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YIIPABJISIEMOCTHh AHCAMBJISI JMHEMHBIX CUCTEM
JECKPUIITOPHBIM JMHAMUWYECKHUM PET'YJIATOPOM

3ajaun ynpaBIsieMOCTH AMHAMUYECKHX CHCTEM BaXKHBI ¢ TOUKH 3pEHUS NpHiIokeHHH. OcoOeHHO
9TO KacaeTcsi TMHAMHUUECKUX CUCTEM C MHTEPBAILHBIMH HEONPECICHHOCTSIMU. [JIsl yIpaBieHns TaKuX
CHCTEM Ba)KHO MMETh YIPABILIONINE BO3ACHCTBUS, KOTOPHIE JIETKO MPAKTHYECKN PEeann30BaTh. Takyro
peaTM3aIio MOXHO OCYIIECTBUTH C TIOMOIIBIO JIECKPUIITOPHBIX TUHAMHYECKUX PETyJISITOPOB. B cTathe
c/enaHa TIOMBITKA MEPEHECTH HM3BECTHBIE PE3yNbTaThl HA Ooyiee CIIOXKHBIE TUHAMHYECKHE CHCTEMBI
YIpaBIICHNUS, TAKKE KaK CUCTEMBI ¢ HHTEPBAJILHBIMHU ITapaMETPAMH.

PaccmarpuBaercs JIMHEHHAsT ANHAMUYECKAs CHCTEMa YIPABICHHS C HHTEPBAIBHBIMHU K03 urmen-
tamu. CTaBuTCS 33/1a4a TIepeBo/ia IMyyKa TPACKTOPUI CHCTEMBI M3 HAYaJIbHOTO COCTOSTHHSI B MUHHMAJIb-
HYIO OKPECTHOCTh MHOTOTPAHHOTO MHOYXECTBA 38 KOHEYHOE BPEMS C TIOMOIIBIO JIECKPUITTOPHOTO PETY-
nsropa. [Ipeanmaraercst KOHCTPYKTHBHBIN METO/] PHOIMKEHHOTO PEIICHNUS 3a/1a9i, KOTOPBIA CBOJIUTCS
K PEIICHUIO CIIEIMANbHON 33/1a4i JIMHEWHOTO IporpaMMupoBanus. Eciym MUHMMaibHas OKPECTHOCTD
COBIIQ/IA€T C CAMMM MHOTOTPaHHBIM MHOXECTBOM, TO HalICHHOE yNPaBICHUE TAPAHTUPOBAHHO PEIIACT
3aj7iaqy ¥ B TOYHOM ITOCTaHOBKE.

KaioueBble ciioBa: aHcaMOJIb CHCTEM, YIIPABIIIEMOCTh, HHTEPBAJIBHBIN aHAIN3, AECKPUITOPHAS JTH-
HelHasl CUCTEMa, AMHAMUYECKUIN PETYJISATOp
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CONTROLLABILITY OF AN ENSEMBLE OF LINEAR SYSTEMS
BY A DESCRIPTOR DYNAMIC REGULATOR

The controllability problems of dynamic systems are important from the point of view of applications.
This is especially true for dynamical systems with interval uncertainties. For the control of such systems, it
is important to have control actions that are easy to implement practically. Such an implementation can be
carried out with the help of descriptor dynamic regulators. The article attempts to transfer the known results
to more complex dynamic control systems such as systems with interval parameters.

A linear dynamic control system with interval coefficients is considered. The problem of transferring
a beam of system trajectories from the initial state to the minimal neighborhood of a polyhedral set in
finite time using a descriptor controller is posed. A constructive method of approximate solution of
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the problem is proposed, which comes to solving a special linear programming problem. If the minimal
neighborhood coincides with the polyhedral set itself, then the control found is guaranteed to solve the

problem in the exact formulation.

Key words: ensemble of systems, controllability, interval analysis, descriptor linear system, dynamic

regulator.

For citation: Krakhotko V. V., Goryachkin V. V., Ignatenko V. V., Razmyslovich G. P. Controlla-
bility of an ensemble of linear systems by a descriptor dynamic regulator. Proseedings of BSTU, issue 3,
Physics and Mathematics. Informatics, 2022, no. 2 (260), pp. 5-9 (In Russian).

BBenenue. AHcamOnb JHMHEHHBIX HENPEpPHIB-
HBIX CUCTEM — ATO COBOKYITHOCTh CHCTEM, K03 du-
[UEHTHI KOTOPBIX MPUHA/JIEKAT HEKOTOPBIM 33/1aH-
HBIM MHOKecTBaM [ 1-2].

Bormpocs! ynpasisieMOCTH JINHEHHBIX CUCTEM C
JTUHAMUYECKUM PEryJIITOPOM HCCIIeI0BaHbl, HalpH-
Mep, B padote [3]. OgHako HA MPAKTUKE YacTO TOY-
Hble 3HaYeHUs KOA(P(UIIMEHTOB U HaYaIIbHBIE YCIIO-
BUSl TaKUX CHCTEM C JIMHAMHYECKUM PErylsiTOpoM
HEHM3BECTHBI. 3aJJaHbl JIUIIb MHOKECTBA, B KOTOPBIX
9TH MapaMeTpbl MOTYT U3MEHATHCS MPOU3BOJIHBIM
o0pa3zoM. B cBsi3W ¢ 3TUM TpHKIaTHOE 3HAYCHHUE
MMEIOT 33/1a4M YIIPaBJICHUS BCEMHU CHUCTEMaMM aH-
caMOJ1s1, TTOJTy4aeMbIMH TIPH PA3IMYHbIX BapHALHSX
K09((ULMEHTOB ¥ HAYAJIbHBIX YCIOBHH.

PaccmarpuBaetcs cnemyromas 3agava: Juis Jo-
00ro Ha4aJILHOTO COCTOSIHUS U3 HaIepes1 3a1aHHOTO
MHO>KECTBA OIPE/ICIUTh TaKOe yIpaBieHue (0JHO U
TO K€ JUIsl BCEX CHCTEM aHcamOJIsl), YTO B HEKOTOPBI
MOMEHT BpeMeHH T ceuenue [1] {x(t)} pemenuns x(¢)
KaXXJIOI U3 CUCTEM aHCaMOJIs MOMAayT B MUHHMAITb-
HYK0 OKPECTHOCTh HYJS 3a KOHEYHOe Bpems T.
[Ipu 3TOM B KadecTBe ympasieHHs u(f) paccMaTpu-
BAETCSl BBIXOJ JIMHEHHOM NECKPUNTOPHOM cucte-
MBI [4], KOTOPYIO HAa30BEM AECCKPUIITOPHBIM PEryJisi-
topoM. llpennaraercsi anropuT™ MOCTPOSHHS yKa-
3aHHOTO YIIPaBJICHHS, B OCHOBY KOTOPOTO TOJI0XKEHA
3aja4a JIMHEWHOTO TIPOTrpaMMHPOBaHUs, CHOPMYITH-
pOBaHHAA IO TTapaMeTpaM HCCIIEIyeMOTo aHCaMOITs.

OcHoBHas yacTb. [1ycts [4], [B] — HEKOTOpBIE
MHOJKECTBA B MPOCTPAHCTBAX NX7 U NXM COOT-
BETCTBEHHO TIOCTOSIHHBIX MaTpuIl. Torma

X=Ax+ Bu (1)

€CTh aHCAMOJIb JIMHEHHBIX CHCTEM, KOT/Ia MaTPHUIIBI
A m B mpuHUMAOT (HE3aBUCHUMO JPYT OT APYyTa)
MIPOU3BOJIbHBIC 3HAYCHHS W3 MHOXKECTB [A] u [B]
cootBeTcTBeHHO. B cucteme (1) x — n-BekTop co-
CTOSIHUS, U — r-BEKTOP YIPABICHUA.
B kadectBe ympaBieHus u(f) paccMaTpuBaeTCs
BBIXO[
u(t) = Cy(1). ()
C—rXm — NIOCTOSHHAas Marpula JIMHEHHOU

JIECKPUIITOPHOU CHUCTEMBI
Dy =Dsy, y(to) = yo. 3)

3nech (3) AMHAMHYECKHHA PETYISTOp: V, Vo € R™;
D,,D, —mxm — matpuusl; detD;=0 u mydox
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(D1 +AD;) perymspen. Taxoii perymnstop Oynem
Ha3bIBaTb ACCKPUIITOPHBIM PETYJIATOPOM.

SlcHo, uro mpu JOOOM (PUKCHPOBAHHOM Ha-
YaJIbHOM yCIIOBUH

x(0) = xo 4)

M3 MHOXKeCTBa [xo] C R" v mpu OOBIX (HUKCHPO-
BaHHBIX MaTpHuax 4, B (OynemM roBopuTh J0MyCTH-
MBIX MaTpHllax) U YNpaBieHUU u(f) CyIIECTBYET
CAUMHCTBEHHOE pEIICHHE [5] KOoTopoe mpu ¢ =t
MeeT BUJT

b5l y
x(t) = F(t,0)%, + [ F(t;,1)BCe™ ™ y ;. (5)
0

v =D{'Dyg, (6)

rae F(¢, t) — dyHnamMeHTanpHas MaTpuia perieHun
oxaHOpoIHOM 3agaun Ko

X = Ax, x(0)= xo; (7)

Dy — obparnas Matpuua Jlpasuna Matpuisl Di;
q ER".

Onpeoenenue. Aucam6ipb cucteMm (1) Ha3bIBaeT-
Cs1 yIpaBJIsieMbIM JIECKPUIITOPHBIM peryistopoM (3),
€CITH CYILIECTBYET MOMEHT BPEMEHH 11, ¢ < +00, 4TO
JUTS BCceX HavYaJIbHBIX cocTossHMM x(0) M3 MHOXKeCTBa
[xo] HalaETCsT BEKTOpP ¢, TaKOM, YTO JAECKPUITOP-
HBIM perynsTopoM (3) ¢ HavdaJgbHBIM YCJIOBHEM
»0)=yo=D"D1q, q € R" npusoaut ceueHus
{x(¢;)} Bcex peuienuii ancamOIIsl B HyJIb.

OueBUAHO, YTO B TaKOH IMOCTAHOBKE 3ajaya
yIpaBJICHUs] UMEET PELICHUE JIUIIb B HCKIIOYH-
TeNbHBIX ciaydasx. [losTomy MonepHusMpyeMm ee
CIEAYIOMKM 00pa3oM: MOCTPOMM TaKoe ympaBiie-
HUe (HalTH Takoe ¢), 9YTO KaXJ10e pemieHue x(f) aH-
camOJ1s1 OJUUHSETCS] HEPABEHCTBY

(1) <e, ®)

rne |x(#1)| — BEKTOp, COCTaBIICHHBINA U3 MOMIYJICH KOM-
MOHEHT BekTopa x(t1), € = (€1, €, . .., &), €= 0, IpuIeM
BemunHA (€1 + &+ ... +§,) SBIIETCI MHUHUMAb-
HOM, HEPaBEHCTBO (8) MOHMMaETCsS TOKOMITOHEHTHO.

Takum 00pa3oM, JUHAMUYECKHN perysTop (3)
JIOJDKeH TIPUBECTH BCE TpaekTopuu (5) B MHHH-
MaJIbHYIO OKPECTHOCTh HYJISI B MOMEHT BPEMEHH 1.

PaccmoTpum omHopomHyto cuctemy (7) mms
MPOU3BOJIBHBIX (PUKCHUPOBAHHON MaTpullbl A € [A]
n Bektopa x(0) = c € [xo]. IlycTts MHOXecTBa [A4],
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[B] 11 [x0] — mHTEpBaNBbHBIC MATPHUITH M HHTEPBATBHEII
BeKTOp-CcTONOCTI [6, 7]. JI7151 OTICHOK BOCTIONB3yeMCs
moaxoaoM pabor [8, 9]. _

IpousBenenne Ax Ha unrepBanax [A]=[4, A]
U [x]=[x,X] UMeeT TOUHbIC BEKTOPHBIC OIICHKU

S (x.%) S Ax < f(x,%), ©)

CBs3aHHBIC C (bYHKHI/IHMI/I, 3alIMCaHHBIMHU B KOOPJAU-
HAaTHOM BUAC

f (x,x)= Zmln{aljxj,ayxj,ayx],ﬁ X, }

a ,} (10)

f (x,x)= Zmax{ayxj 24X, X
i=1n.
Hcxons u3 cucremsl (7) u cootnomenuit (10)
coctaBuM 3aj1auy Korm, KoTopast mpeacTaBiseT co-
00i1 cucteMy ypaBHEHUI

x=f(xX),x(0)=c,
)Tc:]_’(g,)?),)_c(O) =c.

Crnenyst ucrounuky [6], cucrema (11) mmeer
eOWHCTBEHHOE pemienne x(z,c¢), X(t,c), 0<t<+t,
W I pemeHus x(z, ¢) cucreMbl (7) ¢ HadaabHBIM

ycinoBueM x(0) = ¢, OTBEYaIONMM BCEM MaTpHIIaM
A € [A], cripaBeUTUBHI OTICHKU

(11

x(t,c) < x(t,c)<x(t,c), 0<t<t.

s onleHKH QyHIaMEeHTaNbHOM MaTpuubl F(+)
pemenuit ypasHenus (7) BOCHOIb3yeMcs CIIeayIo-
UMK paccykaeHuaMu. OG03HAYMM €' — eUHIY-
Held  Bexktop, i=1,2,...,n. COOTBETCTBYIO-
e HavanbHbIM yenoBuaM x(0) =€, x(0)=¢,
X(0)=¢" pemenus cucrem (7) u (11) sBusIOTCS
CcTONONBL _ yHIaMEHTaNbHBIX MaTpuly F(¢,0),
F(t,0), F(¢,0). Torma cripaBeasinBa oneHKa QyH-
JIaMEHTAIbHOW MaTPUIIbI PEIICHUN CUCTEMBI (7)

F(t,0)<S F(t,00< F(1,0),0<1<1t,.  (12)

Bepuemcs k nucxoanoii cucreme (1). YuutsiBas
¢dopmynbt (5), (6), MO)keM yTBEp)KAaTh, YTO aH-
camOJIb ynpaBiisieM JECKPUITOPHBIM PETyIISITOPOM,
KOT/Ia TIPU HEKOTOPOM 11, ¢ < +00 IJIs1 TF0OOTO BEK-
topa x(0) € [xo] HafimeTCs Takoi m-BeKTOp g (OIUH
W TOT e JUIs BCEX CUCTEM aHCaMOllsl), YTO BBIMOJI-
HSI€TCSl HEPaBEHCTBO

|x(t,9)| =|Mq—P|<e. (13)
31ech

P=-F(t,0)x(0); (14)

d T
- F(tl,T)BCe(Dl 2 pip ar

ITonaganue ancaMOIs pereHuit x(f) B MOMEHT
{ =1 B €-OKPECTHOCTh HyJi, Kak cueayeT u3 (12),
OKBUBAJICHTHO HEPABCHCTBY

—-e<Mg—-P<e.

Toraa MHHUMaJIbHAS €-OKPECTHOCTh HYJISI MO-
’KeT ObITh HalijIeHa KaK pelIeHue 3a/1a4n
e —min, e=(1, ...,1),
—£<Mg—P<g, (15)
€20, ge Qc R"

OTHOCUTEIBLHO MEPEMEHHBIX € U ¢.

YuutsiBas (12)—(14), u to, uro [B] — uHTEp-
BalbHAsg MAaTpHULA, [Xo] — HHTEPBAIbHBINA BEK-
TOP-CTOJIOCI, TOJYyYHMM HHTEPBAJIbHBIC OILEHKH
st Pu M:

P<P<PuM<M<M.

I[anee npeacTaBuM BCKTOPHBIC MHTCPBAJIbI UX
LHEHTpaMHU

B =(P+P)[2, M,
U pajinycaMu
AP=(P—P)/2, AM =(M - M)/2.

W3 pesynbpratoB pabots! [8] cremyer, 4To 3a-
nava (15) okBUBaJIeHTHA CIIeTyIONIeH 3a1aue Heln-
HEMHOro MPOrpaMMHUPOBAHMUS:

=(M +M)/2

€’e = min;

M0q+AM|q|SFf)—AP+s;

(16)
~Myq+AM|g|<S—F — AP +¢;

€20, ge Qc R".

Eciiu Q — Opyc, T. €. BBINYKIbIH 3aMKHYTBIH
OTpaHMYEHHBIN MHOTOTpPaHHHUK, TO 3aaa4a (16) sk-
BUBAJICHTHA CIICAYIOIICH 3a/jade JMHEHHOTo Mpo-
rpaMMHUPOBAHHS:

e’e — min;
M.,q+AMw—¢ < P, — AP;
0 0 (17)
M ,q+AMw—e<—F - AP;

€20, -w<g<w.

3amaua (17), oueBMAHO, BCerjza paspemrMa,
nipu a1oM, eciu €°, ¢°, W’ — ee penrenue, T0 € = &° —
paanyc MUHUMaJIbHOW OKPECTHOCTH HYJISL, Ky/1a I0-
MaayT BCE BEKTOPHI X(71), yHpaBsieMble TECKPHII-
TOPHBIM PETYJISTOPOM, CTapTYIOIIUM W3 Hayallb-
HOT'O yCJOBUS Yo = Dlleqo.

Takum o0Opazom, ecimu O — Opyc, TO HAYATBHOE CO-
CTOSIHME JIECKPUIITOPHOIO PETYJISATOpa HAXOAWUTCS U3
PELICHUS 331491 JIMTHEWHOTO TporpaMMupoBanust (17).
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Korna mHO)ecTBO () IPOM3BOJIBHO, pEIacTCs 3a-
Jlada HeITMHEHHOTo mporpammupoBanus (16). Mmeer
MECTO CJEIyHoLIas TeopeMa.

Teopema. JIns ynpaBiIsseMOCTH aHCAMOJISI CH-
crem (1) mocraTodHo, 4TOOBI paspemrnmas 3agada
JUHEWHoTo mporpamMupoBanus (17) nmena ontu-
manbnsii mad (2, ¢°, w°) ¢ 2= 0.

PaccMoTpuM HEKOTOpBIE YacTHBIE CITydau.

Cnencteue 1. Ecnu unrepBanst [A4], [B], [xo]
BBIPOKICHBI, TO YIPABISIEMOCTh CUCTEeMBI (1) U3 co-
croguus x(0) = xo B HyJIb JE€CKPUITOPHBIM peryJis-
TOPOM PaBHOCHJIbHA Pa3peIIiMOCTH CHCTEMBI all-
reOpandecKux ypaBHEHUH

M,q—F, =0,

rae Mo u Py Berancinensl o gopmynam (14). Ipu-
yeMm ycioBue rank Mo =n OyaeT HEOOXOAUMBIM U
JIOCTATOYHBIM.

Crnenctsue 2. Ecimu untepBaiisl [A], [B] BBIpOK-
JIEHBI U BEKTOp ¢ SIBIIsETCS perienneM 3anauu (17),
TO BBIMIOJHEHHE HepaBeHCTBa AP <& J0CTaTOYHO
JUISL  yTIPaBIISIEMOCTH JECKPUIITOPHBIM PETYJISITO-

poM. D10, OUEBUHO, CIIEAYET U3 OrpaHUYECHUH 3a-
naun (17).

CrnencrBue 3. Ecnam Bce MHTEpBaibHBIE 00B-
€KTHI BRIPOXKIICHBI, TO cucteMa (1) ympasisema ne-
CKPUNTOPHBIM PErysaTopoM (3) TOr/Aa ¥ TOIBKO TO-
r71a, KOT/Ia UMEET MECTO PaBEHCTBO

4 4
ranl{jeA(T’”BCe(D1 Dz)rDlledt} =n,
0
KOTOPOE 3KBUBAJICHTHO YCIOBUM [3]:
rank(B, AB, A*B,...,A"'B) =n;
rank(CD{' D,,CD{ KD,,CD{K*D,, ...

...,CD{K"'D))=n,

rie K = DZD{/.

3akaouenne. OTMETHM, YTO IOJIyYEHHBIE Pe-
3yJbTaThl NPEJIOIaraeTcs NepeHecTy U Ha Oojee
CJIO)KHBIE OOBEKTHI yIPABIEHUs, TAKHE KaK HecTa-
LIMOHAPHBIE CUCTEMBI C IOCTIEIEHCTBUEM U T. II.
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