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THE VISUALIZE FORMULATION OF DIVISIBILITY

For the purposes of cryptography it is necessary to develop effective methods and algorithms: to check
the simplicity of integers; to find large prime numbers; to factorize integers.

This paper studies a generalized method for constructing algorithms to check the divisibility of inte-
gers by a given number b in various number systems by analyzing the sets of divisors of base (a given
number b), prebase (number b — 1), and postbase (number b + 1). It is indicated that the rules for testing
divisibility by a given number may have different complexity depending on the number system used.

The paper introduces the formulations of some theorems with proofs. The theorems are supported by
concrete examples.

These theorems can formulate for many divisibility rules for any number over the any base. Some numbers
are although difficult over base 10, they are easy over another base. Some numbers, such as primes, have direct
rules, but some composites have combined rules.
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BU3YAJIUBUPYEMASA ®OPMYJINPOBKA JEJINMOCTH

Jist uenedt kpunrorpagun He0OXOIUMO pa3pabaThiBaTh 3PPEKTUBHBIE METOJIBI M AIITOPUTMBL: TIPO-
BEPKH MPOCTOTHI LIEJIBIX YHCEIT; IIOMCKa OOJIBIIMX NPOCTHIX YUCEN; (PAKTOPU3ALUH LIEIbIX YHUCE.

B nanHoi1 cratse n3yyaercst 0000IIEHHBIH CII0CO0 ITOCTPOSHHUS AJITOPUTMOB IIPOBEPKHU JETUMOCTH I1e-
JIBIX YHCell Ha 331aHHOE YHCIIO b B PA3IMYHBIX CHCTEMaX CUMCIICHHUS IyTeM aHaIn3a MHOXKECTB JeInTe-
neit 6a3sl (3agaHHOTO Uncia b), npendassl (urcna b — 1) m noctbassr (urcna b + 1). YkazaHo, 94To mpaBuia
HPOBEPKH JIEIIMMOCTH Ha JIAHHOE YKCIIO MOTYT UMETh Pa3HYIO CIIO)KHOCTb B 3aBUCHMOCTH OT HCIOJIb3YyEeMOit
CHCTEMBI CUNCIICHHS.

B cratbe npuBossiTCst (hOpMYITMPOBKH HEKOTOPBIX TEOPEM C JIOKa3aTeILCTBaMU. TeopeMbl OAKPEIIEHb
KOHKPETHBIMH ITPUMEpaMU. ITH TEOPEMBI [O3BOJISIIOT CHOPMYIHPOBATH MHOXKECTBO IPABHII IETMMOCTH JIJIsI
7M000r0 Yncia B Jito0oii cucteMe cuuciienus. HekoTopble uuciia, XOTA U SIBJISOTCS CIIOXKHBIMU TIPH IeTICHUH
B CHCTEME CUHCIICHHS 110 OCHOBaHMIO 10, JIETKO AENATCS B CUCTEME CUUCIICHUS IO IpyTOMY OCHOBAHHIO.

KuaroueBble cioBa: nexureny 0a3bl, IeIATENN IPen0assl, JSTUTETH OCTOA3bI, pOCT, BU3YaJIN3aIUs
MaccHBa.

Joa nurupoBanus: Tuxa bo. Busyanmusupyemas popmyupoka nemumoctu // Tpynst BITY. Cep. 3,

dusnko-maremaruueckue Hayku U nHpopmaruka. 2022. Ne 1 (254). C. 15-18.

Introduction. In number theory, the properties of
integers are studied. In this paper, a shorthand way of
determining whether a given integer is divisible by
a fixed divisor without performing the division, usu-
ally by examining its digits, were developed gener-
ally. For base 10 (decimal system), Martin Gardner
explained and popularized these rules in his Septem-
ber 1962 “Mathematical Games” column in Scientific
American. In this paper, the divisibility rules for any
number, any base and the best formulae are derived by
visualization. Today, all of the calculations are calcu-
lated by electronic devices. But these devices are made
by human. If the algorithms of the calculation of the de-
vices are reduced to simplest way by using the theorems
in this paper, it will be great benefit for us [1-3].

Main part. To get the sense of divisibility, some
definitions and notations are defined and introduced.

The properties of numbers over any base are charac-
terized.

The prime divisors or the power of prime divi-
sors of a base b is called the base factors of b.

By is the notation of the set of all base factors of b.
For examples: Bio = {2, 5}.

Suppose the digit of base 8 are order triple pair of
zero and one, 1. €.

0=000,1=001,2=010,3=011, 4 = 100,
5=101,6=110,7=111, 8 = 1000,
Bs= {010, 100, 1000} = {2, 4, 8}.

The divisors of & — 1 is called the prebase fac-
tors of b. Py is the notation of the set of all prebase
factors of b. For examples:

Pio=1{3,9}, Ps= {111} = {7}.
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The divisors of b + 1 is called the postbase fac-
tors of b. Oy is the notation of the set of all postbase
factors of b. For examples:

Qo= {11}, Os= {011, 1001} = {3, 9}.

The different form one’s digit of a multiply of
number 7z to one’s digit of another multiply # is called
run of n over base b. The different between ten’s digit
of a multiply of number n and ten’s digit of another mul-
tiply n is called rise of n over base b. ry(p, ¢)n =y : x
is the notation of the simplest integral ratio of rise y and
runx of pn and gn over base b, where x # 0 and y # 0.
Ry(n) is the notation of the set of all ratios r4(p, q), for
n and base b. For examples:

For 7 and 14 over base 10, runis -3 and rise is 1,
i. c., 1’10(1, 2)7 =1:.-3.

For 7 and 21 over base 10, run is —6 and rise is 2,
i. c., 1’10(1, 3)7 =1:.-3.

For 7 and 28 over base 10, run is 1 and rise is 2,
i. c., 1’10(1, 4)7 =2 N 1

For 7 and 35 over base 10, run is —2 and rise is 3,
i. c., 1’10(1, 5)7 =3.-2.

Then

Rio(7)=4{-1:3,2:1,-3:2,-4:5,1:4,-6:1,...}.
Similarity
Rio(9)=4{-1:1,-10:1,8:1,7:2,...},
Rio(11)=41:1,12:1,-10:1,-9:2, ...},
Rio3)={-1:1,-10:1,8:1,7:2,...}.

The element of R(n) is defined as the best co-
efficient or best ratio of n over base b, if its deno-
minator 1 and the modulus of numerator is mini-
mum. For examples: 2 : 1 is the best coefficient of
7 over base 10. 1 : 1 is the best coefficient of 11
over base 10. —1 : 1 is the best coefficient of 3 and
9 over base 10.

The best coefficient of a prebase factor of a base b
is always —1 : 1 and the best coefficient of a postbase
factor of a base b is always 1 : 1.

Lemma. If y:xe R,(n), thenn | x + by.

Proof. By definition, y : x = ry(p, q)n.

Let pn=oab + p and gn =vb + 4.

So,x=0—-Pandy=y-a.

x+tby=58-p+by-o)=
=vb+3d—(ab+P)==gn——pn=(q—p)n.
Depend on the characteristics of a number over
a given base, the divisibility rules were different
each other. But we need only four theorems which
are developed generally as follow.
Base Factor Theorem. If n is a base factor of b and

»b,, thenn|mifand

P

mzZaibi =ab,+ab +..+ab
i=0

only if n | ao.
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Proof. Since n is a base factor of b, n | b. The re-
sult is obviously.
Prebase Factor Theorem. If n is a prebase factor

P
ofbandm=Y ab' =a,+ab+..+a,b’, thenn|m

i=0

P
if and only if 7 | Zai.
i=0
Proof- Since n is a prebase factor, n | b — 1.
Since b—1|1-b,fori=1,2,3, ...
So,n|(1=>b)ai+...+(1—-F)a,and let (1 — b)a; +
+...+ ({1 =b)a,=sn.
Suppose n | m. Let m = kn.

p
Da=ay+a+.+a,=
i=0

=a,+ta;+..+a,+ab+..+a b’ —ab—..—-
—a,b’ =ay+ab+..+a,b” +(1-b)a +..+
+(1=b")a, =kn+sn=(k +s)n.
m:iaib" =aytab+..+ab’ =
i=0
=aytab+..+ab’ —a—..—a,+a +..+a,=
=q(b-D+..+a,(b” - +a,+a, +...+a,=
=—sn+tn=(_t-s)n
Postbase Factor Theorem. If n is a postbase fac-

p
torof band m=Y ab' =a,+ab+..+a,b", then
i=0

p
n|mif and only if n | Z(—l)"ai.
i=0
Proof. Since n is a postbase factor, n | b+ 1.
Sinceb+1|1+b,fori=1,3,5,...andb+1]|
1-b,fori=2,4,6, ....
So, n|—ai(l + b) + ax(1 = b*) —as(1 + b*) +.. .+
+ ay((—-1Y - V) = sn.
Suppose n | m. Let m = kn.

P .
D (Va=a,—a +..+(-1)"a, =

i=0
=a,—a +a,—a;+..+(-)"a, +ab+ab’..+
+apbp —alb—...—apbp =—a,(1+b)+
+a,(1-b*)—a;(1+b°) +...+a,(-1) —b") =
=kn+sn=(k+s)n.

p
Conversely, suppose n | Z(—l)f a;. Let
i=0

Zp:(—l)" a; =m.
i=0
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P
m:Zaib" =aytab+..+ab’ =a,+ab+
i=0

totab’ —a+ay—a;+..+(-1)"a,+a —a, +
tay—..—(-)"a,=ay—a,+a,—a; +..+
+(=D"a, +a(b+1)—a,(1-b*) +a,(1+ ) +
+o.—a,((=1)" =b")=tn—sn=(t—s)n.

Visualize Divisibility Theorem. If y:xe R, (n),
(n,y)=1,(n,b)=1, m=bp + ¢q, then n | m if and
only ifn | gy — xp.

Proof Let, by Lemma, x + by = ln, for some integer .

Suppose 1 | m, i. €., bp + g = kn, for some integer A.

bpy + qy = Any;
bpy +xp —xp + qy = Any;
(x + by)p + (qy — xp) = Any;
unp + (qy —xp) = Any;

qy —xp = (hy —up)n.
Conversely, suppose n | gy — xp, i. ., qy — xp =
= kn, for some integer £.

Wnp + qy —xp = unp + kn;
(x+by)p +qy—xp = (p + kn;
xp +byp +qy—xp = (up + bn;
(bp + q)y = (up + kn.
Since (n,y)=1,n|bp+gqg,i.e.n|m.
Convergence of Formulae. Using the best coef-
ficient of a number # of a base b, and using the Vis-
ualize Divisibility Theorem, we will have a conver-
gence formula for divisibility of the number n. For
a number n belong to none of the set By, P or O
and (n, b) # 1, using combination formula of the for-
mulae of its prime and power of prime factors.
Some Visualize Array and Some Examples.

1) Finding ratio of 7 over base 10 on visualize
array of base 10.

Table 1
The visualize array of Rio(7) ={2:1, ...}

101 | 102 [ 103 | 104 | 105 | 106 | 107 | ... | ... | ...
91 | 92 | 93 194 |95 | 96 | 97 {9899 100
81 | 82 | 83 | 84 | 85 | 86 | 87 [ 8889 ] 90
71 | 72 | 73 | 74 | 75 | 76 | 77 |78 79| 80
61 | 62 | 63 | 64 | 65 | 66 | 67 |[68]|69| 70
51 | 52 | 53 | 54 | 55 ] 56 | 57 [58(59] 60
41 | 42 143144 |45 ] 46 ] 47 [48]149] 50
31 | 32 [ 33 |34 35 (36 |37 [38[39] 40
21 | 22 | 23 | 24 | 25|26 | 27 |28]29| 30
11 | 12 | 13 | 14 | 15| 16 | 17 18] 19| 20

1 2 3 4 5 6 7 1819110

Note. Negative (gray) and positive (boundary).

2) Some formulae of 7 over base 10.

There were many convergence formulae of 7.

The best formula is using 2 : 1.

By Visualize Divisibility Theorem, x =1, y =2,
n=7,b=10,(7,2)=1,(7,10)=1and let m = 10p + q.
Then 7 divides p — 2¢ if and only if 7 divides m.

Another convergence formula is using -5 : 1.

By Visualize Divisibility Theorem, x =1,y =-15,
n=7,b=10,(7,-5)=1,(7,10)=1and let m = 10p + g.
Then 7 divides p + 5¢ if and only if 7 divides m.

3) A formula of 43 over base 300.

Table 2
The visualize array of R30(43)={1:1,...}

2001]2002]{2003]{2004]2005]2006] ... |2298|2299|3000
601 | 602 | 603 | 604 | 605 | 606 |...| 898 | 899 | 900
1001{1002{1003]{1004|{1005{1006] ... |1298|1299|2000
3011302303304 ]305]|306]...]598 | 599 | 600
1 2 3 4 5 6 |...1298 299 1000
1 2 3 4 5 6 |...1298 1299|300

Note. Base 10 (gray), base 300 (white) and the best
ratio (boundary).

We easily see that n = 43 is the postbase factor
of b =300, because 43-7=300+1.

271 818 611 10710 =33 167 106 237 007300.

By Postbase Factor Theorem, we use the different
of alternate sum of digit, 33-167+106—-237+7 =
=-258 =—43x6.

So, 271 818 611 107 is divisible by 43.

4) Some formulae of 13 over base 1 000 000 and
base 10.

Table 3
The visualize array
of Riooooo(13) ={-1:1, ...}

’1{1°2(1°3|1°4[1°5]1°6]...1 1°999 998 ] 1°999 999 [2°0
1 12]3[4][5]6]...]1 999998 | 999999 [1°0

Note. Best ratio (boundary).

We see that n = 13 is the prebase factor of b =
= 1000000, because 13-76923 =1000 000 —1.

Consider 3 937 376 385 699 2890 =3 937’376
3857699 2891000000

By Prebase Factor Theorem, we use the sum of
digit, 3 937 + 376 385 + 699 289 = 1’079 611.

1+79611=79612.

The best ratio is 4 : 1.

By Visualize Divisibility Theorem, x =1,y =—4,
n=13,b=10,(13,4)=1,(13,10)=1 and let m =
=10p +gq.

If 13 divides p + 4g, then 13 divides m. So,
79612 = 7961 +4(2) = 7969,

= 796 + 4(9) = 832;
= 83+4(2)=091;
=9+4(1)=13.
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Table 4 So the number which is divisible by 8 and 3 is
The visualize array of Rio(13)={4:1, ...} also divisible by 24.
Consider the number 229986788520 is divisible
S| 52 [ 53 ] 54155156 57| 58|39 |60 by 24 or not. Since 3 is prebase factor of 10, adding
4l | 42 | 43 | 44 145146 | 47 | 48 | 49 | 50 all digits, the result 66 is divisible by 3. Since 8 is base
31132 133 134135]36]37]38]39 |40 factor of 1000, the last digit 520 is divisible by 8.

21122 123 124 12526272829 |30 Therefore, 229986788520 is divisible by 24.
112 §13J14 1516|1718 19|20 Conclusion. The above four theorems can for-
11213451617 (1819110 mulate for many divisibility rules for any number
over the any base. Some numbers are although dif-
Note. Best ratio (boundary). ficult over base 10, they are easy over another base.
5) A formula for 24 combining 8 over base 1000 Some numbers, such as primes, have direct rules,
and 3 over base 10. but some composites have combined rules. It is use-
Since 24 is the product of prime number 3 and ful for all learners and teachers in mental calculating

power of prime 8. and in manipulate.
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