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. MPEJICTABJIEHUE PEINEHUI
JIMHEUHBIX JUCKPETHO-HEIIPEPBIBHbBIX CUCTEM

JImst TMHEWHBIX TUCKPETHO-HETIPEPBIBHBIX CUCTEM BBOJSTCS JBOMCTBEHHBIE CHCTEMBI M JOKA3bIBa-
€TCsI IBOMCTBEHHOE COOTHOILIEHHE, YTO TO3BOJISIET MOIYYUTh aHAIUTHYECKOE MIPEACTABICHNE PEeIICHUN
TaKuX cucTeM, aHasoruyHoe Qopmyne Komm s pemeHnii 0OBIKHOBEHHBIX IH((hepeHIIHaIbHBIX
ypaBHeHUMN. HaliieHHbIE [TpeIcTaBIeHsI UMEIOT BayKHbIE NPUIIOKEHHS B KAUECTBEHHOW TEOPUU YIIpaB-
JIeHUs! B THOPUIHBIX U epeHHaNbHO-Pa3HOCTHBIX CUCTEMax, B YaCTHOCTHU TP HCCIEIOBAaHUU BO-

MIPOCOB YIIPABIIIEMOCTH B TAKUX CHUCTEMAaX.

In the paper we study linear hybrid discrete-continuous systems. Dual discrete-continuous sys-
tems are introduced and a dual correlation is proved. As a result, for the system solutions, we obtain
an analytical representation similar to the well-known for ordinary differential systems Cauchy’s
formula. The results obtained can be used in the qualitative control theory for discrete-continuous

systems.

BBeaenne. Bo MHOTHX PWIOKEHUSIX MPEIIO-
JlaraeTcsi, YTo paccMaTpuBaeMas CHUCTeMa IMOIUH-
HSIETCSl 3aKOHY NPUYUHHOCTH, T. €. OyIyliee co-
CTOSHUE CHCTEMBI HE 3aBHCHUT OT MPOILIBIX CO-
CTOSIHUH M ompeemnseTcs Toapko HacTosmuM. Ec-
JIU K TOMY K€ MIpearojaraeTcs, 4To cucreMa moj-
YHHSETCS ypaBHEHHIO, CO/IeprKallleMy IIepeMeHHbIe
COCTOSIHMA M CKOPOCTH HX H3MEHEHMs, TO, Kak
MPaBUIIO, MBI MPUXOJUM JTHOO K OOBIKHOBEHHBIM
middepeHManbHBIM ypaBHEHUM, JTHOO K ypas-
HEHUSIM B YaCTHBIX TPOU3BOIHBIX.

Opnako mpu Oonee TIIATENBHOM H3YYECHUU
4acTO CTAaHOBUTCS OYEBUAHBIM, YTO 3aKOH MpHU-
YHHHOCTH — 3TO JIMIIb IEpBOE MPUOMIKEHHE K
peanbHOM cuTyanuu, U 6onee ajgeKkBaTHas MOJEINb
JOJDKHA BKIIIOYATh HEKOTOPBIE W3 TPEAIIecTBYIO-
IIUX COCTOSIHMM cucteMmsbl. Kpome TOro, MHorue
3a/laud TEPSIIOT CMBICII, €CIM HE paccMaTpUBAETCA
3aBHCHMOCTb OT mporwioro. ITostomy, B "acTHO-
CTH, TPU H3YYCHHU PEATbHBIX (PU3HUECKUX Mpo-
[ECCOB MPUXOJUM K TaK Ha3bIBAEMBIM T'MOPHUIHBIM
CUCTEMaM.

B 3apyOexHoil nuTepaType TEPMHHOM «THO-
punable cuctembl» (hybrid systems) ompenenstoT
nuckpetHo-audepeHanbHbIe CUCTEMBl YIpaB-
JICHUSI, COZIepIKallie HEMPEPHIBHYIO U IUCKPETHYIO
(a3oBblc MEpEeMEHHBbIC W/HIM JIOTHYECKYIO Tepe-
Mennyto [1, 2]. Takue cuctemsl cTtamm BOCTpeOo-
BaHHBIMH BBUAY TOTO, YTO OTPOMHOE HYHCIIO pe-
ANBbHBIX TPOIIECCOB B XHMHUYECKOW IPOMBIIIIEH-
HOCTH, POOOTOTEXHHKE W 3JCKTPOHHOW HHXKCHE-
puH, B crcTeMax YTpaBJIECHUS IMOJETOM U JIPYTHX
OTpacisix YeIOBEYECKON MAEsSTeIbHOCTH MOIETH-
pYIOTCS CIOXHBIMH CHCTEMaMHM, OOJIaJarolIuMU
HMEpPapXUYECKOM CTPYKTYypOH, ONHMCHIBAEMBIMHU He-
HNPEPBIBHO U3MEHSIOIIECHCS NUHAMUKOW HA HU3ILEM
YPOBHE U CO3JaHHEM JIOTHYECKOTO BbIOOpa — Ha
BeIciieM [3].

HccnenoBanne CymiecTBOBaHUS U €IUHCTBEH-
HOCTHU TIPEJICTAaBIICHHS pEIIeHUH, a TaKkKe HEKOTO-
PBIX 3a]a4 YNpaBIIeMOCTH AJS Pa3NUYHBIX Kilac-

COB CIJIOKHBIX JUHAMUYECKUX CHCTEM IPOBENEHO B
paborax [4-10].

B Hacrosmeid cratbe paccMaTpUBaEeTCsl BO-
IpoC O MPEeACTABICHUM pEIIeHUH THOpUIHON
I epeHIaIbHO-HETIPEPBIBHOH  CHUCTEMBI  C
3ama3/bIBalOIIM aprTyMEHTOM Ha OCHOBE pelile-
HUH COOTBETCTBYIOIINX JBOMCTBEHHBIX (COMpS-
JKEHHBIX) CUCTEM, YTO IO aHAJIIOTHH C W3BECTHBHI-
MU npeacraBieHusMu [4—10] pemenuit nus apy-
TUX KIACCOB CHCTEM MOXKHO CYHTaTh (Qopmyra-
Mu Tuna Komm 18 AMCKpETHO-HENpPEpPbIBHBIX
CUCTEM.

1. IlocranoBka 3agaum. Paccmorpum ru6-
PUAHYIO AUCKPETHO-HETPEPhIBHYIO CUCTEMY BUAA

%)= A, ()%, () + Ay, (1) x, (8, + kh) +
+ B, (¢)u(t), t€ [ty +kh, t,+(k+1)h),
X, (tg + kh+ h) = Ay, (k) x,(t, + kh) +

+ Ay (k) x, (8, + kh) + B, (k)u(ty + kh),

rIe

A, (1) e R™™M, 4, (t)e R™™, B, (t)e R™™,
A, (k)e R™™, 4y, (k)e R"™™", B, (k)e R™™,

. t*_t —€&
telty, ], k=0,1,..,T,, T, =lim| —>—
£—0 h

onemeHTsl Matpuil A, (), 4, (+),B,(+) sBsroTCs
KyCOYHO-HETPEPBIBHBIMA  (DYHKLMSMH; BEKTOD-
dysxums  x, (£)=x, (¢, %9, Xyy) TpeAmONAraeTCs
HETIPEPBIBHON U Kyco4yHO-Au(hepeHImpyeMoii Ha
[y, 2. ]-

Hauanbusle ycnosus s cuctemsl (1) 3aa-
M B BHJIE

X () = X9, X, (fy) =Xy (2)

Hapsny c cuctemoii (1), (2) paccMoTpuM JBOM-
CTBEHHYIO CUCTEMY CIICAYIOILEro BUIA:



[MpeAcTaBAeHME pelleHNt AMHERHBIX AMCKPETHO-HENPEePbIBHLIX CUCTEM 35

35 (8) == (1) % (1),

x, (ty +kh—0)—x; (t, + kh+0) =

= Ay, (k) x3(ty + kh + h),

Xy (ty +kh) = Ay (k)5 (ty +kh+ )+ (3)
to+kh+h

+ [ 4, (0)x @,

to+kh

x (1)=0,t21,

rae x (1), x,(ty +kh) — marpuunbie GyHKIMH CO
3HAYCHUSAMH B TpocTpaHcTBax R™, R™ coorBet-
ctBerno, k=0,1,..., T, te[to, t*],c HavaJlbHbI-
MU YCJIOBHSMU BUA

Xt =0)=x, AT h+h)=x,. (4

2. BcnomorartenbHble pe3yJbTaThl.

Ymeepoicoenue. ([IBOWICTBEHHOE COOTHOIIIE-
Hue). CrpaBeIMBO CleAyIolee TBOWCTBEHHOE CO-
OTHOIICHHE:

X (8 =0)x, (&) +5, (tg + T, h+h)x, (t, + T, h+ ) =
tx
=x (1, —0)x; +x, (to)x20 + .[xl* (¢) B, (t)u(t)de+
)
T
+>. %, (ty +kh+h)B, (k)u(ty+kh).  (5)
k=0
Jloxazamenbcmeo. YMHOXHUM TIEpBOE ypaBHE-
Hue cucteMsl (1) ciesa Ha KyCOYHO-HEIIPEPBIBHYIO
MaTpHYHYI0 QYHKIHMIO X, (1) ¢ TOYKaMH pa3pbiBa
[EPBOTO poOAAa JHIIb B MOMEHTH T=t{,+kh,
k=0,1,...,T, , u npounterpupyem 1mo T ot 0 110 &:

23 tx

0= J.xf'(r)-xl(r)d'c—_[xf'(r)-A”(r)xl(r)dﬂ:—

1 1
Tp —1tg+kh+h

-> j X, (t)- Ay (T)dT-x, (8 + kh) -

—| %" (7)- B, (t)u(r)dr. (6)

Iockonbky Matpuua-QyHkums x,” (¢) nmeer
pasBe JIMIIL Pa3phIBBI MEPBOTO POJA B TOYKAX
T=t,+kh,k=0,1,..,T,, To uHTErpHpYys NO 4Yac-
TAM TIEPBBI MHTErpajl PABEHCTBA HA KaXIOM HH-
tepBane (1, +kh, t,+kh+h) 1 HCIIONB3ys CBOFCT-
BO QJUIMTUBHOCTH UHTETPAIIA, TIOydaeM:

T, —1tg+kh+h

jxl*'('c)-x,(r)drzz _[ x (1) % (DdT+

k=0 1 +kh

+ I x (1) % (Ddt=

10+
T-1
= > (" (ty +kh+h=0)x, (¢, +kh+h) -
=0

—xf'(to +kh+0)x (1, +kh))+xl*'(t* -0)x (t)-

—x1 (tp + T, h+0)x (1 +T,*h)—]ixf'(‘r)-xl(r)d1:=
l
T

= > (x (g + k= 0) = x7" (¢ + kI +0) ) x, (1 + k) +
k=0

2%
+x (t.-0)x, (t*)—xl* (1, —0)x, —J.xl* (1) x,(D)dT.
]

AHAJIOTMYHO TOCTYIaeM CO BTOPBIM ypaBHe-
HUEeM cucteMbl (1): yMHOXKaeM ero ciieBa Ha JWC-
KPETHYI0 MaTpuuHyto dynkuuo k=-1,0,1,...,7,,
X, (t, +kh+h), u cymmmpyem o k ot 0 zio T, :

T

0= x; (t, +kh+h)(x,(t, +kh+h)-
k=0

— o, (k) x, (1 + k) = Ay (), (1 + ki) -

— B, (k)u(ty + kh)). (7
IIpeobpazyem nepBoe ciaaraeMoe 3TOi CyMMBI:
T
> x; (ty +kh+h)x,(ty + kh+h) =
k=0

Thu
=" %3 (ty + ki) x, (1, + ki) +
k=0
+35 (ty + T+ h)xy (b + T+ h) =5 (1) X

Cymmupys (6) u (7) U yIuTBIBasS BHI COIIPSI-
JKeHHOU cucteMsl (3), (4), nMeeM:

0= —[j:xl* (’c) + xl*' (r) A, (T)J x (T)dT+

+3° (3" (tg + k= 0) = x," (5 +kh+0) -
k=0

=3 (g + kh+ h) Ay (k) x, (5 + k) +

T

+Z[x; (ty +kh)—x; (ty +kh+ h) Ay, (k) -
k=0

to+kh+h

- xl*'(r)Alz(r)erxz(to+kh)+

to+kh
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to+Ty hth

+ I x;('(’E)Alz(T)d’C-xz(tO+Tt*h)—
tx

(1) B (u(e)de-

T

=%, (ty + kh+h)- B, (k)u(t, + kh) +
k=0
5, (tg + T+ R )xy 1y + T ) =

_X;I(Zo)xzo +x1*'(t* —0)x1 (Z*)_xl*l(to _O>x10 =

] (%) B (u(x)dr-

T

=%, (ty +kh+h)- B, (k)u(ty + kh) +
k=0

+x;'(t0 +T,*h+h)x2(t0 +T h+h)—

_x;<to)x20 +x1*'(l* _O)xl (t*)_xl*'([o _0))‘10’

YTO 3aBEPIIAET JOKA3aTeIbCTBO YTBEPKIACHUS.

3. Ipencrapiienue pemenuii. Iycts matpu-
sl QyHKIMH X, (2), X,(f) +kh) — pemeHus conpsi-
XeHHOH cuctemsl (3), (4).

O003HaYUM CHMBOJIOM [, €IUHHYHYIO kX k-
MaTpHILy.

HNmeeT mMecTo cieayronui aHaaor GopMyJibl
Komn pans mnpencraBieHus pemieHUd OWHA-
MHUYECKONH JUCKPETHO-HEIPEPBIBHON CHUCTEMBI
(1), (2).

Teopema. Pemenue cucrems! (1) ¢ HayanbHBI-
MU YCIOBUSMH (2) CyIIECTBYeT €IWHCTBEHHO W
MOJET OBITh MPEACTaBICHO MO (opMyIIe:

1)
x (1. =0)=x (f, = 0)xiq + ., (f5) %3 +
tx
+|x (1) - B (t)u(t)dt+
l
T

+>°x, (to +kh+h)-By (k)u(ty +kh),  (8)
k=0

ccimn
x (& —0):1,11;
% (ty+ T, h+h)=0e R™;
2)
Xty + T, h+h)=x] (t,—0)x,0 +
h
+ x:(to)xzo + J.xf(’c) - B, (’c)u(‘c)d‘c+

fo

T
+>. %, (ty +kh+h)- B, (k)u(ty +kh), (9
k=0
€ClIn

X%ty + T, h+h)=1

nz;
x (6 —0)=0e R™

lloxazamenvcmeo. U3 cuctemsl (3) ¢ Hayaib-
HBIMHU yCIIOBHSAMU

xl*(t*—O)=I ;

m
%ty + T h+h)=0e R™,

C Yy4eTOM JIBOMCTBEHHOTO COOTHOIICHHUS (5), MoITy-
4aeM NPE/ICTABICHUE PCIICHI (8) mns KycodHo-
HeTpepbIBHONW QYHKIUK X, (2+).

Ecnu ke st cuctemsl (3) BEIOpaTh HavaIbHBIE
YCIIOBUS

X% (ty+ T h+h)=1, ;
x (6 -0)=0eR",

C YUYETOM JABOICTBEHHOTO cOOTHouIeHus (5), mo-
JlydaeM MpejiCTaBiIeHue peinenns (9) st auc-
KpeTHOU QYHKUUH X, (t, + T, h + h).

B ennHCTBEHHOCTH pelIeHUs] MOKHO YOeIUTh-
csl, MHTerpupys ucxoanyio cucremy (1), (2) mo
«Iaram».

3axmouyenne. Takum oOpazom, B paboTe 10-
Ka3aHO JIBOWCTBEHHOE COOTHOIIEHHE Uil THOpui-
HBIX JTU(QepeHInanTbHO-HePEPHIBHBIX  TUHAMU-
YECKMX CHCTEM C 3alla3/IbIBAaHUEM, YCTaHOBJIEH
aHanor Qopmyssl Kommu amis mpeacraBieHUs pe-
IIeHUH Takux cucrteM. [lomydeHHble pe3yJbTaThl
MOKHO HCIIOJIb30BaTh ISl TOJIyYEHUS HESIBHBIX
KPUTEPUEB YIPABIAEMOCTH W HaOII0AaEMOCTH
JUCKPETHO-HENPEPBIBHBIX CUCTEM.

ABTOp BBIpaXaeT TIyOOKyIO OJIarofapHOCTh
npodeccopy B. M. MapueHko 3a Hay4HOE PYKO-
BOJICTBO JIaHHOH paOOTHI.
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