAaMHU JPOOHOTO MHTETPUPOBAHMS C MCIIOIb30BAHUEM KJIACCHUECKUX HMHTE-
rpanoB Pumana — JInyBuiuts, crienanbHBIX (GyHKIHN BomsTeppa 1 omepaTopoB THTIa CBEPTKH.

KaroueBble cjioBa: MHTErpagbHOE ypaBHEHHE, YPAaBHEHHS CO CTETIEHHO-TOTApU(PMUIECCKUMH S1-
pamu, HHTETPAJIbHBIN OIIEPaTOp THUIA CBEPTKH.
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'Belarusian State University
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THE SUFFICIENT CONDITIONS OF SOLVABILITY
OF EQUATIONS WITH POWER-LOGARITHMIC KERNELS

The integral equations of the first kind with power-logarithmic kernels with real degrees of loga-
rithms on a segment of the real axis in the space of absolutely continuous functions are investigated.
The problems from certain sections of mathematics (in particular differential equations) as well as from
physics, mechanics, and other natural sciences result in such equations. In this case, the problem of ad-
dressing from the point of applications view is one of the central ones. This problem is closely connect-
ed with the problem of obtaining the solvability conditions for the equations in various spaces. In this
paper, we limited ourselves to the case of absolute continuity of weight function and parameter values
on the interval 0 <o <1 (for values o beyond this interval we need to differentiate or integrate appro-
priate expression [Oc] times additional). The solution of thus equation was presented in [1], but using a
derivative of the expression containing the integral of the free member with the Volterra function in the
kernel. We obtain the sufficient conditions for the solvability of the considered equations and establish
a different kind of solution in terms of the right side. The equation can be solved by fractional integra-
tion methods using classical Riemann-Liouville integrals, special Volterra functions and operators of
convolution type.

Key words: integral equation, equation with power-logarithmic kernels, operator of convolution type.

BBenenne. PenieHue uHTErpajibHbBIX YpaBHe-
HUH CO CTENEHHO-JIOTapU(PMHUECKUMHU SIIPAMH C
LENBIMH CTENEHSIMHU JIoTapr(hMOB B IPOCTPAHCTBAX
WHTETPUPYEMbIX W HEMPEpBIBHBIX (YHKIMNA HC-
cienoBanock B MoHorpaduu [1], npyroii Bun pe-
IICHHUSA U JIOCTaTOYHBIEC YCIIOBHUS Pa3pelIMMOCTH B
TeX K€ MPOCTPAHCTBAX OBIIM MOJy4YeHBI B [2], Ans

YpaBHEHUH C YHCTO JIOTAPUPMHUYECKHM SIIPOM C
JICHCTBUTEIIBHBIMU CTEIICHSIMHU JiorapudmoB — B [3].
B [1] Obu1 npensioxen MeTOA pelieHns ypaBHeHUH
C JIHCTBUTEILHBIMH CTETICHSIMH JIOTapH(MOB, OJTHAKO
He OBUIO TIONYYEHO YCJIOBHH Pa3peliMMOCTH 3TOTO
ypaBHEHHSI B OTIPEJICNICHHBIX MMPOCTPaHCTBaX (yHK-
LU, TP KOTOPBIX PEIICHUE MOXKET BBIPAKATHCS
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B TePMHUHAX MPaBOW YaCTH MCXOJHOTO YPaBHECHHUS.
Jns pemenus yka3aHHOW 3aladu TIOHAIOOWMIIOCH
WCCJIEIOBAaHNE HEKOTOPBIX WHTETPAIbHBIX OIllepa-
TOpOB. boiiee TOro, MpEACTaBISIET TaK)KE MHTEPEC
WCCJICIOBAHUE pPACCMATPUBAEMBIX YpaBHEHUH C
KOMIIJICKCHBIMU 3HAUYCHUAMHU napaMeTpa.

OcHOBHAasl YacCTh.

1. llpenBaputenbHble cBenenusi. Paccmarpu-
BAaKOTCA ypaBHeHI/IH

! )]Ec(x—t)(x—t)al P Yo (¢)dt = £ (x),

I'(o x—t
(a<x<b<eo) (1)

CO CTENEeHHO-JIOTapu(MUUECKUMU SApaMH C Jei-
CTBUTEIILHBIMHU CTENEHSIMU JIOTapu(PMOB Ha OTpPE3KE
[a,b] NEUCTBUTEIBLHOR OCH —oco<a<b<oo,
Y>b—a B mpocTpaHCTBE A0COJIIOTHO HENpPephIB-
HBIX Ha oTpe3ke QyHkuuit AC [a,b]. bynem pac-
CMaTpHUBaTh CiIy4ail abCOIIOTHON HENPEpPBIBHOCTH
dysxunn ¢(x) 1 0<o<l, p>-1.

s pemieHust HaM MOHANOOSITCS HEKOTOpBIE
crenuaibHble QYHKIUH U 0003HAYCHUS:

z) = Ixz_le_xdx, Rez >0,

B
X't
dt =
Hop (3 j T(B+1)T(t+1)

:IE[%(%)H}U), Y P

W HEKOTOpbIe Apyrue. Mx onpeaeneHus 1 CBOHCTBa
ONMCHIBAIOTCS, HanIpuMep, B [1] u [4].

B monorpaduu [1] npuBoautcst dopmyna 00-
palleHns] HHTETPaJIbHOTO OIepaTopa THUIla CBEPTKU

(12P0)(x)=
)" P ¢(r)dt = £ (x), (2)

xX—t

e
“ T
(a<x<b<oo)

M yCIIOBHSI pa3pemnMocTu ypaBHeHus (1) B cie-
IyIoIIei (GopMyITHPOBKE.

Teopema 1. J1ns pazpeminmocty ypaBHeHHS (2)
B mpoctpanctee L, (a,b),1< p <o HeoOGX0mMMO
U JIOCTaTOYHO, qTo6LI CBOOOJIHBIN wieH f ObLI
MIPEJICTABUM B BHJE

x)= fHa,B (x—t)x(t)dty(t)e L,(ab). (3)

a

IIpn BBIIOTHEHWH ATOTO YCIOBHUS pPEIICHHE @
€IMHCTBEHHO U BBIpaXkaeTcs (hopmynoit
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o(x)=(E+T, )_l‘x
di[ Jhrap (=) £ (0 )dt], 4)

X

Ir7ie ornepaTop (Twcp) (x)= jw(x -

a

1)o()dt (em. [1,

c. 487)).

2. UHTerpanbHbIil omepaTop THIA CBEPTKH.
Jiist Toro 4ToObl MOMYYUTh APYTOH BUA pEIICHHS
ypaBHenus (1), BBeneM 0003HaYeHUE IO aHAIOTHH
C IIETIOYUCIIEHHBIM citydaeM (cM. [1, c. 483]):

(it s f)(x) Jmﬁ —0)f(t)dt.  (5)

a+
Hust oneparopa J ¢/ B mpocTpancTBe abco-

JIIOTHO HENPEPBLIBHBIX HAa OTpe3Ke (DYHKIMH BBI-
HOJIHSIETCS CIEAYIOIas TeOpeMa.

Teopema 2. Tlycts f(x)e AC[a,b]. Torma
(it oS ) (x)€ AC[a,b].

Hoxazamenscmeo.  Tax  xak  (yHKUMA
f(x)e AC[a,b], To ona mpencraBuma B BHAE

=_[f,(l)dl+f(a). [loscTaBuM 3TO Tpes-

cTaBieHue B (3) W, OCYNIECTBISS TEPECTaHOBKY
MOpsiIKa WHTETPUPOBAHUSI BO BTOPOM CJaracéMoM
no popmyie Jupuxie, nmeem:

(Jv,a,ﬁf)(x):
_%ful_m_ﬁ (x—z)[ f(a)+j f’(r)dr}ﬁ -
:f(a) —1t)dt+
Y

%j F(R)da[ 1y gy (x— 1)

B cuny cBoiicte dyHkumm W, (eMm. [4,

(x=a)”

c.230]), a rtake paBeHctBa [)Q(x)= o+
o+

wist @(x)=1, x>a, nveem:

‘ul_a,_ﬁ (x)‘SK ua [a,b],

|b_a|(x—1 |b_a|l—(x
rae K =max R .

[(o+1) T(a+1)
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Orcrona ciemyeT oreHKa

K(b-a),

YTO 03HAYAET aGCOJIOTHYIO HEMPEPHIBHOCTH MEp-
BOT'O CIIAraeMoro.

JUIsi BTOPOTO CIIaraeMoro CHOBA HCTIONB3YeM
S T
PBIBHOCTB, @ 3HAYUT, OPAHMYEHHOCTh (YHKLMH
/(x) na orpeske [a,b]:

ﬂ“l—a,—ﬁ (x - t)‘ dr <

x)‘SK U abCOTIOTHYIO Herpe-

X

% | f'(r)drful,a,,ﬁ(x—t)dts
sff’( 1)-K-(b-a)|dt<K-(b- aj T)|dr,

OTKyJla CIIelyeT, YTO ¥ BTOPOE CIIaraeMoe sIBISIETCS
aOCOFOTHO HeTpephiBHON (yHKnued. Yrto u 3a-
BEpILIAET 10KA3aTEIbCTBO TEOPEMBI.

Cneocmeue. OnepaTop Jw[(l:x,ﬁ f orpanuyeH B
npocrpanctee AC[a,b].

Teopema 3. Ilycts pyuxuust f(x)e AC|[a, b].
Tora oHa MOKET OBITH TPEJCTABIEHA B BUJIE

)= [l (x=0) (0K, (1)< L (a

Joxazamenvcmeo. Cornacuo [1, c. 487], nns
HKIHMK f (X) BBIMOJIHSACTCS PABEHCTBO
y p

b). (6)

t

—1)| co®(t)+ J.\p(t —-1)o(t)dT (.

a

x)= jiuu,ﬁ (x

3mech ¢, =limc(x). Tax kak omepatop T,, Bnonue
X—a

Henpepeiser B L, (a,b),1< p<eo, TO B KauecTBe

x(1)=

dynxmmu  y(t)e L, (a,b) MOKHO B3ATH

=(coE+T, )(0(1)).

Hanee paccMaTpuBaeM MIPOCTPAHCTBO
AC, [a, b] a0COJIIOTHO HENPEPBHIBHBIX HA OTpE3Ke
1 o0palaroImuxcs B HyJlb B €ro Havyaje (QyHKIHH.

Teopema 4. Tlycts f(x)e AC,|a,b]. Torna
(JYﬁmﬁf)(x)e AC,[a, b], npu s1om

d
§JY,a,Bf:
1 i ’ a ’
=;J'Ll1_a’_ﬁ(x—t)f (t)dt=(Jy’;’Bf)(x). (7)
Jokazamenbvcmeo. IIo TeopeMe 2,

(J;:;’Bf)(x)e AC[a,b]. B cuny amamuruunoCTH

(ynKkmn [, 5, abCOMOTHON HENMPEPHIBHOCTH M

paBeHCTBA HYJIIO B TOuke d (GyHKOUU f (x),

(Jy,oc,[}f)(a) =0
3Hauwur, (Jw’ﬁf) (x)e AC,[a,b]. Hanee, 1o

aHaJlOTHMK C JI0Ka3aTeIbCTBOM TEOPEMBI 2, TaK Kak
dynkums f(x)e AC,[a, b], 1o oHa npexcraBuma

B Buge f(x If t)dt, f’(t)e L(a,b). Hoxacra-

BHM JTO TIpezicTaBieHue B (5):

(Vi )(%)

W3meHss nopsIoK MHTErPUPOBAHUS IO TEOpPE-
Me OyOMHU U yUHUTBIBAsI CBOMCTBA (DYHKIIUU Hop
[IOJIy YUM

(it pf)(x) jdtjula "

YTO PaBHO3HAYHO MPEACTaBICHUIO (7).

3. JlocTaTo4yHble YCJOBHS Pa3pemIuMocTH
ypaBHenus (1). I nakonen, chopmyiupyem cie-
JYIOIYI0 TEOPEMy, AAIOILYI0 JIOCTaTOYHBIE YCIIO-
BUsA paspemnmMoctu ypaBHeHus (1) m apyryio
(dhopmy ero pemieHusl.

Teopema 5.

jplaﬁx zjf t)ddt.

t—1)f(t)dr,

f(x)e AC,[a,b],
¢(x)e AC|a,b]. Torna ypasuenne (1) pasperun-

ITycTs

Mo B L, (a,b),1< p<co W ero enMHCTBEHHOE pe-

LIeHHE AaeTcsl opMyJIon

o(x)=(qE+T,) (Jip/)®).  ®

Jlokazamenvcmeo.
dynxumst f(x) npexcraBuma B Bume (3), a 3Ha-

CormacHo Teopeme 3,

4yT, N0 TeopeMme 1, ypaBHeHue (2) paspemuMo B
L,(a,b),p=1 W ero eIMHCTBEHHOE pelIeHHe

MOJXKET OBITh TIpejicTaBiIeHo B Buze (4). lanee, uc-
oJIB3ys Teopemy 4, hopmyy (7), obo3HaueHue (5)
u [1, reopemy 32.2], nomyuum

000) = (e +T, ) (250 ) ()=
=(cE+T,) " (J4af")(x),

YTO PAaBHOCHIIBHO (8).

3akurouenue. [1oydeHbl T0CTATOYHBIC YCIIOBUS
Pa3peiMoCTH YPaBHEHUN CO CTEIIEHHO-JIOTapH-
MUYECKUMH SIIPAMH C JICUCTBUTEIHLHOU CTEICHBIO
sorapumMa B MPOCTPAHCTBE aOCOIFOTHO HETPEPHIB-
HBIX Ha OTpe3Ke (DYHKIWH; JaHO pPEIIeHHEe paccMar-
pUBaEMBIX YPaBHEHUH B TEPMHUHAX PABOH YacCTH.
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