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ON THE WEAK OBSERVABILITY OF SMALL SOLUTIONS
OF DIFFERENTIAL-ALGEBRAIC SYSTEMS WITH DELAYS'

The paper c onsiders t he problem of ob servability of s mall s olutions for hybrid time in variant
differential-difference dynamic systems, i. e. linear stationary differential-algebraic systems with delays
(DAD systems). Several types of observability of small solutions are defined and the corresponding
parametric ¢ riteria are gi ven. S pectral o bservability is ¢ onsidered and relation o fth e s pectral
observability to the observability of small solutions is discussed.

Introduction. The behaviour of a number of
real physics process ¢ onsists o fa ¢ ombination of
dynamic ( differential) a nd a lgebraic ( functional)
dependencies. These processes are described by
differential-algebraic (DAE) systems. In that sense
these s ystems a re hy brids ystems. I ts houldb e
noted that the term «hybrid systems» has been
widely used in the literature in various senses [1].

The paper deals with the weak obs ervability of
small solutions of D AD systems; it is an extension
of the work [ 2]. T he s mall s olution is a s olution
that goes to zero faster than any exponential func-
tion. Existence of such solutions for linear retarded
systems was pr ovedb yH enry[ 3]and laterby
Kappel [4] for linear neutral type systems. Lunel [5]
gave explicit ¢ haracterization of the s mallest po ssi-
ble time for which small solutions vanish. Observa-
bility of small solutions for the retarded time delay
system c ase w as first studied by M anitius [ 6] and
for general neutral system by Salomon [7].

1. Preliminaries. Let us consider DAD system
in the form

X (1) = A%, (1) + A%, (1), >0, (H
X, (1) = Ay x, (1) + Ayyx, (¢ —h), 20, (2)

with output

y(t)zlel(t)+Bzx2(t), (3)
Here x,(t)eR", x,(r)e R™, »(1)eR™, t>0;
All c Rnl ><n]’ Al2 c Rnlan’ A22 c anxnz’ Bl c Rrxn],

B, € R are constant matrices / isa constant delay,

h>0. Weregardan absolute ¢ ontinuous 7, -vector
functions x,(-),and ap iecewise co ntinuous x,(-)
n,-vector functions as the solutions of systems (1)—
(3), ift hey s atisfy t he equation (1) fora Imosta Il
t>0 and(2) for all ¢>0. System (1)—3) should be
completed with initial conditions in the form

x,(0+) =x,(0)=x,,,
Xy (T) = W(T)’ TE [_ha O)a

where y € PC([-h,0), R™) and PC([-h,0),R™) is
aseto fpiecewise ¢ ontinuous m-vector functions i n
[-A,0].

“4)

Let E(g) denotet he exponentialt ype of
g:C—>C, assuming g is an entire function of
order 1. Then

E(g) =limsup log |g(s)|

‘S‘%oo |S|

For g:C— C? the exponential typeof g is
defined by
T
gq:l N

Let A(p) be the characteristic matrix function

E(g)=max E(g,). where g =[ g,

Ap) plnl -4 —4y,
P -4, I, - Azzeiph '

The matrix function A(p) appears by applying
the L aplacet ransformt os ystem( 1)—(3).L et
detA(p) be the de terminant of A(p). It follows
fromt hea bovet hatt he exponentialt ype of
detA(p) is less or equal n,h. Define € by

E(detA(p)) = n,h —.

Let adjA(p) bethe matrix function of ¢ ofac-
torsof  A(p). Sincet hec ofactors C; are
(n, + n, —1)(n, + n, —1) subdeterminants of A(p),
the exponential type of the cofactors is less or
equal n,h. Define ¢ by

max E(C;)=nh-o.

1<i, j<ny+ny

We have [2].
Proposition 1. For x,(-), x,(-) being solutions
of system (1)—(3) the following implications hold:

)if VkeZ x,(t)e" -0 as t — +o,
then x,(¢)=0 forall >¢—-o; 5)
ii)if VkeZ x,(t)e" =0 as t — +oo,
then x,(#)=0 forall r1>¢e—-o. (6)

Definition 1. We say that a solution x,(-), x,(-)
is small, ifthere exists 77>0 suchthat x,(¢)=0,
x,(t)=0 for +>T. A smallsolution is trivial, if it
is zero for ¢ > 0.

' The work is written in the framework of the cooperation with Bialystok Technical University.
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Definition 2. We say that system (1)—(3) has a
nontrivial small solutions, if there exists a solution
x,(*), x,(-) such that conditions (5), (6) hold and at
least x,(-) or x,(-)is not trivial.

Definition 3. We say that system (1)—(3) has a
nontrivial s mall s olution withr espectto x,, if
there exists a solution x,(:), x,(-) such that condi-
tion (5) holds and x,(-) is not trivial.

Definition 4. We say that system (1)—(3) has a
nontrivial small solution with respect to x,, if
there exists a solution x,(:), x,(-) such that condi-
tion (6) holds and x, (-)is not trivial.

2. Observability.

2.1. Observability of small solutions.

Definition 5. We say that nontrivial small solu-
tions of's ystem ( 1)—(3) a re o bservable, i f every
nontrivial s mall s olution has nonzero output f or
some ¢ > 0. This means that

x()=0ve>T
x,(1)=0,x,(t) =0,
AT >0 x,(t)=0Vt2>2T ;=
Vit >0.
y()=0vt>0

Theorem 1. Nontrivial s mall s olutions of s ys-
tem (1)—(3) are observable, if and only if the fol-
lowing conditions hold:

Ay =M, 4, O
A -1 A
i) max rank 2! I
reC 0 4, O
B, B, 0
=n, +n, +rank4,,, @)
_ B, A
B, 4,, | B (2 A: 2)2
B, (Azz )2 ’ . ’
i) rank : =rank 2 A |- ®)
B2 (A22 )’72 21(4 2)273
| (42)" ] 4
2

Proof. The proof is similar to theorem 2 and it
can be omitted.

2.2. Spectral observability.

Definition 6. System ( 1)—(3) is i nfinite-time
observable, if for all initial data for which y(¢#)=0
for £ €[0,00) there exists 7, such that x,(r)=0 and
x,(t)=0 for te[t, ¥

Definition 7. System (1)—(3) is finite-time ob-
servableat ¢,,if forall initial data, f or w hich
y(#)=0 for t€[0,0), x,(r)=0 and x,(t)=0 for
telt,, o).

Definition 8. System (1)—(3)is spectrally ob-
servable, i f all its e igenvalues are o bservable. An
eigenvalue A is o bservablei f't he c orresponding
eigensolution of  the f orm x,(¢) = exp(At)x, (0),

X, (1) =exp(At)x,(0), x,(0)#0, x,(0)=0, obtains
y()=0 for t€[0, ) .

We have [2].

Proposition 2. System (1)—(3) is spectrally ob-
servable if and only if

M, -4, -4,
rank| -4, I, - A,e™ |=n+n,, (9)
B, B

2

for all complex A .

Proposition 3. System (1)—(3) is spectrally ob-
servableif and onl yif system (1)—(3) is i nfinite-
time observable.

Corollary 1. System (1)—(3)is spectrally o b-
servable if and only if system (1)—(3) is finite-time
observableat ¢ —oc.

Proof. By proposition 1 and proposition 3.

3. Relative observability of small solutions.

Definition 9. Nontrivial s mall s olutions with
respectto x, of system (1)—(3) are weakly obser-
vable, if every nontrivial small solution withr e-
spect to x, has nonzero output for />0 and x, is
a zero solution, 1. e.

x(t)=0Vt>0

AT>0x,(1)=0Vt2T } = x,(1)=0, V>0
y()=0Vt>0

Theorem 2. Nontrivial small solutions with re-

spect to x, of system (1)—(3) are observable if and
only if the following condition holds:

[ B A
B2A22 B (2A22)2
B (A )2 2 22
rank| .7’ |=rank : . (10)
’ B, (4,)"
Bz(Azz)nz 2(A22)
22

Proof. The necessary condition. We assume

0, e (=h,0),
that x,(t)=0, t>0, ¢(1)=

Oy, T=—1.

Then

equation (1) is satisfied for almost all ¢ >0 and
weak observability with respect to x, of system
(H-(3) means t hat conditions
B, 4,0, =0, ..., B,(4,) 9, =0 for k=1,2,...
implies A4),¢, =0 that by the Cayley — Hamilton
theorem is equivalent to condition (10).

The sufficient condition. If condition (10) is sa-
tisfied then there exists a matrix D e R®™™ such

B2A22
2

that A4,=D 32(1:422) nitial

» Fora nyi

BZ (A22 )"2



function @(1), 7 €[4, 0] for which B,(4,,)" ¢(t) =0,
te[-h,0], k=1,...,n, condition A,,¢(1)=0,
te[—h, 0] is also satisfied that is equivalent to the
weak obs ervability of nontrivial small solutions of
system (1)—(3) with respect to x,.

Definition 10. Wes ayt hat x,(¢), 1>0,
x,(t), t>0 is a strong solution of system (1)—(3),
if equations (1)—(3) are satisfied for all ¢, £ > 0(the
derivative in (1) we means right-hand derivative at
t=0).

Theorem 3. Nontrivial strong s mall solutions
with respect tox, for system ( 1)—(3), areo bser-
vable if and only if the following condition holds:

_ } [A,4,,
A4, 12: 22
n AIZAég
A, 43 _
rank =rank| B,4,, |. (11)
B, 4,, .
n BZ A;%
| B4y | 4
L “4xn

Proof. Definition 10 is equivalent to
A,x,(1)=0, >0
X, (1) = Ay, (1 = h), 0>
y(t)=B,x,(t), t>0

liAIZ (4, )i o(r)=0
= )
B, (4y, ) o(1)=0

=>x)=0,0 |<

} = Ayo(1) =0,

where

fe —h0),i=1..,n;j=1..,n]|
< {o" (V[(43,) 415, (45,) B,
i=1...,n;j= ...,nz]:>(pT(r)A22=0}.

It is equivalent to (11).

Corollary 2. If nontrivial strong small solu-
tions with respect to x, of'system (1)—(3)are ob-
servable t hen nontrivial s mall s olutions w ith r e-
spect to x, of the system are also observable.

Definition 9. Nontrivial s mall s olutions with
respectto x, of system (1)—(3) are weakly obser-
vable i fe very non trivial small solution w ith re-
spect to x, has nonzero output for />0 and for x,
being zero solution, i. e.

x,(t)=0Vt>0
AT >0 x,(t)=0Vt2>2T ;= x,(1)=0,Vt >0
y()=0Vt>0

Theorem 4. Nontrivial small solutions with re-
spect tox, of system (1)—(3) are always obser-
vable.

Proof. Condition x,(#)=0 for >0 implies
X,(¢) = A;,x,(¢), and the system has solutions of the
form x,(¢) = e™x,(0), it proves that all small solu-
tions with respect to x, are trivial.

Conclusion. In this paper we investigated the
problem of r elative weak obs ervability of nontri-
vial s mall s olutions ofthe hybrid differential-
difference (HDR) s ystems. W eak observability of
nontrivial small solution with respectto x, and x,
are considered. Strong s mall s olutions are defined
and weak obs ervability of nontrivial s trong s mall
solutions with respectto x, is established. O ther
types of obs ervability and relations between these
types of observability are discussed.
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