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TPEXMEPHBIE OJHOPOJHBIE ITIPOCTPAHCTBA CO CTABUJIN3ATOPOM
PASMEPHOCTU HE MEHEE HIECTU U A®OOUHHBIE CBA3HOCTU HA HUX

Pabota mocBsiiieHa ONMUCaHNIO TPEXMEPHBIX OJHOPOAHBIX MPOCTPAHCTB M ad(UHHBIX CBSI3HOCTEH
Ha HUX. B cTatee paccMoTpeHs! rpynmsl JIu, JeHCTBYIONME TPAH3UTUBHO HA U3y4aeMbIX IPOCTPAHCT-
BaX, MPUYEM CTaOWIM3aTOP NEHCTBHSI MMEEeT pa3MEepHOCTh He MeHee LiecTd. B pabore ucrosibp30BaH
aredpandeckuii moIxox K ormucaHuio adpUHHBIX CBI3HOCTEH, TPUMEHEH alllapar TEOpUH IPYII U all-

re6p JIu, a Takke OHOPOJHBIX IPOCTPAHCTB.

The paper is devoted to the study of three-dimensional homogeneous spaces and affine connections
on it. In the paper we concerned only case, when Lie group action is transitive and dimension of the
stationary subgroup not less then six. In this work we use the algebraic approach for description of af-
fine connections, methods of the theory of Lie groups, Lie algebras and homogeneous spaces.

Beenenue. [Ipobnema onucanust MHOrooOpa3uit
OblIa TOCTaBJICHA ellle B HayaJie TI03arpoIuioro Be-
Ka, B JaJbHEeWeM ObUTH KiIaccH(HUIUPOBAHbBI pa3-
JUYHBIE CHEUUalbHbIE KJIacChl MHOT000pasuil.
Hanbonee nuTepecHBIM Kak ¢ MaTeMaTHUYECKOM, TaK
U ¢ (PU3NYECKON TOYKH 3PEHUS] CUUTACTCS OIHOPO-
HBI Citydail. BOJNBIIMHCTBO (U3MUECKUX MoOeeh
SIBIISTFOTCS. OTHOPOAHBIMHU, U 3TO YCJIOBHE YacTO ObI-
BaeT alpUOPHBIM, OOJBITMHCTBO TPOCTPAHCTB, MO-
SIBIISTIOINMXCS B Pa3fIMUHBIX pa3fesiax MaTeMaTHKH,
TECHO CBSI3aHHBIX C MPUJIOKEHUSMH, TaKKe CUHUTa-
FOTCSI OJHOPOJHBIMHU. Y CJIOBHE OJHOPOIHOCTH SIB-
JsieTcs TPUHLUMUAAIBHBIM M C MaTeMaTHYeCKON
TOYKH 3pPEHUs], OHO TTO3BOJISIET CBECTH 3a/1a4y K YHC-
TO anreOpanmyecKol, JaeT BO3MOKHOCTh IPUMEHHTH
TEeXHUKY TEOpUH rpyni u ainreop Jln.

JIBymMepHBIE OJHOPOJHBIE MPOCTPAHCTBA OBLIH
KaccuduurpoBansl JokansHo Codycom Jlu u rio-
6anpHO . MocToBbiM. C. JIu erie momy4yusi HEKOTo-
pble pe3ynbTaThl B KIACCH(DUKAIMU TPEXMEPHBIX
OJHOPOJHBIX MIPOCTPAHCTB M ONHMCAJ BCe MoAaIred-
pet anredper JIu gl(3, C). Ilpobrema HaxoXKIEeHUSI
MIOJTHOM KJIacCU(HKALMU TPEXMEPHBIX OJHOPOIHBIX
MPOCTPAHCTB Kak Map (rpymma, MOATpYyIMNa) WX
naxe (anredpa, moganredpa) oueHb BayKHA JIJIST MHO-
TUX MPUII0KEHHUH, HO TaKXKe U 04€Hb CI0XKHA.

BaxHbplil moakiacc cpeau BCEX OJHOPOIHBIX
MPOCTPAHCTB  (OPMHPYIOT H3OTPOMHO TOYHEIC
MpoCTpaHCcTBa. B wacTHOCTH, 3TOT MOAKiIacc co-
JEpKHUT BCE OJHOPOAHBIE MPOCTPAHCTBA, AOMYC-
Kalolue WHBapuaHTHYI0 adQuHHYIO CBS3HOCTS.
Lenpto paboThl sABNsAETCS KiaccuuKanus Tpex-
MEpHBIX HW30TPOITHO TOYHBIX OJHOPOJHBIX TIPO-
CTPaHCTB CO CTaOMIM3aTOPOM PasMEpPHOCTH HE Me-
Hee MIECTH M ONMCaHNe WHBapUAHTHBIX a(dUHHBIX
CBSI3HOCTEH Ha HUX BMECTE€ C MX TEH30paMHU KpH-
BU3HBI, KPyUCHUS, TPYIIIAMUA TOJIOHOMHUH U T. 1.

OcHoBHas 4acth. [lycte M — muddepenuu-
pyemoe MHOrooOpasue pazMepHOCTH 3, Ha KOTOPOM
TpaH3UTUBHO JelicTtByeT rpynna G, (M,G) — ox-
HOpOJIHOE TpocTpaHcTBO, G = G, — crabuimsarop
npousBoibHOU Toukn x€ M. IlpoGiema knaccudu-

Kallii OJHOPOAHBIX HpocTpaHcTB (M, G) paBHO-
CuJIbHA KJIacCU(UKAIMK (C TOYHOCTBIO JI0 3KBHBA-
nentHoctH) nap rpynn Jlu (G, G), rne GC G. NlBe
napsl rpynn Jlu (G, G)u (G,,G,) sxeusanenm-
Hbl, €CII CYILIECTBYeT u3oMopdusm rpymm Jln

n: G, — G,, Taxoii uto (G)) = G,.

HUcnione3yst nuHEapu3atuio, 3Ty MpodlieMy MOXK-
HO CBECTH K Kiaccuukaimu map anredp Jlu (g, g)
€ TOYHOCTBIO IO SKBHBaJIeHTHOCTH map. Ilycts g —
anreopa Jlu rpymmet JIu G, a g— nopanredpa, coot-
BercTBytomlas nonarpymmne G. Torga MHOroodpasue
M MoxeT ObITb OTOXKIECTBIEHO C MHOTr0oOpazueM
JIEBLIX CMEKHEIX KnaccoB G / G, a nerictBue G Ha
M TP TaKOM OTOXIACCTBJICHUHN IIPUHUMACT BUJ

51(5,G) = (5,5,)G

Ul Bcex s§;,5, € G. Todka x IpH 3TOM OTOXKIECT-
BIISIETCA CO CMEXXHBIM KiaccoM e(G, a KacaTeJabHOe
npoctpanctBo I M — ¢ (aKkTOp-MPOCTPAHCTBOM
g / g (cM., Hampumep, [1]).

Iaper (g,,g,)u (g,,g,) Ha3BIBAIOTCS 9K6U-
6aeHMHbIMU, €CIN CYLIECTBYEeT M30MOPGHU3M aj-
reop JIu

T g — §,, Takol uTo T (g)) = &».

W3yuyas OXHOpOAHBIE IPOCTPAHCTBA, Ba’KHO
paccMmaTtpuBaTh He camy rpymmy G, a ee obpas B
Diff(M). [dpyrumu cioBaMu, JJOCTaTOYHO pac-
CMaTpUBATh TOJIBKO (P (eKTHBHBIC NEHCTBUS IPyII-
nel G Ha MHOrooOpasuu M. B TepmuHOIOTHH ai-
reop JIu ycnoBue 3>(h(HEeKTUBHOCTH SKBUBAJICHTHO
cnenyrpoleMy: HazoBeM mnapy (g, g) a¢pdexmus-
HOU, ecH Tojanredpa g He COEPKHUT HEHYJIEBBIX
uzeano aareopst Jlu g. _

Crpoenne map rpymm Jlu (G, G), cOOTBETCT-
ByIOIIUX JaHHOW 3¢ddexkTuBHON mape anredp Jlu
(g,g), 6o omucano B [2]. [Toaromy mpobGiema
KJIacCU(pHUKAIUU OJHOPOJHBIX IPOCTPAHCTB CBO-
JIUTCS K KIIaccuQUKAIK Tap.

B naneheiiinem Oymem npenmonarath, 4yto G —
CBSI3HAs MOATPYIIIA, YTO BCETJAa MOXKHO ClIEJaTh, Or-
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PaHUYUBAACH JIOKAIbHOM TOUYKOW 3pEHUs, CIEN0Ba-
TeJIbHO, MOYKHO 3aMEHMTDH Be3ze TpeOoBanue G-HH-
BapUaHTHOCTU HA HHBAPUAHTHOCTb OTHOCHUTEIIBHO
COOTBETCTBYIOUIMX JekcTBui anredpel Jlu g. M3o-
TponHoe jeiicTeue rpynmsl G Ha .M — 310 dakTop-
JEUCTBUE MPUCOSTUHEHHOTO AeiicTBUsI G Ha g

s{x+g)=(Ads)(x)+g

st Beex s€ G, xe g.

[Ipu sTom anrebpa JIlu g nmelicTByer Ha Kaca-
TEIBHOM NpocTpaHcTBe [ M = g /g ciaegyromum
obpazomM:

x(y+g)=[xy]+g
U BceX x€ g, y€ g. OrobpaxeHue

p: g —>gl(g/g, x> adlg/gx

Ha3BIBACTCS UZOMPONHLIM NpedcmasieHuem Toaai-
reoper g. Ilapa (g,g) Ha3wBIBacTCS UBOMPONHO
MOYHOU, €CTi TOYHO HW30TPOIHOE TPEICTaBICHUE
roganreOpel g. B mampHEHIIEM paccMaTpuBarOTCs
TOJIBKO TaKHe Mapebl.

byneM HasplBaTh OJHOPOJHOE HPOCTPAHCTBO
(M, G) uszomponno mounbiM, €CIH 3TO MOXKHO
ckazath mmpo napy (g, g). C reomeTpudeckoit To4-
KU 3pEHHs 3TO O3HAYAET, YTO €CTECTBEHHOE JEHCT-
BHUe crabunmsaropa G, MPOU3BOJILHOW TOYKH xE M
Ha I'M wMeeT HyIeBOE AIpO.

Pazo0bem perrieHne 3a/1aum Ha CIeIyFOIIIe STaIlbL:

— KimaccuuuupoBaTrh (C TOYHOCTHIO JO H30-
MOp(HU3Ma) Bce TOUHBIC TPeXMEpHBIE g-Moxyn U.
OTO HKBHBAJCHTHO KiacCH(HUKAIMKA BCEX TOAl-
reop B g/(3, R) ¢ TOYHOCTEIO 11O COMPSHKCHHOCTH;

— JuIs Kaxaoro g-moayns U, HailieHHoro pa-
Hee, KTaccuPumupoBaTh (¢ TOYHOCTHIO IO SKBHUBA-
JIEHTHOCTH) Bce maphl (g, g) Takue, 4To g-MOMY-
mi g /g u U dSKBUBAJICHTHEL.

OroxnecteuM U ¢ R’ u 3apukcupyem B Hem
bazuc U = <uy, up, uz>. 3adukcupyem Oasuc ai-
reopel g = <ey, e, €3, €y, €5, ..., e,>, Torna 6asuc
ronanredpel g = <ey, ey, ..., €, 3>. LIycThb xe; + ye, +
+ zes + ue, + ves + weg + te; + seg — NPOU3BOJIBHBIN
3JIEMEHT TOoaNTeOpsl g (34€Ch X, V, Z, U, V, W, t, S —
Mo0bIe TEHCTBUTEHHBIC YHCIIA).

Bce momanreopsr B g/(3, R) pasmepHOocTH HE
MEeHee MIECTH C TOYHOCTBHIO 10 COTPSDKEHHOCTH
HUMEIOT CIEAYIOUIUN BU:

6.1 6.2
x|z A +y z w
ulylv u M=y | v
0,00 0 0 X

6.3 6.4
Olv|w X \% w
0|x]|z 0 | Aax+y z
0|y|u 0 u Ax—y

6.5 7.1
x|z |w x|lu|t
Oly|v v]iy|lw
0]0] z 0]0] z

7.2 8.1
x| w|t X z 14
Olylu wly—x| u
Olv]z t s -y

u Bes anrebpa g/(3, R).

CooTBeTcTBYIOMME Mapsl (g, g) U BCEX TOU-
HBIX TPEXMEPHBIX g-Moayielr U mnbo TprUBHUATBHEI
(TTomy4aroTcsl AOOTpeeTIeHNeEM YMHOKEHHUS BHYTPH
U KOMMyTaTuBHBIM, Oy/ieM HyMepoBaThb Takue Ia-
pel n.m.1, TIe n.m — HOMep momanreops! B (3, R)),
60 TabIMIla YMHOKEHHS anreOpsl g UMEET Clle-
TYIOIIAN BUJ (C TOYHOCTBIO 0 SKBHBAICHTHOCTH):

6.1.2
0 2e, |2e3| 0 es | —es | e7 | —eg | O
—2e,| 0 e 0 0 es 0 ey 0
2e3 | —e 0 0 s 0 eg 0 0
0 0 0 0 €s €6 €7 €3 0

—€5 0 —€6 | —€5 0 0 0 0 €7
€6 —€5 0 —€¢ 0 0
—€7 0 —€3g —€7 0 0
€3 —€7 0 —€3g 0 0 0 0 €6
0 0 0 0 —€7 —€g —€5 —€¢ 0

(e

(e

o
00

(e

(e

)
O

6.1.3

0 2e, | 2e3| 0 es | —es | e7 | —eg | O

—2e,| 0 e 0 0 es 0 ey 0

2e3 | —e 0 0 s 0 eg 0 0

0 0 0 0 €s €6 €7 €3 0

—€5 0 —€¢ | —€5 0 0 0 0 €7

€6 —€5 0 —€¢ 0 0 0 0 €3
—€7 0 —€3g —€7 0 0 0 0 —€5

0 0 0 0 —€7 —€3g €s €6 0

6.3.2

0 2@2 —263 0 —€5| € 0 €3 —€9
*10 €] 0 —€¢ 0 0 0 €g

* |k 0 00 —€5 0 €9 0

* |k * 0 —€5| —€¢ 0 €g €9

* | * * * O 0 0 €] + 364 + €7 263

* |k * * * 0 0 262 —€] + 3@4 + (5
* | % * k| % * 0 0 0

% | % * * | % * % 0 0

% | % * * | % * % * 0

OTCYTCTBYIOH_II/IC QJICMCHTBI JOOIPEACIAOTCA
M0 aHTUKOMMYTATHUBHOCTH.

HJ’I}I HalJICHHBIX OAHOPOAHBIX MPOCTPAHCTB
HaxoAuM HWHBApUAHTHBIC a(bq)I/IHHI:IG CBA3HOCTH.
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AddunHO# cBsA3HOCTBIO HA Tape (g, g) Ha3bIBa-
eTcsl TAKOE 0TOOpasKeHNe

AN:g—gllV), tneV=g/g,

YTO €ro OrpaHMYEHNE Ha g €CTh U30TPOITHOE MpeJ-
CTaBJICHHE MOJaNTeOphl, a Bce 0TOOpakeHHe SIBIIS-
€TCsl g-WHBAapHaHTHBIM. XOpOIIO H3BECTHO (CM.,
Hanpumep, [3]), 4ro uHBapuaHTHble adduHHBIE
CBSI3HOCTH Ha OZHOPOIHOM IpocTpancTBe (M, G)
HaxXoAsTCAd BO B3aMMHO OJHO3HAYHOM COOTBETCT-
BUU ¢ aQ(pUHHBIMU CBA3HOCTSIMHU Ha mape (g, g).
[TockonbKy T€H30pbl KPUBU3HBI U KPYy4EHUSI UHBA-
PUAHTHBI OTHOCHUTENBHO JeiicTBus rpymnmsl JIu G,
TO OHU OJTHO3HAYHO OMNPEIEIAIOTCS TEH30paMH Ha
KacaTeJbHOM TMPOCTPAHCTBE K MHOTroo0pasuio,
MIPUYEM 3TH T€H30Pbl HHBAPUAHTHBI OTHOCUTEIBHO
M30TPOIHOT0 AEUCTBUS.
Tensop kpyuenus T € InVTzl(V) AMeEET BUL

T(xy,yy)=AX)yy =A(y)xy _[x7y]V

JUISL BCEX X,V E g; TEH30p KpPUBU3HBI RE InVT31 (2]
HMEET CIEeNYIOIUN BUL;

R(xy,yy) = [A(x), A(y)] - A([xvY])

JUIsl BCeX X, VE g.

AunreOpoii ronoHomun csizHocTH A i g — gl(V)
Ha mape (g, g) Has3bIBaeTcs mojanredpa anreOpsl
Jn gl(V) Buna

V+[A(g), V1+[A(g)[A(Q), V1l +...,

rae V ={[A(x), A(W)]-A(x,y]D|x,y€ g}.
Jns1 6.1.1 cBA3HOCTD UMEET CIEIYIOUINI BU:

0 0 a 0 0O
Ae))=]0 0 0|, A(e)=]0 0 al,
0 0 O 0 0O
b 0 0
A(eg)=10 b 0
0 0 b+a

Kpusuzna cBsizHOCTH HyjeBasg mpu a = 0, 3Ta
CBSI3HOCTD 0€3 Kpy4eHHs 1pu a = b.
Jlis 6.1.2 cBI3HOCTH UMEET BU

0 0 a 0 0 0
Ale)=10 0 0|, A(e)=]0 0 al,
0 0O 0 0 O
b 0 0
Ae)=|0 b 0
0 0 b+a

KpuBu3Ha CBA3HOCTH HyJIeBas NpU a* =1, sra
CBSI3BHOCTb 0€3 Kpy4eHus npu a = b.
st 6.1.3 cBA3HOCTH UMEET CIEIYIONTNI BU;

S R

KpuBu3Ha CBS3HOCTH BCETAa HEHyJIEBas, 3Ta
CBSI3HOCTh 0€3 KpyueHHs Ipu a = b.
Jnst 6.3.2 CBI3HOCTH UMEET BUJ

2 0 0
Ale)=|0 -2 0],
0 0 -2
0 0 0 0 0 0
Ales)=|-2 0 0], A(e)=|0 0 0
0 0 0 2 0 0

KpuBusHa cBSI3HOCTH HyJeBas, 3Ta CBA3HOCTh
0e3 Kpy4eHusl.

st 6.4.1 mpu A = 1/2 CBA3HOCTb UMEET Clie-
IyIOUIUI BUA:

0 0O 0 0 —-a

Ale))=]0 0 0|, A(eg)=|0 0 0 |,

0 0O 0 0 O
0 a O
A(eg)=10 0 0].
0 0 0

KpuBur3Ha CBI3HOCTH HyJIEBas, a KpyUCHUE HET.

Js  ocTanmbHBIX OJHOPOIHBIX IPOCTPAHCTB
CBSI3HOCTh CYIIECTBYET, HO TOJBKO TPHUBHAIIBbHASI,
T.e. A (ean) =A (enfl) =A (en) =0.

3aknaouenue. OnUCaHbl BCe TPEXMEPHBIE H30-
TPOIHO TOYHBIE OAHOPOTHBIE TIPOCTPAHCTBA CO CTa-
OMIM3aTOpOM Pa3MEPHOCTH HE MEHee IIecTd U ad-
(DMHHBIC CBSI3HOCTH HA HUX BMECTE C MX TCH30pPaMHU
KpUBU3HBI U KpyueHusl. I[1orydeHHsIi pe3ynbTaT no-
3BOJISIET B JAIbHEHINEM MPOBECTH KIACCHU(PHUKALIUIO
BCEX JIOKAJhHO OIHOPOAHBIX a(UHHBIX CBS3HO-
CTel Ha TPEXMEpHBIX MpocTpaHcTBax. [IpemioxkeH-
Hasd MCTOAUKA TaKXKE MOKET 6]>ITI) HCII0JIb30BaHa
JUISL IPYTUX Pa3MEPHOCTEM.
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