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OUSUKO-MATEMATUYHECKUE HAYKU

VK 517.935.2+519.71

B. M. Mapuenko, 1. M. BopkoBckas
Bbenopycckuii rocyqapcTBEHHbIN TEXHOJIOTHYECKUI YHUBEPCUTET

K BOITIPOCY O CTABUWIM3ALIMU I'MBPUIHBIX
JNOPEPEHIIMAJIBHO-PASHOCTHBIX CUCTEM

B cratbe paccmaTpuBaroTCsi HEKOTOpbIE Mpo0eMbl crabuin3annu rudpuansix quddepeHunansHo-
pasHoctHbIX (I'/IP) crcTeM npu MCHOIB30BaHUH PETYJISITOPOB MO THITY 00paTHO cBs3u. JlokazaHbl He-
00XOJIMMBbIE YCIIOBHS CTAOMIM3AMH YKa3aHHBIX CHCTEM C IIOMOIIBIO TPOCTEHIIIET0 PEryisTopa 1 pery-
JISITOpa C MHTErPAJIbHBIMU COCTaBJISIOLIMMH TUNA CBEPTKH. [IpesicTaBieHHble yCIOBUS CTaOWIN3auN
SIBJISIFOTCSI TEOPETUYECKOW OCHOBOW HCCIIEIOBaHHS KaYECTBEHHBIX CBOWMCTB KaK MHOTOMEDHBIX, TaK U
craysipHbIX quddepeHnnansHo-pasHoCTHBIX cucteM. [IpoBeeHa sKCIIOHeHIIMaIbHAS OLIEHKA POCTa pe-
HIEHUH paccMaTpUBaEMbIX CHCTEM, YTO SBIISIETCS 000CHOBAaHHEM BO3MOKHOCTH ITPUMEHEHHS K HUM ITpe-
obpazoBanus Jlartaca. CtaThs SIBJISETCS MPOJODKEHHEM U 0000IIEHHEM UCCIIC0BAHUS CTA0MIH3AIMN
ruOpuAHBIX AU (hepeHInaTLHO-Pa3HOCTHBIX CUCTEM, ITPOBEJCHHOTO paHee JUisl CKaJSIPHOTO CITydast.

Knarouesnle ciioBa: nuddepeHnanbHO-pa3HOCTHBIE CHCTEMBI, OLIGHKA POCTa PELISHUH, perys-
TOPBI 110 THITY OOPAaTHOM CBSA3U, CTAOMIM3AIIHS.

V.M. Marchenko, I. M. Borkovskaya
Belarusian State Technological University

ON THE STABILIZATION OF HYBRID
DIFFERENTIAL-DIFFERENCE SYSTEMS

The article discusses some problems of stabilization of hybrid differential-difference systems by
using regulators as feedback. The necessary stabilization conditions for these systems are proved using
the simplest regulator and a regulator with integral components such as convolution. The stabilization
conditions presented are the theoretical basis for studying the qualitative properties of both multidimen-
sional and scalar differential-difference systems. An exponential growth estimation for the solutions
of the systems under consideration is carried out, which is the rationale for the possibility of applying the
Laplace transform to them. The article is a continuation and generalization of the stabilization study of
hybrid differential-difference systems, carried out earlier for the scalar case.

Key words: differential-difference systems, solutions growth estimation, feedback regulators, stabilization.

BBenenue. B HacTodIEel cTaTbe paccMaTpUBa-
IOTCSl HEKOTOpBIE BONPOCH! CTa0MIN3alMU JTUHEH-
HBIX THOPHIHBIX IU(PepeHInANTbHO-Pa3HOCTHBIX
(I'IP) cuctem, OMUCHIBAIOIIMX POLECCHI, TPUPOAA
KOTOPBIX HOCUT HEONHOPOJHBIM Xapakrep. Takue
CHCTEMBI HIMPOKO HCIIOJIB3YIOTCA B aBTOMOOHIIE-
CTPOEHHH, aBUACTPOEHHH, POOOTOTEXHUKE U OpY-
rux oOmactsx. [Ipy M3ydeHnu peanbHBIX (u3Mye-
CKUX TPOLIECCOB HapsAy ¢ AMHAMHYECKHMU (ITU]-
(epeHInaNbHBIMHI) TOSBIISIFOTCS U alTreOpanuecKie
(pyHKIHOHATBHEIE) 3aBUCUMOCTH, HMPUBOISIIUE K
THOPUAHBIM CHCTEMaM.

K xauecTBeHHOU TEOpUU yHpaBICHUS IS JaH-
HBIX CHUCTEM OTHOCSTCS TaKHC BaXKHBIC MPOOJIEMBI,
KaK yIpaBlsieMOCTh, HaOIIOAaEMOCTb, IBOHCTBEH-
HOCTb 1 1p. B pabote [1] mpeacraBieHb HEKOTOPHIC
33Jaud B TEOPUHU YIPABISEMBIX JUHAMHUYECKUX
I'IP-cucrem. HNccnenoBanuio pa3HbIX KJIacCOB TH-
OpUIHBIX CHCTEM TOCBSIICHBI, B YACTHOCTH, CTAaThU
[2-14]. IIpn u3yueHnn THOPUIHBIX cCHCTEM (yHIa-
MEHTAJILHBIMH OCTAIOTCS TaKue PaboThI, Kak [15, 16].

OpnHolt M3 BaXHEWINIMX MpoOIEeM B TEOPUU
YIOpaBICHUS] AUHAMHUYECKUX CHCTEM SIBISETCS
mpoOjieMa WX YCTOHYMBOCTH M CTaOWIIHM3AIlMU.

Tpyasli BITY Cepus3 Ne 2 2020



6 K Bonpocy o ctabuamnsaumnm rubpuaHbix ancgepeHLnMarbHO-Pa3HOCTHbLIX CUCTEM

Bonpockl cTabunu3anuy CKaMsPHBIX JTHHEHHBIX
CTallMOHApHBIX TUOPUAHBIX AuddepeHIHaIbHO-
Pa3HOCTHBIX CHCTEM PacCMaTpPHUBAJIMCh aBTOPaMH B
pabote [17]. JlanHast cTaThs MpOAOIDKAET U 0000-
IIaeT WCCIIeI0BaHus, MpoBeAeHHbIe paHee. [lomy-
YeHBI PE3yJIbTAaThl A MHOTOMEPHOTO cIydas, Mpo-
BEZICHA OLIEHKA POCTa pelieHni andpepeHnranbHO-
Pa3sHOCTHBIX CHUCTEM, UTO SIBJISETCS TEOPETHUECKUM
000CHOBaHHEM BO3MOXKHOCTH NMPUMEHEHHS K 3TUM
cucTeMaMm npeoOpaszoBanus Jlammaca.

OcHoBHas 4yactb. PaccmoTpuM THOpUAHYIO
i depeHInanbHO-pa3HOCTHYIO CHCTEMY B CHM-
METPHUYECKOH OTHOCHUTEIBHO olepaTopoB audde-
PEHLMPOBaHUS U cABHUTa hopMe:

%) = A4yx, () + A%, () + Bu(?), (1
X, (t+h)=Ayx, (1) + Ay x, (1) + Bou(t),t 20 (2)

C HaYaJIbHBIMU YCJIOBUSIMU
x,(0) = x4, x, (T) =Y(1), T€ [0, h). 3)

3neck X, ()€ R", x,(kh)e R™, u(t)e R", h>0,
All’ A12’ A21’ A22’81’ B2

CTOSTHHBIC MaTPHIIBI COOTBETCTBYIOIIHX Pa3MepOB;
u =u(-) — BHemHee (KyCOYHO-HENPEPHIBHOE) BO3-

JNEUCTBUTENILHBIE T10-

neficTBue — ympaBienne; Y(-) — HadanbHas Ky-
COYHO-HETPEPHIBHAS /12-BEKTOP-(PyHKITHS.

IMox pemennem cucremsl (1), (2) Oynem moHu-
MaTb a0COJFOTHO HENPEPHIBHYIO #11-BEKTOP-(YHKLIUIO
x,(-) M KyCOYHO-HENPEPBIBHYIO 12-BEKTOP-(PYHKIINIO
X,(-), KOTOpblE ISl BCeX ¢ =0 yIOBIETBOPSIOT

YpaBHEHUIO (2) ¥ JJIs IOYTH BCEX ¢ > (0 yIOBIETBO-
psroT ypaBHeHHIO (1). 3TO penieHne HavaIbHOM 3a-
maun (1)—(3) ama Kaxaoro Ha4aabHOTO 3HAYCHIS

Xp€R" ¥ KyCOUHO-HETPEPHIBHOW 1>-BEKTOD-

bymkum ()
Hapsimy ¢ cucremoit (1), (2) paccMOoTpuM JTHHEH-
HYIO 00paTHYIO CBSI3b CIEAYIOIINX TUIIOB:

— B BHJE [TPOCTEHILIET0 peryasTopa

u(t) = 0x, (1) + 0, x, (1), “4)

rae O, U O, — MOCTOsHHbIE MaTpULbL. Takol pery-
JSITOp HE BBIBOAMT 3aMKHYTYIO CHCTEMY 3a IIpe-
JeTIbl pACCMaTPUBAEMOTr0 KJIacca;

— B BUJIE PETYJISITOPA C HHTETPATbHBIMU COCTaB-
JISIIOILMMHU THITa CBEPTKU

u(®) =0x, (1) +0,x, (1) +

CymeCTBYET HU CAHUHCTBCHHO.

+[0,()x,(t =s)ds + [ O ()x, (¢ + h—s)ds, (5)

rne O, u Q, — mocrosHHbIE MaTpuubl, O, (-)
u Q,(-) — Marpunbl-QyHKIUH COOTBETCTBYIOILUX
pasMepoB, MPHYEM DBIEMEHTHl (DYHKIHOHATBHBIX

Tpyabli BITY Cepus3 Ne 2 2020

marpuny Q,(-) u Q,() ABIAIOTCA KyCOYHO-HENpE-
PBIBHBIME (PYHKIHSMH C KOHEYHBIM HOCHTEIIEM
H>0,00()=0,0,()=0 s t > H.

Kak u B pabore [17], ciektpom cuctemsi (1), (2)
HAa30BEM MHOXECTBO BCEX XapaKTEPUCTUIECKUX 3HA-
YeHUH (OCHOBHBIX U IMPUCOETUHEHHBIX) C YUETOM MX
KPaTHOCTEH, a COOTBETCTBYIOIIHE PEIICHHUS — CIIEK-
TpanbHBIMU pemeHusiMu cuctemsl (1), (2). Heos-
MYIIEHHYI0 CHCTEMY (C BBIKIIFOUEHHBIM YIIpaBIe-
HHEM) Ha30BEM CIIEKTPAILHO YCTOWYHBOM, ECITH BCE
€€ CIIeKTPAIbHBIC PEIIeHUs SIBISIOTCS aCHMIITOTH-
YEeCKH YCTOWYHBBIMHU.

Ocraercs B cune [17] ycnoBue crneKkTpaibHOU
YCTOWYMBOCTH HEBO3MYIIIEHHOU cucTeMsbl (1), (2):
JUIS CTIEKTPAJIbHOM yCTOMYMBOCTH HEBO3MYILIEHHOM
cucteMbl (1), (2) HeoOXOAWMMO M JOCTATOYHO,
YTOOBI:

1) Bce OCHOBHBIE COOCTBEHHBIE 3HAYEHUS
UMENY OTPHUIIATeIbHbBIE IEHCTBUTENLHBIC YaCTH;

2) Bce TPUCOENWHEHHBIE COOCTBEHHBIE 3HAYe-
HUSL A JIeKaau B KOMIUIEKCHOH IUIOCKOCTH BHYTPH
EIMHUYHOTO JHCKA: |K| <lI.

IIpu uccnepoanuu I'ZIP-cucteM mpuXOAUTCS
MPUMEHSATh K TaKUM CHCTeMaM MpeoOpa3oBaHue
Jlanmaca, B cBSI3U ¢ YeM BO3HHKAET HEOOXOIUMOCTh
B OKCIIOHEHITUAIBHOH OIIEHKE pPOCTa PEIICHHA dTHX
cucteM. [lomoxum

X, (£)=x,(t=h), 1 20. (6)

Torga cucrema 3anumercs B Buzae I J[P-cuc-
TEMBI 3alla3/bIBAOIIET0 TUTA, OoJiee yIOOHOM s
npuMeHeHus npeodpa3oBanus Jlammaca:

% (6)= 4%, () + Apxy(t=h)+Bu(t),  (7)
Xy(1) = Ay x, (1) + Apyxs (= h) + Byu(t), t 20 (8)
C Ha4YaJIbHBIMU YCJIOBUAMU

% (0) = xy9, X3 (V) =W(T+h), T€ [-1,0).  (9)

t t
Ilycrs 7T, = [Z} — 1enasg dYacTh YHCIIA Z’
||d|| = max|di| - HOpMa n-BEKTOpa d=
1<i<n
n
=[d,,....d,]'e R", A|| = max Z‘a”‘ — COINIacOBaH-

1<i<m =

Has C HOPMOM ||d|| HOpMa mXn-Marpuipl A=

= [aij ] € R™", mrrpux «'» O3Ha4aeT TPAHCTIOHHUPO-
mxn

5 Alz D A21 5 A22 ’ Bl ’ B2||’

BaHue, X = max {"A11

, sup [w(o)}-
1€[0,h)

”xl()

HpCILHOHO)KI/IM, 4YTO YHOPAaBJICHUC HUMECT HE
BBIIIIC, YEM 3KCHOHCHI_[PI3.HLHLII>’I pocCT, T. €. CylIe-
CTBYIOT TaKMC HCOTPHUIATCIIbHLIC YU CJIa Knu O, YTO
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|u(@)| < Ke™ mns ¢ 2 0.

(10)
Ymeepoiwcoenue 1. Boibepem uncio >0 Taxk,

uto6sl B>0 u e PR <1. Vmeer mecto cremyro-
Iast OIICHKA:

t t
I e |xy(t-h)|dr<M +N .[ e @]dr. 20,
0

Xe P
Tl-xe ™

N KRe Bh(KB+(B—0)R)
B BB-mi-xe ™)

Hoxazamenscmeo. B cuny ypaBaenus (8) mis
t 2 h umeeM:

M=

t
[P (Ayx (x—h)+
h

+ Byu(t—h) + Ay (t—h— h))d)| <

t
[e P (x—h)|dr=
h

t
<[ (x| T+
h
t
+[B, [ e Ju(t—m)|d+
h
t
+ [ o[ [ ey (x—2m)|dn <....
h

t
<[4, j e Pt (||x1 (T—h)||+| A ||, (z—2)| +...+
h

" (e~ T} de+ 18, { e " (lu(z—m)|+

o et = 20| +.. + | 4 ~Th)|)dr+

. j B[ e T { (%[, (=) +
+X%|x, [ (e o)) T+

t
+ J' e P RK™ ™ + R2Ke™ 2 4 4+

+ XK M) g4
t —h
+J.e_ﬁ’NT1&drS&e_BhJ. B (9| dy + R x
0
—2h =Ty
X I P dy+..+ R j

0

P () dy+

-h =2h
+KRe I e_(ﬁ_“)ydy+KNZe_2Bh j e FNgyy o+
0 0

t=T;h 2h
+ KR P j BTy + 82 j iR’ j Pt
0

T;h t
e Pt T I e Pdr=@.

T,h-h Th

+ R

Pacumpsiss mpu HEOOXOMMOCTH MPOMEKYTKU
WHTETPUPOBAHUS U CYMMHPOBaHHUS, C ydeToM (op-
MYJBI JUISI CYMMBI OSCKOHEYHO YOBIBAIONICH Teo-
METPHYECKON MPOTPECCHUU TTOTyUaCM:

@< (Ne“‘h + R TP +...)><

t—h
xj P dy+K(Re ™ + X0+ 4P 4 .)x
0

—h — i+ —BTh
xtf e P gy Ko™ + K™ +ot KT <
§ B p
Re P o KRe
< e "x dy+
1-Xe P { oy (B-o)(1-xe P
R2e ™ ReP"(KB+(B- WR)
TBU—xe™) T BB-oi-xe )

Ne_Bh = —Bt
+ — e |lx (7)|dT.
e | ol

Torna

t h
j ey (v —h)|dr< j P |xy (v — )| de+
0

0

; h
+e¥ o= mfdes [y
h 0

Re P
Re P

LR KB+ B-0)X)
BB-o)(1-Re ) 1-

. N, Xe P (KB+(B— OR) .
xj ||xl(“~')||dT B BB-o)(1-xe ™
—Bh t=h
e R MC R R MO
—Ne 0 0

YTBepKIeHHUE JOKa3aHO.

B nanpHeiieM HaM MOHAZOOUTCS ClleAyIOIIAs
JeMMa.

Jemma. Ilycte HeoTpuuaTenbHbIE (YHKIUU
v(-), p(-) yIOBIETBOPSAIOT COOTHOLICHHUIO

t
V(t)Sc+_[p(r)V(r)T i ¢ >0, toe ce R, ¢c>0.

Toraa nmeer MecTo HEPABCHCTBO

t
Ip(r)d‘r

V(t)<ce® mpu ¢ > 0.

Teopema 1. [Ina xaxoro pemwenus x,(-), X;(-)

cuctemsl (7), (8), MOPOKICHHOTO HAYaTbHBIMU JaH-
HBIMH (9) ¥ KyCOYHO-HETIPEPHIBHBIM yTIPABJICHUEM,
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8 K Bonpocy o ctabuamnsaumnm rubpuaHbix ancgepeHLnMarbHO-Pa3HOCTHbLIX CUCTEM

AMEIOIUM HE BBINIE, YeM OSKCIOHCHIIMATbHBIN
pocrt (10), HaliAyTCS TaKWe MOJIOKUTEIILHBIC YUCIIA
L u p, 9ro

x@)|<Le", |x@)|<Le. (11)
= ) :

okazamenvcmeo.
%(e_mxl (T)) =—Be Py, (1) +e P (1) = —Be P x

X, (1) + e 77 (A%, (1) + Appxy (T— h) + Bu(v)),

OTKyZJa, uHTerpupys oT 0 10 ¢ W oLEHUBas MO
HOpMe, ¢ yueToM HepaBeHcTBa (10) u yTBepxe-
Hus 1 momydaem:
t
e | (0] < ||x10 || + Bj.e*ﬁrxl (vydt+
0
t t
[ ol |8 Jucofas |4, <
0 0
t t
X [ (- dT< X+ B+ X)[e ¥ x (D] dT+
0 0

t t
+ KX [e P+ XM + XN e |x (D) dr<
0 0

t
<SR+RM +BK—§;+(I3+ R+&N)[e? | (D).
- 0

Tor J1a B CUIY JICMMBI

e’ ,

j(ﬁ+N+NN)dT
B N[l M+ ]

OTKyia ||x] (t)" <L "', umnepsoe u3 nepapeHcts (11)

BBITIOJIHACTCA IIPU
KR
L=1L, :}Z+§2M+B—,u:u1 =2+ X+ XN.
-0

JlokaxkeM CITpaBeJTUBOCTh BTOPOTO HEpaBEH-
ctBa B (11).
Br16epem MooXUTENbHOE YHCIIO 71 TaK, YTOOBI

m>max {l,u,, 0, Re "M <], ®e " <1,

Vmuoxast (8) Ha e U OLEHHUBAsI 110 HOPME, C
Y4ETOM BBIpAKEHHSI A1 CyMMbI OECKOHEYHO YOBI-
BalOIIEH T€OMETPUIECKON POTPECCHH TIOTyYaeM:

" @l <e™ (4l O+ a1 =] +
Bl le@l) <™ ||l O+l ¢ =]+ +
+ | [ (t—T,h)||) +e " B ()| +

) s )+

—mt T} +1

+e

A e~ T < 8L (O
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R T B
+ Rt pmOm=u)Tih = (m=p)(t=T;h) ) +
+ XK (e‘(’"‘“” + R mmhgmma)i=h)
+ R gm0l =(m=0)t=T;h) ) +RE(Re Y
x e " <RL (14 Re " 14+
+ (Re 1)+
+ NK(1+ Re "M 14 4 (Re Oyl 1)+

XL, RK )
I—Re Ui g e

+X%.1-1<

b

OTKyZa

_ xe*(m*lll)h + 1- X e*(m*(l)h

e e

Takum oOpa3om, BTOpoe HepaBeHCTBO B (11)
BBITIOJTHACTCS C

R, XK ~
I—Re i oy men HE

L=L, =8+

Torma mpu L =max{L,,L,},L=m cobmrona-
1oTcst 00a HepaBeHcTBa (11), 9To 3aBepraeT goKa-
3aTeNICTBO TEOPEMHI 1.

Teopema 1 maer SKCIOHEHIMAIBHYIO OIIEHKY
pemenwuii cucteMsl (7), (8) (a ciemoBaTeNbHO, U CH-
cremsl (1), (2)), 9TO TO3BONISIET IPUMEHSITH K ITHM
cuctemaMm npeodpazoBanue Jlamnaca.

PaccmoTpuMm Temepb HEOOXOAMMBIE YCIOBHUS
crabunusanuu  auddepeHnanTbHO-Pa3HOCTHRIX
CHCTEM.

Teopema 2. Ecnu cuctema sIBISICTCSI CTaOMITH-
3upyeMoit peryistopamu (4) wim (5), To

Mnl _All _AIZ Bl
k ’ =n, +n,,
o —4,, e’ 1y -4y B, b (12)
Vie C,Rer>0.

Hoxazamenvcmeo. 1pennnonoxuM MPOTUBHOE:
cucrema (1), (2) crabumusupyema (peryasitopom (4)
unu (5)), a ycinosue (12) He BBIIONHSAETCA, T. €. CY-
MIECTBYIOT B OOIIEeM CiIy4ae KOMILIEKCHBIC YHCIIO

£ ES
A e€C,Red >0, u ni- u ny-BEKTOP-CTPOKH ¢,
W ¢, Takue, 4to [¢;,¢, | #0,

AT m A -4, B,

[c,6,] =0. (13)

-4, et hlnz -4, B,

Bnone pemenwii cuctemsr (1), (2) nmeem:
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! * t * *
0=[ere™ " (%,() = 4%, (1) — 4%, (1) - — e (c,B +c,B, Ju(ydt=ce™ 'x (1) +
0 0
L * * h *
—Bu(1))dt+ [ c,e " (s, (T4 h) = Ay, (1) — + e M j e e x, (1+T)dT—cx —
0 0 L h
. N[ Nt
—Azzxz(‘c)—Bzu('t))d‘czcle_}” () =X + —¢ .([e Y(DdT+
t : AT, -4 -4 B
" . Iy A 12 |
+[e™ % (M1, - 4,)x (DdT- +[e™[a6] - X
0 0 4, eI, — 4, B,
t * t *
- Je_}” e, 4,x, (T)dT —I e e, Bu(t)dt+ x%(7) L e
0 0 x| x,(T) d’c(=3)cle x(t)+e X
t+h t !
+ _[ e Me x, (5)ds —j e e, Ay x, (T)dT— u(t)
h 0 X.}f s J
. . e’ ox,(t+t)dt—
—J‘e_x ey Ay X, (T)d’r—je‘x ‘e, Byu(t)dt=—cx,y + 0 ,
0 0 N[ -\
* o P — X, —e Ie ‘Ly(tdt =
+ e x (1) + J. e e x (s)ds —J.e_k ke x ;
) : ’ o et 'x () +e? ('_h)je_k o, x, (t+1)dT=
XX, (s)ds + J‘e_x ‘¢, (k*lnl -4, )xl (t)dt— J‘e_x e X 0 ,
’ ’ =cx, —€" hj‘e_x e, y(t)dT. (14)

t *
X A%, (DdT— [ e e, Bu(t)dt+
0

t t
+ je_?L Sthhe x, (s)ds — J‘e_)‘ ‘e, Ay x, (T)dT—
0 0

t t
—J.e_k ¢y Ayyx, (T)dT —J. e e, Byu(t)dt—cx, +
0 0

h
+ee () re P J. e Te,x, (t+1)dT—
0
h :

— M j e#‘*rczw(r)d T+ _l.efmcl (k*ln1 -
0

0

t t
—4,)x (v)d1- J.e_x e, 4, %, (T)dT— je_}” ‘¢, B, X
0 0

n

t
xu(mdt+ [ e, (ex "L, — Ay )x2 (TdT—
0

t * l * *
—J‘e_k e, Ay x, (T)dT —je_)‘ e, Bu(tydt=ce” 'x, () +
0 0
* h * * h *
+eh J‘e_x o, (t+1)dt—cx, —¢"" I e e, x
0 0
n

X W(DdT+ je—ff (A1, = 4y)— ey P (DdT+
0

%

t
e (cz (441, — ) -1, )x2 (DdT—
0

0

ITockonmeky 1o ycmosuro cuctema (1), (2) cra-
Omnmm3upyemMa, To Haimercs oOpaTHas CBSI3b — CTa-
omnmsupytoiee yrnpasienue (4), (v (5)), npu Ko-
TopoM 3aMKkHyTas cuctema (1), (2), (4) (umu (1), (2),
(5)) acuMmmTOTHUECKM YyCTOHYHMBA, a 3HAYHT,

lim ||x1 (t)||:0, lim ||x2(t)||:0. IToatomy neBas
[—>+oo f—>too

yacTe B paBeHCTBe (14) cTpeMuTcs K HYJIO HpU

t — 400 B cityuae Red’ >0, B TO Bpemst Kak mpa-
BYIO YacTh MOXKHO OTTPaHWYHUTH OT HYJS 3a CUET
BBIOOpa HavaJbHBIX AaHHBIX. [lomydeHHOE TpOTH-
BOpEUHE JIOKa3bIBaeT CIIPAaBEJIMBOCTh YTBEpXKIe-
HUS TEOPEMBI 2.

Teopema 3. Ecnu cucrema sIBISICTCS CTaOMIIH-
3upyemoil perynaropamu (4) wiu (5), To

rank| M, =4y, B, |=n,, VAe C,[\|<1. (15)
Joxazamenscmeo. I1pennonoxumM MpoTUBHOE:
cucrema (1), (2) crabunmsupyema (perynsaro-

pom (4) unu (5)), a ycnosue (15) He BhITOTHSETCS,
T. €. CYIIECTBYIOT B 00IIEM Cilyyae KOMIUIEKCHBIE

*
ymcno A € C,

7\,*‘ 21, ny-BeKTOp-CTpOKA ¢, TaKwWe,
410 ¢, #0,
&[N, —4, B, |=0. (16)

IMockoarky cuctema (1), (2) crabunmsyema,
TO HaljeTcsl JIMHeWHas: o0paTHasl CBS3b, IIPH KOTO-
pO#l BCE pELIECHUs COOTBETCTBYIOLIEH 3aMKHYTOM
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10 K Bonpocy o ctabuansaunm rubpuaHbiX AMddepeHUMAAbHO-PA3HOCTHBIX CUCTEM

CHCTEMBI CO BpeMEHEM 3aTyXxaloT. B cuiy ypaBHe-
HUS (2) BAONB MMIYJIBCHBIX PELICHUH C y4eTOM
ycnous (16) umeem:

¢, x, (kh+ h) = c, (Ay,x, (kh) + Byu(kh)) =
=Ny, (kh)=...= (L) c,y(0),

IO3TOMY

k+1
le,w(0)).-

Kax ¥ npu goka3arescTBe TeOpEMBI 2, 3aKITH0-
YaeM, 4TO JIeBasi 4acTh MOCIIEHETO PaBEHCTBA MPH
HEOTPaHMYCHHOM BO3PACTaHUH BPEMEHH CTpe-
MHTCS K HYJIIO, & TIpaBasi HeT (IIPY MTOAXOISIIEM BbI-
oope 3naueHust Y(0)). [TomyuenHoe mpoTHBOpEUNE
3aBepIIaeT J0Ka3aTeIbCTBO TEOPEMEI 3.

B pabGore [17] moka3zaHo, 4yTO HEOOXOIUMOE
yCIIOBHE CTaOMIIM3alMK CKaJSIPHBIX IuddepeHny-
QJIbHO-PA3HOCTHBIX CHUCTEM C TIOMOUIBIO peryJisi-
TOpa C HMHTETPAIBHBIMU COCTABJISIOUIMMH THIIA

leax, (kb + )| =

CBEPTKU SIBIISICTCS] OTHOBPEMEHHO U TOCTATOYHBIM.
[NomydeHs! yciioBUSsl CTaOMIM3AIMHA CUCTEMBI IIPO-
credmumM perynstopoM. IlpuBeneH mnpumep cCu-
CTEMBI, IJIs KOTOPOX HE CYIIECTBYET MPOCTEHIIero
perynaTopa, MO3BOJISIONIETO €€ CTa0WIH3UPOBATh,
HO HaXOAWUTCS PETYJISATOP C MHTErPajbHBIMH 3Jie-
MEHTaMHU.

3akawuenne. B paboTte npoBeieHa SKCIIOHEH-
[UAJTbHAS OIEHKA POCTa PEIIECHUI CTallMOHAPHBIX
JUHEHHBIX THOPUAHBIX JudQepeHnruanT-HO-pas-
HOCTHBIX CUCTEM, TAKUM 00pa3oM, 000CHOBaHA BO3-
MOXKHOCTh TPUMEHEHHS K HUM TPEoOpa3oBaHUs
Jlanmaca. JlokazaHbl HEOOXOAUMBIE YCIOBHUS CTa0H-
JU3AIUK YKa3aHHBIX CUCTEM JIMHEHHOW oOpaTHOU
CBSI3BIO B BUJE MMPOCTEUIIIETO PETYIIATOpa U PEryJisi-
TOpa C UHTETPAIHLHBIMUA COCTABJISIFOIIAMHU THIIA
CBepTKU. Pe3ynbTaThl SBISIOTCA TEOPETHUUECKUM
000OCHOBaHHUEM  HCCIEIOBAHUS  KAYECTBEHHBIX
CBOMCTB Kak MHOTOMEPHBIX, TaK U CKAJIIPHBIX AU(D-
(hepeHIIMaTEHO-Pa3HOCTHBIX CUCTEM, KOTOPHIE OITH-
CBHIBAIOT PEalIbHBIC CUCTEMbI YIIPABICHUSL.
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V. A. Savva, S. Banjak
Belarusian State Technological University

ON SOLVING COHERENT DYNAMICS EQUATIONS WITH DISCRETE MATHEMATICS
METHOD FOR QUANTUM SYSTEMS UNDER LASER EXCITATION

Molecular coherent excitation calculations are performed using a simple model of quantum
N + 1-levels systems. An exact solution of the corresponding system of differential equations is obtained
without their integration. For this, the discrete Fourier transform is applied: the sought-for functions —
probability amplitudes a,(¢) of a quantum system are represented with Fourier images F, (®), i.e. spectra

that are described by some corresponding system of discrete orthogonal polynomials. Fourier spectra are
calculated using the polynomials constructed. We find the required a, () by calculating the final sum from

0 to N. Based on a one-to-one correspondence: polynomial characteristics vs equations coefficients, we
find all the characteristics of quantum systems, the dynamics of which are described by the obtained solu-
tion. The construction of various polynomial systems of a discrete variable makes it possible to obtain
solutions for quantum systems with various characteristics, including systems with non-equidistant ar-
rangement of energy levels, which are typical for real molecules.

Key words: coherent laser excitation of quantum systems, Fourier spectra, discrete orthogonal poly-
nomials in Fourier space, exact solutions of differential equations systems.

Introduction. One of the unique properties of
laser radiation is its ability, acting on molecules,
atoms, crystals, to translate them into a special state
of quantum coherence, which differs sharply from
classical states. New states are obtained by exciting
the medium with ultrashort pulses. Media in a quan-
tum coherent state can be used for a number of new
technologies: quantum computing, quantum com-
munication lines, reliable encryption of infor-
mation, laser control of chemical reactions, to create
selectively excited molecules in order to study their
spectral properties and rates of intramolecular redis-
tribution energy in them etc. One of the problems in
the implementation of these technologies is the
preservation of quantum coherence of the medium,
since coherence is rapidly destroyed. Decoherence
occurs during the interaction of a quantum system
with the environment, including measuring setup.
A lot of literature is devoted to theoretical and ex-
perimental investigation of media in states of quan-
tum coherence, methods for their production, con-
servation and control of their characteristics [1-4].
Nevertheless, many unsolved problems remain, in
particular, with obtaining exact solutions of quan-
tum equations and developing analytical methods
for constructing solutions that describe the process
of coherent excitation of quantum systems under
various conditions.

This paper describes a new approach to the con-
struction of exact solutions of equations of a certain
type, describing the indicated process occurring un-
der the action of a constant amplitude laser pulse. It
allows one to obtain an analytical solution for the dy-
namics of various quantum systems, including those
having a non-equidistant arrangement of energy
levels and when excited by radiation with a carrier
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frequency that is not in exact resonance with the
transition eigenfrequencies of the quantum system.
In the work, the solution algorithm is illustrated
with a simple example — a system with a few energy
levels, but it allows a natural generalization. The
method is “spectral”. It is based on the transition

from the sought-after functions {a, ()}, of time,
the probability amplitudes of a N + 1-level quantum
system to their Fourier images {F, (®)},, Fourier

spectra. In this case, the discrete Fourier transform
is used, that is, the spectral space is discrete. This is
natural, since the amplitudes are periodic functions
of time when N < oo, The paper considers systems
with a uniform space, i.e. spectra are function of
a discrete argument given on a uniform grid. This
restriction is not fundamental. It is also shown
that the Fourier spectra are expressed in terms
of orthogonal polynomials; they are used to con-
struct a solution of differential equations of the
type under consideration. Polynomials are given
in the Fourier space of the probability amplitudes
of a quantum system. The algorithm for construc-
ting the solution is simple. Constructing a certain
sequence of discrete orthogonal polynomials cor-
responding to a quantum system, we construct
spectra, calculate probability amplitudes, and find
the distribution of the quantum system by energy
levels. Further, using the connections between
the characteristics of the polynomials and the co-
efficients of the differential equations, we find
these coefficients and determine the characteris-
tics of the excited quantum systems, for which
a solution is obtained, that describes their cohe-
rent dynamics.
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The excited medium model and dynamic
equations. The model is a quantum system contain-
ing N +1 energy levels E, E, ..., E, (N isana-
tural number). Radiation & cos®,t turned on at the
moment T = 0 has constant amplitude & and fre-
quency ®, and causes transitions between neigh-
boring levels. Each transition E, ; & E, is charac-
terized by its eigenfrequency ®, = (E, - E, )/ h
and dipole moment p, , , =, describing the in-
tensity of the interaction of the transition with radi-
ation. The radiation frequency may not coincide
with the eigenfrequency of the transition, so the
transition may also have a frequency detuning
Aw, = ®, - ®,. Thus, each n-th transition is de-
scribed by quantities p,, ®,, A®,.

The Schrodinger equation, which describes the
dynamics of coherent excitation, for such problems
1s written not for the wave function, but for com-
plex-valued probability amplitudes a,(¢) of detec-
ting a system at a level n at a time t during excita-
tion [5]. In dimensionless variables, such a system
of equations has the form

_da,
dt

a,(t=0)=38,,,n=0,1,.,N.

= n+leiia””tan+1 + f;leisntan—l; (1)

This widely used method of the semiclassical
description of the process by equations (1) is
called the resonance approximation, or the rota-
ting field method [4-6]. In this model, the terms
containing the frequencies o, + o, are omitted,
which practically does not affect the dynamics.
Here, the dimensionless function of dipole mo-
ments f,; f, =1 with respect to the moment of
the first transition 0 <> 1 is introduced,
n, = w,f,. It characterizes all the transitions of a
quantum system interacting with radiation. The
usage of the Rabi frequency Q.= n, & / 2h of the
first transition allows the introduction of dimen-
sionless time ¢ =Q,t and frequency detunings
e, = (0, —w,)/Q, at the transitions. As a re-
sult, a quantum system is characterized by a pa-
rameter N — the number of transitions interacting
with radiation and two sets of quantities f,, €,;
they are the coefficients of equations (1); the
number of equations (1) is N + 1. The experimen-
tally measured quantities are the populations of
energy levels p,(7) = a,(t)a(t), forming a dis-
crete statistical distribution. Building a discrete
distribution is the ultimate goal of calculations.
The study of its dependence on the characteristics
of the process, the properties of the quantum sys-
tems and radiation opens the way to controlling

the process of coherent excitation of molecules
and atoms and to its technological use.

Differential equation system solving. The al-
gorithm for solving the problem is simple and phy-
sically clear. We apply the discrete Fourier trans-
form to equations (1), passing from the functions
a,(t) with the continuous argument to the discrete
Fourier space of these functions, that is to their spec-
tra F (o) — the functions of the discrete argument.
Indeed, a,(¢) are time-periodic functions of time if
N < . The solution to the system of differential
equations (1) is sought in the form

Oy )
an(t) — et:,,t Z El(w)ew)t —

0=,

. .
— elsntZF;l(x)elrxt. (2)
x=0

Further simplest case — a uniform Fourier space
is considered, i.e. Fourier frequencies are equidis-
tant: ® = rx; x=0,1,.., N. Constants s, and r
in (2) will be defined below. We also assume that
discrete Fourier spectra are as follows

F,(x) = 6(x)pyp,(x); n,x=0,1,...,N, (3)

i.e. they are expressed in terms of a certain sequence
of discrete polynomials {p,(x)}", in this space, and
they correspond, are adequate to the quantum systems
under consideration as well as to the equations (1).
The presence p, in (3) is due to the initial conditions
for equations (1) — at the moment ¢ = 0 the systems
are in the ground energy state. The polynomials are
normalized and orthogonal

%c(x)ﬁ,ﬂ(x)ﬁ,,(x) =5, @)

with discrete weight function(x).
The most important property of orthogonal po-
lynomials is the three-term recurrence relation

LoD )+ LoD, (x) = (rx +5,)p,(x) (5

which is satisfied by the polynomials of both con-
tinuous and discrete arguments [7-9]. Here it is
written in an unconventional, but equivalent form,
with normalization f, = 1. To study or construct a
sequence of orthogonal polynomials means to know
not only their explicit form, but also the weight
function and the recurrence relation. This infor-
mation is available in the corresponding sources for
polynomials. To date, a huge “zoo” of various or-
thogonal polynomials, classical and new ones, has
been created [9]. Continuous polynomials are
widely used in various fields of science and techno-
logies, discrete polynomials are used much less often.
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Earlier, we used some classical polynomials of
continuous and discrete variables to construct ana-
lytic solutions of the equations describing coherent
excitation of multilevel quantum systems [10—12].
A number of results were obtained, including in-
teresting ones for physical applications. The clas-
sical discrete polynomials (Charlier, Kravchuk)
turned out to be especially meaningful in compari-
son with the polynomials of a continuous argu-
ment. So, the solutions describing the excitation of
both basic models of quantum physics — a har-
monic oscillator and a two-level system, were con-
structed using Kravchuk polynomials. The dyna-
mics of these systems is described by the same sta-
tistical (binomial) energy distribution (populations
of energy levels) at any time while radiation is in
effect, and with any detuning of the radiation fre-
quency from the eigenfrequencies of the quantum
system [12].

A “drawback” of using classical polynomials
for the problem under discussion was that they led
to solutions describing the excitation of quantum
systems with equidistant energy levels. However, it
is important to try to build exact solutions for the
dynamics of more real models, since molecules and
atoms, as a rule, have levels that are non-equidis-
tant. In addition, radiation interacts with a finite
number of transitions between levels. This, in par-
ticular, explains the motivation for the work pre-
sented here.

If well-known polynomials are used, then their
weight function and the coefficients of the recur-
rence relation (5) are known. But it is possible to
construct new discrete polynomials by defining, set-
ting in advance, for example, a weight function, and,
using the well-known procedure, and determine the
coefficients of the recurrence relation [7-9]. Then
the probability amplitudes are found by calculating
the final sum (2). The desired solution is obtained
without integration, using finite discrete mathema-
tics. Thus, by setting a discrete set of Fourier fre-
quencies and a weight function, we construct a se-
quence of polynomials, calculate the Fourier spectra
according to formula (3) and find a solution of equa-
tions (1) according to formula (2). It can be seen that
the probability amplitudes are spectrally bounded
functions if N < o. The constructed solution de-
scribes the coherent dynamics of some N + 1-level
quantum systems.

Dynamical equations coefficients and
quantum systems characteristics. Now it is
easy to determine the coefficients of equations (1),
the solution of which is constructed, and to deter-
mine the characteristics of systems whose dy-
namics are described by this solution (see Exam-
ple below). That is the assumption (3) can be con-
firmed. Substituting (2), (3) into the equations (1)
gives:
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N e*'(ﬁmlf(“‘mlf% ))t](nJrllaml(x)
Y o()pe” ) +e T b () = 0. (6)
x=0 A
~(rx +s,)p,(x)
Expression (6) is satisfied if

8n = Sn - Snfl; 8nJrl = Sn+1 -5

n? 7
Fubua)+ 16,0 = (x+ 5)p,0.

A comparison of recurrence relations (5) and (7)
proves that (2), (3) is a solution of equations (1) if
the polynomials in (3) that determine the Fourier
spectra are related to the coefficients of equations (1)
as follows

fn = j;'l’ Sn = Sn - Sn—l’ (8)

where f,, €, and r in (2) are the coefficients of the
recurrence relation for polynomials. The one-to-one
correspondence between the coefficients of the dy-
namical equations and the characteristics of the pol-
ynomials shows that the system of equations corre-
sponds to a certain sequence of polynomials with its
weight function and recurrence relation. This allows
one to solve the inverse problem — based on polyno-
mials one can construct a solution that describes the
coherent excitation of the corresponding quantum
systems, the dynamics of which are described by
equations (1). Next example shows how this method
works, using discrete orthogonal polynomials and
without using integration of quantum dynamical
equations (1).

Example. Here we use the well-known method
for constructing a sequence of orthogonal polyno-
mials based on a preset weight function [7-9]. Con-
sider the simplest case — three-level quantum sys-
tems (N = 2). Let the weight function of polynomi-
als have the form

o(x) = {02:03: 05} Sox) =1.  (9)

The weight function moments ¢, = > x‘c(x) =
x=0

={1;1.3;2.3; 4.3} are special determinants ele-

ments that give rise to the sequence of three non-
normalized orthogonal polynomials

Py =1
p(x) =x-13;
p,(x) = 0.61x" —1.31x + 0.3.
The squares of their norms are as follows:
d; =1; d} =0.61; d; = 0.0732;

these are exact results. The normalized polynomials
have the following form p, (x) = p,(x)/ d,. Next,
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the coefficients of the recurrence relation (5) can be
obtained

1 - d
r=—; f,=—=
d’ 7 d 10)
Lo L3 0517 052
’ dI’ 1 d13 ’ ? d13 ‘

These exact data determine the parameters of
quantum systems:

~0.0732
0.3721
1.e. the second transition interacts with radiation

slightly. Frequency detunings at transitions are non-
equal

f=1 f = ~ 0.727,

1 1720 dlg > G2 70279 dl3 :

(11)

The radiation frequency almost coincides with
the eigenfrequency of the second transition and dif-
fers noticeably from the frequency of the first tran-
sition. The energy levels are located non-equidis-
tantly, and the detunings have different signs.

Equations solution and a discrete level distri-
bution function of particles. Using formulas (3)
and (2), we calculate the Fourier spectra and proba-
bility amplitudes, i.e. obtain the solution of equa-
tions (1)

a, = €"'d;'(0.20 + 0.30¢"" +0.50¢"*");

a, = "'d(-0.26 - 0.09¢" +0.35¢"); (12)
a, = "'d;' (0.06 -0.12¢"" +0.06e"").
Energy level populations

p, =0.38+0.42cosrt + 0.2cos2rt;

p, = L(0.1982— 0.0162cosrt -
0.61

—0.1820cos2rt); (13)

p, = (0.0216 - 0.0288cosrt +

0.0732
+0.0072cos 2rt),

i.e. energy distribution discrete function can be pre-
sented in an equivalent, more convenient form

Py =0.27° - 0.61(0.9 + 2.1¢ + 2¢°);
p, =0.27°(1 - 9)(1.901 + 1.82¢);
p, =027 - 0.6(1 - 9);

¢ = cosrt.

(14)

Figure shows time dependence of populations of
energy levels.

Three-level quantum systems, the dynamics
of which are described by the solution (12) and
distribution function (14). Let us consider in more
detail what the proposed and used algorithm gives,
and the dynamics of which three-level systems it de-
scribes for a given weight function o(x) (9) that
does not contain parameters.

LOM

0.8
0.6

04 N L :

021 !

2 4 6 8 10 12

Figure. The dependence of the populations
of a three-level quantum system on time:
Po> P;> P, —dashed, dot-dashed, solid lines

Let some system (#1) with dipole moments p*"

1
and pi" = £,u™ and frequencies " and ®{"

of transitions be excited by radiation with amplitude
&V and carrier frequency ®?". And let the dyna-

mics of this system be described by the distribution
function (14). We take radiation of a different ampli-
tude &7 = k&, changed at k times. What
should be the characteristics of a system (#2) so that
its dynamics is identical to the dynamics of the sys-
tem (#1)? The answer is obvious: the system (#2)

must have p™ =u™ /k, uf? =ud /& In-

“’1%

deed, then the Rabi frequency Q, = of the

systems (#1) and (#2) will be the same, as well as the
“proper” time rt = r€t (where 7 is the time in se-
conds), and the process speeds are the same. The po-
pulation p, peaks occur at the same moment t, in

both processes, when 7 €2,t = m. And the value

o, =048 = 298 _ 7869
0.61

will also be the same. There are infinitely many
such systems. They have different p,, each is ex-
cited by radiation of the corresponding amplitude,
have the same Rabi frequencies, the same (identi-
cal) dynamics. An algorithm implemented with
a given function o(x) that does not contain free
parameters “selects” many systems with identical
dynamics.
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In addition to dipole, power characteristics all
systems and radiation have frequency characteris-
tics. They form two dimensionless quantities

0, -0,
Q

R

®, - O
=g; —L=¢
Q

R

2 (15)

where €, ¢, are constants. We will show now that
the algorithm and solution (14) contain many sys-
tems whose dynamics are similar with the coefficient
of similarity k£ to the dynamics of the system (#1).
Systems (#2) have Rabi frequency QF? = kQ"
changed several times due to changes in the field am-
plitude, but the dipole moments coincide with the
moments of the system (#1). There are also infinitely
many such systems, expression (14) is still their dis-
tribution function, and its plot in coordinates popula-
tion — time is compressed (k >1) or stretched
(k < 1) compared to the plot in Figure. What are the
characteristics of these systems with A-like dyna-
mics? These are systems with modified natural fre-
quencies ®, and ®,. Since &g,&, are constants,
when the Rabi frequency changes, condition (15) can
be fulfilled in this way. For example, for ¢, we obtain

(#1)
8(#1) _ W, -0,
- 1)
QR

(#2)
g O o,

1 kQL™
This implies
0™ = o + (k - 1) (0"~ ®, );

ol + (k- ("~ w,).

(16)

0)(2#2)

The second expression in (16) is obtained simi-
larly. Systems (#2) with such a change in the transition
frequencies have a k-like dynamics, regardless of
which of the two methods the Rabi frequency has
changed. The similarity coefficient can be any positive
number 0 < k& < oo if conditions (15) and (16) are sa-
tistied. More complicated cases are possible when the
systems have a k-like dynamics, and condition (15)
is fulfilled while changing both the frequencies of the
transitions and the frequency of the radiation.

Thus, the proposed and used algorithm leads to
the consideration of quantum systems “dressed” by
the radiation field, since the coefficients of equa-
tions (1) include physical parameters that characte-
rize both the quantum system and electromagnetic
radiation. The algorithm allows us to construct a so-
lution, determine systems with similar dynamics,
and shows that there are infinitely many such sys-
tems, their dynamics is described by solution (12)
and distribution function (14). There is an extensive
family containing quantum systems having different
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dipole moments, level arrangements, excited by dif-
ferent frequencies and amplitudes of radiation, pos-
sessing similar (universal) coherent dynamics. The
algorithm made it possible to discover the property
of similarity of dynamics, to distinguish such fami-
lies, to build a single analytical solution for their dy-
namics.

The algorithm can be generalized with using
other discrete functions as a weight function or in-
troducing additional parameters for o(x). In [13]
for the first time an additional parameter ¢ was in-
troduced into the weight function. A corresponding
analytical solution is constructed that describes the
dynamics of a one-parameter family of quantum
three-level systems with non-equidistant energy
levels. In addition the family has three systems with
equidistant energy levels when « =0 and
a==1/ (2\/5) as well.

Obviously, it is possible to include quantum sys-
tems whose probability amplitudes have a non-uni-
form Fourier space, which corresponds to orthogo-
nal polynomials with a non-uniform grid.

Conclusion. For the first time it has been
shown that to solve the system of equations under
consideration it is possible not to be limited to
known polynomials, but to build “any” discrete
orthogonal polynomials, which significantly ex-
pands the capabilities of the proposed algorithm
that does not require integration, but use discrete
mathematics.

An example of constructing a sequence of dis-
crete polynomials is given, a solution is obtained for
a number of three-level quantum systems and their
characteristics are determined. This solution de-
scribes the dynamics of quantum systems with a
non-equidistant arrangement of energy levels. Such
a model is closer to real molecules.

For quantum systems with a large number of
transitions interacting with radiation a computer al-
gebra system, for example, “Mathematica” can be
used.

It is shown that there are many quantum systems
with k-like dynamics among all systems described
by equations (1).

The solution of the equations of coherent dy-
namics of quantum systems by the method de-
scribed above has required knowledge in several
areas of mathematics: not only the theory of dif-
ferential equations, but also the Fourier transform
and Fourier spectra, orthogonal polynomials of a
discrete variable defined in Fourier space, and
their properties, statistical distribution functions,
i.e. probability theory. This applies equally to sci-
entific work and to education, university and even
school.

An educated person is a carrier of fundamen-
tal deep and versatile knowledge about nature and
culture.
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T. U. Axyno', U. K. AcMbIkoBHY?
'UnctutyT Qunocopun HanmonansHoit akagemun Hayk benapycu
ZBGHOpyCCKI/Iﬁ rOCYIapCTBEHHBIN TEXHOJOTUUYECKUA YHUBEPCUTET

MATEMATHYECKAS KOMIIETEHTHOCTb UTHAUBUJA - HEOBXOJIUMOE YCJIOBHUE
MNHHOBALIMOHHOI'O PA3BUTHS OBILIIECTBA

B npotuBoBec ycTosiBIIEMYCSI TEXHUKO-TEXHOJOTHYECKOMY B3IVISIIY Ha MAaTEMAaTHKy 3Ta TUCLH-
IUIMHA TPEJICTaBIICHA B CTaThe CO CTOPOHBI €€ KAaYeCTBCHHBIX XapaKTepUCTHK. [loka3aHa criocoOHOCTh
MaTeMaTUKU OKa3bIBaTh aKTUBHOE BIIMSHHUE HA COLMAIM3ALUIO JIUYHOCTU U €€ MHUPOBO33PEHUECKYIO
ajanTanuo K conpanbHeM peanmusM XXI B. CrenaH BBEIBOJ 0 HEOOXOAMMOCTH MOBBIIIICHUS MaTeMaTH-
YECKOW KOMITETCHTHOCTH MHJIMBHJIA M 0OIIECTBA B IIEJIOM KaK OJTHOM M3 BKHEHIIINX YCIIOBHH pean3a-
MY HHHOBAIIMOHHOTO Kypca 0eIopyCcCKOro rocy1apcraa.

KaroueBble cioBa: WHAWBWUA, MaTEéMaThKa, MaTCMaTH4YCCKasA KOMIICTCHTHOCTb, MaTCMaTUUYCCKas

1IKOJIa B Beﬂapycn, TyMaHu3alus coluyma.

T. I. Adulo!, I. K. Asmykovich?
'Institute of Philosophy of the National Academy of Sciences of Belarus
?Belarusian State Technological University

MATHEMATICAL COMPETENCE OF THE INDIVIDUAL IS THE NECESSARY CONDITION
OF INNOVATIVE DEVELOPMENT OF SOCIETY

In contrast with the common technical-technological view of mathematics, this discipline is pre-
sented in the article from the side of its quality characteristics. There was showed the ability of mathe-
matics to influence actively the socialization of personality and their worldview adaptation to social re-
alities of the XXI century. There was made the conclusion about the need to increase mathematical com-
petence of the individual and society in general as one of the main conditions of implementation of the

innovative course of the Belarusian state.

Key words: individual, mathematics, mathematical competence, mathematical school in Belarus,

humanization of society.

BBenenne. B mocienHee BpeMsi B HAy4dHYIO
cpeny, PKOHOMHYECKYIO W TOJUTHYECKYIO Chepbl
BCE aKTHUBHEE BXOIAT TaKWe MOHATHSA, Kak nudpo-
Basl peaTbHOCTh, ITU(pOBas YKOHOMHKA, TH(PPOBOI
genoBek, mudposoe obmecTBo. B MockBe Ha 0aze
IToconrscTBa benapycu B Poccun mpoxoasT exxeroa-
Hble benopyccko-poccuiickue Hay4HO-NpaKTH4e-
ckue koHdpepennnn «[IpoekTupoBanue OyIyIero u
TOPU3OHTH MHGPOBOH peasbHOCTHY. O YeM 3To
ceuzaerenpcTByeT? [Ipexae Bcero, o paguKaibHOM
M3MEHEHUHN KOH(UTYpaIllii CaMOW COIMAbHOCTH,
0 BO3pacTaHUH 3HAYMMOCTH MaTeMaTHIeCKOTr0 3Ha-
HUS, MATEMaTHIECKOTO aIiapara B PeIeHuHd KO-
HOMHUYECKHUX W aHTPOTOJIOTUIECKUX MPodIeM. DTa
BO3pOCIIas MOTPEOHOCTh B MaTeMaTHKE HE KOppe-
JTUPYETCS, K COXAIECHUIO, C PEaJbHBIM WHTEPECOM
IIKOJFHUKOB, MOJIOBIX IO K MareMaTHde-
CKOMY 3HaHHWIO. B OoIbIeii CTeneHN WX WHTEpe-
CyeT HCTopus, MpaBo, MeHeHKMeHT. Kak-To ncnon-
BOJIb OCJIa0 MHTEpEeC K MaTeMaTHKe W y CTapIIero
MoKoJieHus. A Bellb B 60-X IT. MPOIILIOro Beka ma-
TeMaTnka u (pu3mka OBIIM Ha MEPBHIX MECTaxX II0
CBOEMY COIMAIFHOMY CTaTycCy, (haKTH9IeCKH orpe-
TSN CTPATETHUIO0 HAyYHOTO M TEXHOJIOTHIECKOTO
pPa3BUTHS CTpaHBI, CIyXWiH ee 0azoi. Jlymaercs,
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HACTaJl0o BpeMsi Oojiee OTBETCTBEHHO OTHECTHCH
K MaTeMaTHKe KaK K TOH JAWCIUIUINHE, 0e3 OIOpPHI
Ha KOTOPYIO MOXKET CTaTh MpoOIeMaTHIHOHN peau-
3aIisl HAMEUYCHHON MacITaOHOW MpOorpaMMBbl HH-
HOBAIIMOHHOTO pa3BuTHA bemapycu.

OcHoBHasi yacTb. MaTemMaTUKy TpaJUlIMOHHO
MIPEACTABIAIOT B YUCTO TEXHUKO-TEXHOJIOTHYECKOM
TTaHEe — YaIlle BCETo B BUE BOCTPeOOBAaHHOTO 00IIIe-
CTBOM HHCTPYMEHTa €ro IMpaKTHYeCKU-TIpeodpa3o-
BaTeNbHON nesTenbHOCTH. Ho 3Ta TOuka 3peHwus,
MSITKO TOBOPSI, HE COOTBETCTBYET HCTOPHUECKIM Pe-
anusaM. JlocTaTo9HO OOpaTHTHCS JIUIIH K OTAETEHBIM
(haktaM, 9TOOBI yOEOWTHCS B €€ OTPAHUYCHHOCTH
¥ HeaJIeKBaTHOCTH JeWCTBUTEIBHOCTH. CKaxeM,
JpEeBHETpEUCCKI MBICIUTEND [Indarop 3annMancs
MaTeMaTH4ecKnuMH pacderamu. ClieoBaTebHO, €ro
MOXKHO OBUTO OBl TPUHSTH 332 «YUCTOTO MaTeMa-
THKa», 9TO HEPEIKO W ciydaercs. Ha camom mere,
ITudarop ObUT MaTeMaTHKOM JIHIIB OTYAcCTH. I J1aB-
HBIM 00pa30M OH — aBTOPUTETHBIN IPEeBHETPECUCCKII
(huocod, peNMUTHO3HBIN pedopMaTop, OCHOBATENb
M JKECTKUH PYKOBOAWTEIHh PEIUTHO3HO-(DHI0COd-
ckoro OparctBa B Kpotone (lOxnas Urtamms). st
HETo 3a Iu(ppamMu CTOSIIHN HE TOIBKO H, CKOpPEe BCETO,
HE CTOJBKO YHCTO KOJMYECTBEHHBIC OTHOIICHUS
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ObITHs. 3a HUMH CKpBIBaJHCh HAKOIUICHHBIH
JIPEBHUMHU ETUMNTSHAMU U TPEKaMU COLUATBHBIM
OTIBIT U MPEJIOMJIEHHBIN B €0 CO3HAHUM OKpYIKaro-
UM MUpP B BHUJE «MY3BIKAJIBHO-YHUCIOBOM CTPYK-
Typbl KOCMOCA, CHMBOJIMYECKH BBIpaKaeMoOM
B “reTpakTtzae” (“dyerBepuie’), T. €. CyMMe MEPBBIX
yetbipex uucen 1 + 2 + 3 + 4 = 10, conepxareit
OCHOBHBIE MY3bIKaJIbHBIE HHTEPBAJIBI: OKTaBY (2:1),
kBUHTY (3:2) u kBapty (4:3)» [1, c. 495].

B cxoxkeMm Kiroue paccykaan (PpaHIly3cKUi
Meicnutensb Pene [lexapt. On otmeuan: « nelicTBu-
TENIBHO, HET HUUero 0osee 0ECCMBICIICHHOTO, YeM 3a-
HUMATBCS TOJIBIMU YHCIIaMH U BooOpakaeMbIMHU (u-
rypamu... Korga e motom s mogymali, OTKyJa ke
MOBEJIOCH, YTO HEKOT/1a IEPBhIe co31aTenu (HI0co-
¢uM He XOTENU JOMyCKaTh K M3YUYECHHIO MYIPOCTH
KOro-nmm0o HecBeAylIero B MaTeMaThKe, Kak OyaTo
3Ta AUCLMITIMHA Ka3ajach UM caMOM JIeTKoi U3 BCex
Y COBEPIICHHO HEOOXOIUMOH JIJIsl TOTO, YTOOBI IIPO-
CBETUTh M MOATOTOBUTh YMBI K OCBOCHHUIO JPYTHX,
Oosiee BO3BBILICHHBIX HAyK, S BIIOJHE YTBEPIHJICS
B TMOZ03PEHUH, YTO OHHU 3HAIM HEKYI0 MaTEMaTHKY,
BECbMa OTJIMYHYIO OT OOLICTIPUHATONH MaTeMaTHKH
HaIIero BpeMeHm» [2, c. 88—89].

Ha kayecTBEeHHYIO CTOpPOHY 4HMCEN HaleTuBall
BHUMaHue uccienonareneit ®@. Durensc. «Hucno, —
yKa3blBal OH, — €CTh YHCTEHIIee KOJMUYECTBEHHOE
olpefesieHne, Kakoe Mbl ToJlbKO 3HaeM. Ho oHo
MOJTHO KaueCTBEHHBIX pa3nuuuil. ...Huuto HE BBI-
[JIANT TPOILE, YeM KOJIMYECTBEHHAs €AUHUIIA, U HU-
YTO HE OKa3bIBaeTcs MHOTooOpasHee, YeM 3Ta eau-
HUIIA, KOJIb CKOPO MBI HAaYHEM H3y4yaTh €€ B CBA3U
C COOTBETCTBYIOIIEH MHOXECTBEHHOCTBIO, C TOUKH
3pEHUs] Pa3IMYHBIX CIIOCOOOB MPOUCXOXKICHUS €
W3 3TOM MHOXECTBEHHOCTH» [3, c. 573-574]. B 11e-
JIOM K€ KaueCTBEHHYIO CTOPOHY YMCEN OTCTauBaJIU
npexzae Bcero Gunocodsl U «PUI0cOPCTBYIOLIHE)
MaTEMAaTHKH.

W oTHOCHTENBHO «HEKOW MaTeMaTUKN, OTINY-
HOU OT «OOILIENPUHATON MaTeMaTUKW», Ha YTO yKa-
spiBall P. Jlekapr. Jlymaercs, 4To Takod marema-
THKH HE CyIIECTBYeT B npupoze. Ectb onHa nuciu-
IUIMHA TOJ] Ha3BaHUEM «MaTeMaTuka». Pedp uuaer
00 MHOM — O pa3IM4YHON TPaKTOBKE ee MpeaMeTa,
€€ MecTa U 3Ha4MMOCTH B COIL[MYME€ B KOHKPETHBIE
HCTOPUYECKHE 3IIOXHU, €CIIM MBI €€ paccMaTpUBaeM
B COL[MAJILHOM aclleKTe U C IUAIEKTHUYECKOH MO3HU-
LIUU. A IMEHHO B TaKOM KJIFOY€ MBI M TIOIIBITaeMCs
MIpEJICTaBUTh MaTEMAaTHKY B JAHHOM cTaThe.

Jliis Hadana — OerJIbId UCTOPUYECKUN DKCKYPC.
B npeBHOCTH MaTeMaTH4ecKue 3HAHUS (POPMUPOBA-
JIUCH B MPOLIECCE OCBOEHMS YETOBEKOM MHpa U BbI-
CTyHaJIM B KA4ECTBE BAYKHEHUIIIETO HHCTPYMEHTA €70
npeoOpaszoBanus. Kak u gipyrue Gpopmbl 3HaHHS, OHH
NpPEACTaBISUIM CO0O0M OOMH M3 CErMEHTOB IIEJI0CT-
HOTO YeJIOBEUECKOTO 3HaHUS O MHpE, T. €. PUI0Cco-
¢un. B nanpHelileM MaTeMaTH4ecKHe 3HAHUS BbI-
JEITUITUCHh U3 JIoHA (UIOCO(UHN B CIICIU(PHUCCKYIO

CaMOCTOSATEIbHYI0 JAMCHUIUINHY CO  CBOHMH,
0cOOBIMH 00BEKTOM, MPEIMETOM M METOJaMHU HC-
crenoBanusa. Tem He MeHee (uiocodsl He yTpa-
TUJIM UHTEpeca K MaTeMaTUKe, KaK U MaTeMaTUKHU
K punocopun. 310 00bACHIMO: U GUI0COPHI, U Ma-
TEMATHKH B KQUECTBE 00BEKTA MBICITUTEIHHOMN JIes-
TEJILHOCTH OEpyT, M0 OONBIIOMY CUETYy, HE YTO-TO
9acTHOE, JIOKAJIbHOE, OTPaHUYEeHHOE, a MHUp B Lie-
JIOM, TBITaACh MOCTHYBL €r0 CYIIHOCTb, IS YEro
pa3pabaThIBalOT CrieUaNIbHBIC METOBI. [IpuMepoB
cBOe0Opa3HOro cuHTe3a GPUI0COPCKOTO U MaTeMa-
TUYECKOTO MBIIUICHUS MHOXECTBO, HaunHas ¢ [1u-
(haropa, [lnatona, ApuUcCTOTelNs U 3aKaHYMBAs aKa-
nemukamMu B. A. CamoBHuunM H A. A. AKaeBbEIM,
MOJI PYKOBOJICTBOM KOTOPBIX B IHCTUTYTE MaTeMa-
THUYECKUX HCCIEIOBAHUMN CIOXKHBIX cucteM MI'Y
umenu M. B. JlomoHOCOBa HE Tak JaBHO OBLI pea-
MU30BaH (PyHIAAMEHTANBHBIA COIMAIBHBIA MPOCKT
B 00JaCT MPOTHO3UPOBAHUS JWHAMUKH Pa3BUTHUS
MHUPOBOU U POCCUNCKON HIKOHOMUK.

MHoro BHHUMaHUSA (QHIOCOPCKO-TEOpEeTHYE-
CKOMY OCMBICIICHHIO MaTE€MaTUKH  yICJSIu
N. Kant, K. Mapke, @. DHrenbc, He TOBOPS YxKe
0 TaKUX MBICIUTEISIX-IHIIUKIONEANUCTAaX, KakK
. Hetoton u I'. B. Jleit6anu. Hanpumep, K. Mapkc
UCTOJb30Ba MaTeMAaTUKy HE TOJBKO B KaueCTBE
Ba)KHEHMIIEr0o MHCTPYMEHTA MOCTHKEHUS CYLTHOCTH
U PacKphITUS TaliH KanmuTanuzMma. He MHOrue 3Ha0T
0 TOM, YTO Ha MPOTSDKEHUH MHOTUX JECSTUICTUH,
BIUIOTb JI0 KOHIIA KU3HH, OHA CTaja AJIsl HETO 0COOBIM
00BEKTOM TEOPETHYECKOIO aHaJi3a, CaMOCTOSTENb-
HBIM HaIlpaBJICHUEM HAy4YHO-UCCIIEAO0BATEILCKOM pa-
0otel. Pykormmcu K. Mapkca mo martematuke [4]
COCTABIISIIOT CBBILIE THICAYHM CTPAHHUIL, a 0OBEKTOM
U3YYEHUS CTaNU JIJIsl HETO aHaJUTHYECKasi TeOMET-
pus, anredpa, MaTeMaTHYECKU aHanu3. B nepByio
ouepenp K. Mapkca unHTepecoBano auddepeHuu-
anbpHOE HcUHCcIeHne. B ero pykonucsax Hanuim or-
pakeHHe TMOHATHE NPOM3BOAHON (YHKUUH, CYyIL-
HOCTH Au(depeHIraza 1 KICTOPHsI OCHOBHBIX METO-
0B auddepeHIHaIbHOr0 HUCUUCICHHS, KOTOPYIO
OH pa30wWiI Ha TpH dTama — «MUCTHUecKoe nudde-
perunansHoe ucuucienue» (HetotoH u JleitOnum),
«panoHanbHOe auddepeHIaTb HOS NCUUCICHUE)
(Oinep u Jlanambep) U «4mCTO anredOpandeckoe
muddepeHnmanbHoe  ucuncicHue»  (Jlarpamxk)
[4, c. 137-189]. HecomHeHHO, MaTeMaTHUKa MOTPE-
6oBanacek K. Mapkcy B nepBylo ouepeb A pa3pa-
OOTKH OCHOB MOJHMTHUYECKOW 3KOoHOMHUH. UTO Kaca-
eTcs nudepeHInanbHOr0 UCYUCICHNUS, TO, TOXKa-
Iy#, TIaBHOW INPUYUHOW HHTEpPECa MBICIUTENS]
K HEMY SIBHJIOCH JKEJIaHHe pa3o0parbesi B €T0 METO-
JIOJIOTHYECKHUX OCHOBAHUSX, TIOCKOJIBKY CaMH MaTe-
MAaTUKH B HUX COBEPILEHHO 3amyTanuck. U, kpome
TOT0, «IEpPEexXo]l OT 3JIEMEHTapHOM MaTeMaTUKU
K MaTeMaTHKe MEPEMEHHBIX BEIMYHMH IO CaMOMY
CBOEMY CYIIECTBY IOJDKEH OBLI HOCUTH AUANCKTH-
YecKUui Xxapaktep, a Mapkc U DHIeNbC CUUTAIU
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CBOMM JIOJITOM TIOKa3aTh, KaK MPUMEHSETCS MaTe-
pHanMCcTHUeCKas TUalleKTHKa He TOJIBKO B OOIe-
CTBEHHBIX HayKaxX, HO 1 B €CTECTBO3HAHUU M MaTe-
Matuke» [4, c. 6].

He MeHbImMii HHTEpPEC K UCTOPUH U TEOPUH Ma-
TemMatuku mposiBisl @. OHrenbe. OH yBA3BIBA
MIpOLIECC €€ BOBHUKHOBEHUS C MPAKTUYECKUMH TI0-
TpeOHOCTAMU JIIOACH U B 3TOU CBSI3M MOJBEPT apry-
MEHTUPOBAaHHOM KPUTHYECKOH OIIEHKE MO3UIHIO
E. QropuHra, KOTOpbIN «BIOXHOBEHHO BOCIIEN HE3a-
BUCHMOCTH YHCTOH MaTeMaTHKU OT SMIIUPUIECKOTO
MHpa, €€ alpUOPHOCTh, €€ ONEPUPOBAHUE MPOIYK-
TamMH cBOOOTHOTO TBOPYECTBA H BOOOPAKEHHS yMay
[5, c. 39]. ®. DHrensc MpHUIIEN K BEIBOAY O HATUYUH
JBYX MPOTUBOIOJIOKHBIX TOYEK 3pEHHSI HA MaTeMa-
THKY, C OJHOH CTOPOHBI, KaK Ha YUCTYIO Marema-
THKY, BOSHUKIIYIO U3 YHCTOTO MBIIUICHUS, IMEHHO
ee orcrauBan E. J[FopuHr, a ¢ Apyrou — Kak Ha co-
BEpIICHHO SMIHUpHYecKuil mponykT. Hemenkuii u-
J0co¢ He pa3lesnsul HU OAHY U3 IPEACTaBICHHBIX TO-
yek 3peHus. OH cuuTan MaTeMaTHKy MPOAYKTOM
JMANTEKTHYECKOW MBICTH, 0a3upyoLIelcsl Ha SMITH-
puueckoii Oaze. «Ham BceM HallMM TEOPETHYECKUM
MBIIIICHUEM, — MOJYEPKUBATl OH, — TOCHOJCTBYET
¢ abCONIOTHON CHIION TOT (aKT, YTO Halle CyOBeK-
TUBHOE MBIIIICHUE W OOBEKTUBHBIA MHUp MOIYHU-
HEHBI OTHUM M TeM K€ 3aKOHAM U YTO MO3TOMY OHH
W HE MOTYT IPOTHBOPEYUTH APYT APYTY B CBOUX pe-
3yJIbTaTax, a IOJDKHBI COTIIaCOBATHCS MEKIY COOO0ID)
[3, c. 581]. 11 nanee nponomxkan: «TaiiHa, okpykaro-
11as ele B Hallle BpeMsl T€ BEIMYHHbBI, KOTOPbIE TPH-
MEHSIIOTCS B HMCUYHCICHHM OECKOHEYHO MallblX, —
i depeHnnansl 1 0ECKOHEYHO Majlble pa3HbIX Mo-
PSIKOB, — SIBIISIETCSI JTUILIHM JOKA3aTEIbCTBOM TOTO,
YTO BCE €IIE€ pPACHpPOCTPAHEHO IIpEeACTaBIICHUE,
OyITO 371eCh MBI UMEEM JIeTI0 C YUCTBIMH “TIPOAYK-
TaMH CBOOOZHOTO TBOpYECTBA M BOOOpakeHHs” de-
JIOBEYECKOTO JAyXa, KOTOPBIM HUYEro HE COOTBET-
CTBYET B 00bEKTHBHOM Mupe. U TeM He MeHee crpa-
BEJJTUBO Kak pa3 obpaTHoe» [3, c. 582].

HIMeHHO OAYMHEHHOCTh CyOBEKTHBHOTO MBIIII-
JIeHUs 1 0OBEKTUBHOTO MHPa OJJHUM U TEM XK€ 3aKO-
HaM TMO3BOJISIET HCIOJB30BaTh MAaTeMaTHKY s
OCMBICIICHHUS COLUAIIBHBIX MPOLECCOB U AP PEKTUB-
HOTO BO3AeHCTBUS Ha HUX. [IpaBaa, oTMeyas 3Ha4H-
MOCTb MaT€MAaTUKH JIsl UCCIIEAO0BaHMUS coyMa (3TO
KacaeTcs B MEPBYIO OUepelb HCIIOIB30BAHUS €€ UH-
CTPYMEHTapHs IPU NPOBEACHUN SMIIUPUIECKHUX CO-
LUOJIOTHYECKUX HCCIEA0BAHUM) U MPAKTUIECKOTO
peLIeHust ero OTAENbHBIX MpobieM B BUe pa3zpabda-
TBIBAEMBIX PA3IUYHOTO POJia MaTeMAaTHYECKUX MO-
Jieniel TpOrHO3MPOBaHNUS 3KOHOMHUYECKUX B IIEJIOM
U 1eMorpa)uuecKux B YaCTHOCTH MPOLIECCOB, XOTe-
JI0Ch OBl 0OpaTUTH BHUMaHHUE HA TO, YTO OHa, B KO-
HEYHOM CUeTe, BBHIMOJHACT XOTS U BaXXKHYIO, HO BCE
e He TJaBHYIO POJIb B OCTHKEHUH COBPEMEHHOM
couanbHOCTH. OO0 3TOM MPUXOIHUTCS, K CoXalie-
HUIO, TOBOPHUTH, MOCKOJIBKY M paHee (IIpUMEpOM
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MOXXET CIYXHUTh JEATEIHHOCTh YypoikeHua bena-
pycu A. A. borganoBa (A. A. ManuHOBCKOro) 1o
CO3/IaHUI0 METaHAYKH B BHJIE TCKTOJOTHH — BCEOO-
IIeH OpraHMu3allMOHHON HayKH), U celyac mpeanpu-
HUMAIOTCSI TOTBITKA TOJMEHHUTE (QUIocoduio ¢ ee
JMAJIEKTUYECKIM METOJIOM CBOCOOpPA3HBIM CUMOH-
030M TEXHUYECKUX ITUCIUIUIMH B BUJEC CHHEpre-
TUKH, TpUOO(DATUKN, TPUHUTAPHON TEOPUHU.

B benapycu matemaTHka UMEET CBOIO HAIHO-
HaJIbHYIO UCTOPHUIO. 32 YCIOBHYIO TOUKY OTCUETA €€
HUCTOPUU MOXHO MPUHATH OTKpHITHE B 1579 r. mo
npuBmwierun kopousis [omerm Credana batopus
Bunenckoro yauBepcuteta ¢ (pUI0copCKUM H TEO-
noruueckuM (hakynpretaMu (OQUIMATIFHOS HA3Ba-
HUEe — AKajeMus ¥ YHUBEpCUTET BriieHCKoro O0-
mecrBa Mucyca (Almae Academia et Universitas
Vilnensis Societatis Jesu)). B Ty wucropudeckyro
3MOXy TOpoa BUIIBHO OBLT CTONMIIEH MOIIHOTO €B-
pomeiickoro rocynapcTa, HasbiBaBierocs Bemu-
KUM KHsKecTBOM JluToBckuM, Pycckum u XKemoitt-
CKUM, HEOThEMJIEMO YaCThI0 KOTOPOTo ObLIH U Oe-
JOpyCcCKUEe 3eMiu. be3ycnoBHO, mMaTeMmaThka Kak
JUCUUIUIMHA B YHUBEPCUTETE HE IIPErnojaBajiach.
Ho na ¢unocodckom dakynbrere M3yyanach Jo-
TUKa, MPUYEeM B TEUYCHHE BCEro IMEpPBOTrO Kypca.
U x0Ts1 oHa BBICTpauBaNach B pycie CXOIaCTU3UPO-
BaHHOTO APHUCTOTENsI, TEM HE MEHee, CIOCOOCTBO-
Baa (pOPMHUPOBAHUIO y CIyIIATENCH JIOTUYECKOTO
MbInuieHus. KcraTy, yueOHUK JOTUKY TEOJIoTa-1oJe-
MHCTa 3TOTO y4eOHOoro 3aBeaeHuss Mapruna Cmur-
JITIKOTO OBUT MIMPOKO M3BECTEH B EBporie, akTUBHO
UCIIOJIL30BAJICS B UE3YUTCKUX IIKoJax (mHaxe B Cop-
OOHHE) M HEOIHOKpATHO IepeusnaBaics B Eppore.
B naneneiimewm B ['poano, [onorke, Bureodcke, [Tun-
CKe U JIpyrux ropojax bemapycu ObuM ydpeKaeHbI
HE3yUTCKUE KOJJICTHUH, B KOTOPBIX TAKXKE M3YydaJCst
CXOJIACTU3UPOBAHHBIN apUCTOTENNU3M.

OcBocHUE MaTEMaTUKU KaK JUCHUIUIMHBL,
a TaKXke LEJIOoro Psija eCTeCTBeHHOHAYYHBIX JUCIIH-
IUTMH CTaji0 BO3MOXHBIM B BuileHCKOM yHUBeEpcH-
TeTe B OoJiee TO3IHUE SIIOXU, HAYWHAS CO BTOPOU
nonoBuHbl X VIII B., korna co3gaiuce ycioBUs A
MOCTETNEHHOT'O MPEOJIOJICHUS CXOJACTUYECKOTO MU-
POBO33peHUs, a KOHKpETHEE — MOCTe YIPa3aAHeHU
opJlieHa ue3yutoB B 1773 r. YIIOMsSIHEM U O TOM, YTO
BBIXOJIIBI U3 benapycu umenu BO3MOKHOCTh TOJTY-
4aTh 00pa30BaHKE B €BPOINCHCKUX YHUBEPCUTETAX,
I €CTECTBEHHOHAYYHBIM 3HAHUSIM yAEISIOCh TO-
pa3zno Oobllie BHUMaHUS, HEXEIU B BUICHCKOM
y4ueOHOM 3aBenieHuH. MIMeHHO TaM o0y4ancs 6erno-
pycckuil mepBomneuaTHuk @paniuck CkopuHa.
[Tocne BxoXkaeHUS OEIOPYCCKUX 3E€MENb B COCTaB
Poccuiickoli mmmepun WX BBIXOALBI 00yYalUCh
B MockosckoMm, IlerepOyprckom, Kazanckom
U APYTUX YHUBEPCUTETAX.

MaremaTrueckas 1mkoiia chopmupoBanack B be-
napycu Toibko B XX B., XOTS ¥ 10 XX B. BEIXO/ILIBI
u3 OCIOPYCCKUX 3€MENb OCTABMIIM 3aMETHBIN Clie]
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B MaTeMaTuke (B JaHHOM Cllyyae UMEIOTCS B BHIY
¢dyHIaMeHTaIbHBIE pa3paboTKU B 00IaCTH MaTeMa-
THYECKOTO aHain3a — AuddepeHnaibHble ypaBHe-
HUS U aHanuTH4Yeckue (QYHKIMU — YieHa-Koppe-
cnonzenra I[lerepOyprckoii akagemun Hayk Codbu
Bacunnesnsl KoBanerckoit). OcHoBHOM 0a30#i moji-
TOTOBKM MaT€MaTHKOB Ha MPOTSHKEHUH MHOTHX Jie-
cATHIIETHI ObLT (M 10 cuX mop octaercs) benopyc-
CKHH rOCyJapCTBEHHBIN yHUBEpCHUTET. IMEHHO U3
BBIIIYCKHHUKOB 3TOT0 YHMBEPCHUTETA B AajIbHEHIIEM
ObUTH cOPMUPOBAHBI PAa3TUYHBIE HAYYHO-HCCIIE-
JIOBaTENbCKHUE LIEHTPBI, B UX YHCIIE CYIIECTBYIOIINE
u B Hame Bpemst MHcTUTYT Matemaruku, O0benu-
HEHHBI UHCTUTYT MpobiieM nHpopMaTuku Harwo-
HaJIbHOW akajemuu Hayk benapycu m Hayuno-uc-
ClleI0BaTEIbCKUI MHCTUTYT MPHUKIIAAHBIX TPOOIeM
MaTeMaTHKH U nHpopMaTHKu benopycckoro rocy-
JApCTBEHHOI'0 YHUBEPCUTETA.

Bonpuryro posib B popMUpOBaHHN MaTeMaTH4e-
CKOI1 mKounbl B benapycu chirpanu u3BecTHbIE poc-
CHIiCKME MaTeMaTHKH, HalpaBJIeHHBbIE Ha PadoOTy
B benmopycckuii rocynapCTBEHHBI YHUBEPCUTET
n Axanemuto Hayk. B 1956 r. neHuHrpaackue ma-
temaTtuku H. I1. Epyrun u B. . KpsiioB nepeexanu
B MUHCK, cTanu JeHCTBUTEIbHBIMU WIEHAMU AKa-
nemun Hayk benopycckoit CCP. H. I1. Epyrusn co-
30a W ObUI TIEpBBIM pyKoBoauTeneM HHctutyTa
mareMmatuku AH BCCP, mnurensHoe Bpems pyKo-
Bonun Kadeapon auddepeHIranbHbIX ypaBHEHUH
Bbenopycckoro rocynapcTBEHHOTO YHHBEPCUTETA.
C 1965 r. mox ero pykoBOJCTBOM H3/aBaJICsl BCECO-
103HbIH KypHan «duddepennmansupie ypaBHe-
Hus». H. I1. Epyrun BHec O0mbIoii BKJIa1 B aHAIU-
THYECKYI0 TeopHuio anpdepeHInanbHbIX ypaBHe-
HUM, pemmn pag ee mpobinem. B. U. Kpsuios
B TeueHue 30 yieT, HaumHag ¢ 1957 r., 3aBegoBa Ja-
OopaTopuel, Ha IPOTSHXKEHUH 15 JeT ABISIICS 3ame-
CTUTENIEeM JHpPEeKTOpa MO Hay4HOW paboTte
Wncturyra marematukn AH BCCP, a ¢ Hosa0ps
1987 1. OBUT COBETHUKOM MPH JUPEKIUU HHCTUTYTA.

B 1966 r. u3BecTHBIN CBEPATOBCKUI MaTEMAaTHK
E. A. Bapbammn Ob1 u30paH akageMHKOM AKaze-
mun Hayk Benopycckoit CCP, nmepeexan Ha paboty
B MMHCK ¥ NpUTTIaCHI B KAYECTBE COTPYAHUKOB MO-
noaelx MateMatukoB P. @. INabacosa u ®. M. Ku-
pwuioBy. OHH BMecTe€ CO3JaIM M PYKOBOJIWIN
B MHctuTyTe Matematuku M benopycckom rocy-
JApCTBEHHOM YHUBEPCHUTETE TENepb BCEMHPHO H3-
BECTHOH LIKOJIOW IO TEOPUU yCTOMYMBOCTH U Kade-
CTBEHHOH T€OPHUHU ONITUMAJILHOTO YIIPABICHHUS.

B Hacrosimiee BpeMs OCHOBHBIMU HarpaBlIeHU-
SAMHU JESTETBHOCTH B O0JACTH MaTEeMaTHUKH SIBILS-
I0TCsl cleytomue: anrebpa, TeOMeTpUsl U TEOPHS
yrcen; nuddepeHnrnanbHble YpaBHEHUS U IPO-
LECCHI YIIpaBJeHUs; QyHKIIMOHAJIBHBIN aHAN3; BbI-
YUCIUTENbHAs U AUCKpETHAsl MaTeMaTHKa; BEpPOAT-
HOCTHO-CTaTUCTUYECKHUI aHAJIN3 U TEOpHUs CIydan-
HBIX MPOILIECCOB; MareMaThieckas KUOEpHEeTHKa;

KOMIIBIOTEpHOE MOJIETMPOBaHue; 00paboTka n300pa-
JKEHUH U PEeYeBbIX CUTHAJIOB; CYNEPKOMIIBIOTEPHBIE
Y TPUI-TEXHOJIOTWH; ONOoMH(OpMATHKA ¥ MEIHIIIH-
cKkas nH(pOpMaTHKa; TeOMH()OPMAIIMOHHBIE CUCTEMBI
1 UH()OPMAIIOHHO-KOCMUYECKHE TEXHOJIOTHH; LIu(-
poBast kaprorpadus u ap. [6]. Kak Bugum, padota Ge-
JIOPYCCKHUX YYEHBIX-MaTeMaTUKOB OPraHWYHO TpH-
BsI3aHa K COLIMAJIbHOM MPaKTUKE — PELLICHUIO ITIaBHBIX
3a7a4, CTOSIILINX IIepe]] CTPaHO!: TIepeBO/I B O Kaii-
IIMe TOAbl HAPOJHOXO3SHCTBEHHOIO KOMILIEKCA
Ha MHHOBALIMOHHBIN IyTh Pa3BUTHS.

He Bce Tak nmpocTo ckiaapIBaoch ¢ MaTeMaTH-
KOM — B&XHEWIIUM CErMEHTOM COBPEMEHHOIO
Hay4YHOT0 3HaHUA U KyJbTyphl B benapycu. beinu Be-
COMBIE YCTIEXU M TOCTHXEHUSI, HO ObUTH U HEey/AauHu,
nopaxenus. OcobenHo 3to kacaercs 1990-x Tr.
B Tak HazpIBaeMBbIll «IepUO] MEPECTPOUKMY Oemo-
pyccKue MaTeMaTHKH, BIPOYEM, Kak U Jpyrue
Hay4HbIE MIKOJBI B 00JIACTH €CTECTBEHHBIX U TEX-
HUYECKHUX HayK, CTOJIKHYJHCH C PSAOM CEPhE3HBIX
npoOieM. Bo-niepBBIX, MHOTHE CTPYKTYPHBIC MOJ-
pasaeneHusl Hay4HO-UCCIIeI0BaTeIbCKUX HHCTHUTY-
TOB paboTanu B Ty 3MOXY Ha «0OOPOHKY» BEIHUKOH
CTpaHBbl, U BIIOJIHE MTOHATHO, YTO TOCIIE €€ pacnaja
oTnajua HaoOHOCTh B TAKOTO PO/Ia HCCIICAOBAHHUSX.
Bo-BTOpBIX, B YCIOBHAX NEPBOHAYAILHOTO HAKOII-
JICHUS KaluTala, a MMEHHO 3Ty cTaauio B 1990-x rr.
INPOXOJUIIN MTOCTCOBETCKHE TOCynapcTBa, 00 oopa-
30BaHMU, HAyKe U KyJIbType monpocty 3a0euin. [a
U TO3Ke, KOr/a peIHOYHAas opMa X03sIiCTBEHHOM
JesITeNbHOCTH Ooee-MeHee chOpMUPOBaAIACh, 00-
pa30BaHUIO ¥ HAayKe CTaJo HUYYTh He jerde. C 3Tum
KOMITJICKCOM CEphE3HBIX MPOOJIeM CTOJIKHYJAach H
benapycs. C ogHoli ctopoHbl, HaunHasg ¢ 90-x IT.
MIPOIIJIOTO BEKa, B PyClie MHUPOBON TEHIEHIMH B
IIKOJIaX, TEXHUKYMax M By3aX CTalM CO3/1aBaThCs
KOMIIBIOTEPHBIE KJIACChl, AKTHBHU3MPOBAJICS IMpO-
necc MHPOPMAMOHHOTO O0ECIICUEHUS YYalluXCsl
gyepe3 MHTepHeT U T. 1. C apyroil — MarepuaibHO-
TEeXHUYECKOEe U (PUHAHCOBOE 0OecrieueHHEe yueOHBIX
3aBeJICHUH B II€JIOM, OCOOGHHO B «mepudepuii-
HBIX», IIOCTOAHHO yXyamanock. [Ipoucxonuno cra-
peHne npodeccopcKo-NpenoaaBaTeIbCKIX KaapoB.
[lo mpuumnHe HU3KOW 3apaboTHON IUIATHI U3 y4eO-
HBIX 3aBEJICHUM YXOIWIH MOJIOABIE yYeHble-Tiesa-
roru. CHMXaJICSd HMHTEIUIEKTyaJlbHBIH MOTEHIHA
W3BECTHBIX HayYHBIX LIKOJ. Pa3pyIianach cioxus-
mascs Ha NPOTSDKEHUM JAECATWIETHH B paMKax
CCCP cucrema mepenoaroToBKu mpodheccopcko-
MIPEeroIaBaTeNbCKUX KaApoB B BEAYLINX By3ax Poc-
cuu — MI'Y umenu M. B. JlomoHocoBa, JleHuH-
IPaJICKOM IOCy1apCTBEHHOM YHUBEPCUTETE U JIp.

MHorue poxuTeny, yuuTesst ObLIH HACTPOSHBI
BECbMa KPUTUYHO 10 OTHOIIECHHUIO K PaJUKaTbHBIM
npeoOpa3oBaHUsIM COBETCKOH mmIkonbl. OHU CcuH-
TaJlv, YTO MOJ BUAOM peopMUpPOBaHHUS pa3pyla-
JIOCh TO LIEHHOE, 4TO OBUIO I Hee XapaKTepHO, —
O0IIEAOCTYIHOCTD, PAaBEHCTBO, KOJUIEKTHUBH3M,
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Tpy#oBas ocHoBa oOpasoBanusi u ap. Ocoboe
HETPHUATHE Y POAUTENCH U yUUTeNed BBI3BIBAJIO 3a-
WMCTBOBaHHE M TIEpEHECEHHE Ha HalWOHAIBHYIO
IIOYBY COCJIOBHOH 3allaJIHO-€BPOIEUCKON CUCTEMBI
o0pa3oBaHusl, BeAyIIeld K COLMANBHOMY paccioe-
HUIO O0ILECTBA Ha TaK HAa3bIBAEMYIO «DJIUTY» U «Psi-
JOBBIX Tpaxknan». VI B camMoM nene, B MOrOHE 3a
«IeMoKpaTu3anuei» o0pa3oBaTeIbHON CHUCTEMBI
KaK-TO HMCIOBOJb CTaJIX 3a0bIBaTh O ee o0mieno-
CTYIIHOCTU. B 3TOM IL1aHE U3BECTHBIA POCCUICKUN
¢unocod B. M. MexyeB coBepIIeHHO ONpaBAaHHO
3as1BIsUT: «HUKTO HE CHOPHT, YTO AEMOKpaTHS B 00-
pa30BaHMM YLIEMJISETCS, [TOKa CYIIECTBYET 3aIpeT
Ha JOCTYI K TOM WM MHOW MH(OPMAaIMH, HO elle
XyXe Ta “AeMOoKpaThs’, KOTopas OrpaHHUYMBaET J0-
CTYH K caMOMy 00pazoBaHuio» [7, c. 46].

OnHOIi U3 OCTPHIX MPOOJIeM HATMOHATIBHOH CH-
CTeMBI 00pa30BaHMs CTala ee KOMMEPLUATN3ALHS,
OXBaTHUBIIAs, TIIaBHBIM 00pa3oM, BBICIIYIO IIKOITY.
Habnronancs mocToSHHBIA POCT YUCICHHOCTH CTY-
JICHTOB, O0OyYaromuxcsi 3a CYeT COOCTBEHHBIX
cpeactB. Ilo cocrostauio Ha 1 okTsa0ps 2004 .
B Pecniy6nuke Benapyce paboranu 12 By30B Hero-
CyIapCTBEHHOH OpMBI COOCTBEHHOCTH U 7 UX QH-
JIMaJIoB, B KOTOPHIX B OCHOBHOM 3a CYEeT COOCTBEH-
HBIX cpeacTB o0y4arnock 58 812 uenosex [8].

benopycckue By3bl BeM MOATOTOBKY CTYAEH-
TOB IO BECbMa IIMPOKOMY CIIEKTPY CIIE€HHUaIbHO-
CTed U B 3TOM IIJIaHE OBUIH CITIOCOOHBI 0OECTIeYNTh
CTpaHy BBICOKOKBAJIM(HUINPOBAHHBIMU CIICLIUAIH-
cramMu. JIMImb MO HEKOTOPHIM, TaK Ha3bIBAEMBIM
«IeQULIUTHBIMY» CIIEHUATBEHOCTSIM FOCY IApCTBO BbI-
HY>KI€HO OBbLIO o0pamaThcsa 3a MOMOILBI0 K poc-
CHICKUM HJIHM K€ 3apyOeKHbIM y4yeOHBIM 3aBefie-
HUSM, 4TO U Aeiano. OAHAKO MJaHbl MOATOTOBKH
KaJpOB 10 KOHKPETHBIM CHELUAIBLHOCTSIM HE BCe-
rZla COOTBETCTBOBAJIHM PEAIBHBIM TMOTPEOHOCTIM
HapoJHOIo Xo3siicTBa. B pesynpraTe BO3HMKala
npobiemMa TpyJoycTpoiicTBa BEITYCKHUKOB. Kpome
TOTO, TOCYJapCTBO AOMOJIHUTEIBHO PacXO0BaJIO
CpeACTBa Ha MX MEPENoAroTOBKY. Y CyTryOsiu cH-
Tyaluio BY3bl HETOCyIapCTBEHHOW (GOpMBI co0-
CTBEHHOCTH, TOTOBSIINE CIIELHUATNCTOB MO CBOEMY
YCMOTPEHHUIO.

Eme omHa cepbe3Has mpobiema, ¢ KOTOPOH
CTOJIKHYJIOCH Oel0pycCcKoe 00IIeCcTBO, — BEChMa aK-
TUBHBII HEKOHTPOJIUPYEMBIH TOCYIapCTBOM OTTOK
3a pyOeX CHEelUaIMCTOB BhICUICH KBaTU(HUKALWH,
CaMbIX CIIOCOOHBIX BBIIYCKHHUKOB BY30B U Jaxe
IKOJTBHUKOB. OTAEIbHBIE HCCIIEAOBATEeIN HE BU-
JIeTIH B 5TOM MPOOJIEMBI U Jaske paccMaTpHUBAaJIH 3TO
Kak Omaro s benapycu, mockoibKy, Mo, Ha 3a-
naje Hallli y4YeHbIe JIMIIb Pa3oBBIOT CBOW HMHTEN-
JIEKT ¥ C 3TUM Oara>xkoM 3HaHUI BEpHYTCS Hazal.
Ho, kak y0Oexnana mpakTHKa, HAIlId TaJaHTIUBEHIE
yueHble, IesTeNH KyJIbTyphl TIyOOKO ITyCKaH
kopau B I'epmanun, CIIA, Ascrpanuu, Kanane
W JIOMOH BO3Bpamiathcs He cobupanuchk. Tak xe,
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KaK ¥ JICTUTHCS C HAMU CBOMMH pa3paboTKaMH U OT-
KpeITHsiMU. HO Ha UX TOATOTOBKY TOCYIapCTBO
B CBO€ BpEMs 3aTpaTUIO OTPOMHBIE CPEACTBA.
[loaToMy BO3HHMKan BONPOC: HAJ0 JIU TOTOBHUTH
3a CYET HAIINX TPaXKJaH YUCHBIX JUIsI IPYTHX TOCY-
napctB? He myuine nu 3T CpelcTBa HAIpPaBUTh
Ha MOJIZICPKKY HAIIMOHAILHOW HAyK! — 3aKYIIKY HO-
BOro 00OpyIOBaHUS, TOBBIIIEHHE 3apabOTHOM
TUTaThI YYEHBIX U T. . Benb MOHATHO: YTOOBI TpU-
OCTaHOBUTH OETCTBO M3 CTPaHbl 0OPa30BaHHOI MO-
JIOAEKH, MPEICTABIACTCS BaKHBIM OOECIICUHUTH €€
MaTepUalIbHO, CO3[aTh YCJOBHSA JUIsI €€ TBOpYe-
CKOT'0 POCTa, a TAKX€e MOBBICUTH B HAIIEM rOCyIap-
CTBE MIPECTIK UHTEIUIEKTYaJIbHOTO TPY/Ia.

UTo MOXKHO CKa3aTh O COBPEMEHHOW CUTyalluu
B cepe oOpa3oBaHus U Hayku B benapycu?

Ecau roBopuTh B LI€IOM O HAIIMOHAJIBHOU CH-
cTeMe 00pa3oBaHUs, TO OHa IMPEACTaBIsIET cOOOM
CBOETO pOJia «A0NTOCTPON» — 3aTSHYBILIMNHCA 9yTh
J¥ HE Ha TPH JIecsiATKa JIeT mpouecc pedopMHpOBa-
HUS COBETCKOM CHCTEMBI HayKd, OOpa3oBaHUS
U TOATOTOBKM HAay4yHBIX KaapoB. HecmoTps Ha
CTOJIb aKTUBHOE peOpMHUpPOBaHUE JaHHOW cepsl,
MOKa B CTpaHe HE BBICTpOEHA cucmema oOpa3oBa-
HUSL: JTOIIKOJIbHBIE YUPEKACHUS — IIKOJIA — BY3BI —
HAy4YHO-UCCIIEOBATENIbCKUE YUpPEXKIEeHUS (MHCTH-
TYTBI, LIEHTPHI U T. J.) — MPOU3BOJACTBO (BKIIOYAs
cdepy ynpaBieHus).

Ha mepBsIii B3rJIs], KAPTUHA MOXKET IMOKa3aThCs
MO3UTUBHOM. [10 KOJIMUYECTBY BYy30B U KOJIUYECTBY
BBIITYCKHUKOB U3 HUX MBI IaBHO MTPEB3OIILIN COBET-
CKylo omoxy. [IpaBaa, KOIMYECTBO NPHUHATHIX
B BY3bI CTY/ICHTOB B I1OCJIEIHUE TO/IbI IOCTOSTHHO CO-
KpallaeTcs, HO 3TO CBA3aHO ¢ JeMOorpagyecKoii cu-
tyanuei konna 1990-x rr. Ecmu B 2011/2012 yue6-
HOM TO/1y YHCIIEHHOCTb CTYJIEHTOB B YUPEXKACHHUIX
BBICILIET0 00Opa30oBaHus cocTanisiia 445,6 ThIC. yemno-
Bek, To B 2017/2018 yuebHnom rogy — 284,3 Thic. de-
JOBeK, T. €. Ha 161,3 Teic. menpme. B 2011 .
B YUPEKACHHS BBHICIIEro 0Opa3oBaHHs ObUIO TPHU-
HATO 96,0 ThIC. yenmoBek, B 2017 r. — Toibko 61,8 ThIC.,
T. €. Ha 34,2 Teic. MeHble [9, ¢. 57-58]. Kak no3u-
TUBHBIA (DakT OTMETUM POCT YUCICHHOCTH CIEIUa-
JICTOB C JIUIJIOMOM MarucTpa o npoduiro oopaso-
Banus [10, c. 62]. Ho BOT 110 KOIMYeCTBY UCCIIEA0Ba-
TeNel TPOU30LUIO COKpAallleHHe — HE XBaTaer
cpencts. B 2010 r. yHCIEHHOCTh MEPCOHAIIA, 3aHS-
TOr0 HAyYHBIMH HCCIICAOBAHUSAME U pa3paboTKaMu B
Pecniy6mmuke Benapycs, coctaBisia 31 712 wenosek,
B 2017 r. — 26 483 uenoBeka, T. €. COKpaTHjIach Ha
5299 uyenoBeK; YHCICHHOCTH HCCIEIOBATENEl Cco-
CTaBys1a cOOTBETCTBEHHO 19 879 1 17 089 uenosek,
T. €. cokpatunack Ha 2790 4enoBeK, B TOM YHUCIE
B 00JIACTH €CTECTBEHHBIX HayK — Ha 233 4elloBeKa,
B 00J1acTH TeXHHWYECKHX Hayk — Ha 2190 uenosek,
B 0o0JlacTH MEIMIMHCKUX HayK — Ha 141 denoseka,
B 00J1aCTH CENbCKOX035ICTBEHHBIX HayK — Ha 206 de-
JOBEK, B OONAacCTH COIMAIbHO-3KOHOMHYECKHUX
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1 001ecTBeHHBIX HayK — Ha 108 denoBek. U Tonbpko
B 00J1aCTH TYMaHUTAPHBIX HAYK YHCICHHOCTh UCCIIC-
JoBatenel yBenuuuinachk Ha 88 uenosex [ 10, c. 366].
A Benp HayKa — 3TO HE TOJBKO BaKHEUILIUI KOMIIO-
HEHT UHTEJUICKTYaJIbHOTO KaluTalla, 3TO ero 0asa.

Kak HeraTuBHYI0 OTMETUM YCTOMYUBYIO TEH-
JICHIIMIO CHUYKCHUS YUCIICHHOCTH O0yYJarolInXcs B
ACIIUPAHTYpe U JOKTOPAHTYpE U BBHITYCKHUKOB
ATUX YUPEKICHUI.

B 2017 r. BBINyCK M3 acHUpaHTYphl COCTAaBHUI
803 yemoBeka, B TOM YHMCIIE B OTPAciIy (PU3HKO-MaTe-
MaTUYECKUX HayK — 46, XUMHYECKUX — 12, OHonoru-
yeckux — 44, TeXHuueckux — 175, CelIbCKOX03sii-
CTBEHHBIX — 34, PKOHOMHYECKUX — 78, memaroruye-
CKMX — 60, QrIoNornyeckux — 51, IOPUIUUECKUX —
39 [10, c. 160]. Ans cpaBHenus: B 2005 T. BBITYCK U3
acIMpaHTypbl cocTaBui 1296 yenosek, B TOM YUCIE B
oTpaciu (pU3UKO-MaTEMaTHIECKUX HayK — 69, Xumu-
yecKkuX — 31, OMONOrHYecKkux — 79, TEXHUUECKUX —
272, CeNBbCKOXO3SMHUCTBEHHBIX — 56, SJKOHOMHYCCKUX —
182, nemaroruueckux — 166, dunonoruyeckux — 96,
ropunuueckux — 78 [11, c. 46].

B 2017 r. BBIyCK U3 AOKTOPAHTYpPhl COCTABHUII
60 JenoBek, B UX YHUCIIC B OTpaciu QPU3NKO-MaTe-
MaTUYeCKUX Hayk — 1, xumuueckux — 0, Guosoru-
YeCcKuX — 0, TEXHUYECKUX — 9, CETbCKOXO3AUCTBEH-
HBIX — 2, 9KOHOMHUYECKHUX — 3, MeAarorudeckux — 3,
¢unonoruueckux — 4, opuanueckux — 3 [10, c. 162].

Henp3st He ckazaTh 0 HEXBAaTKE OTCUECTBEHHBIX
CPEIICTB IS CO3J]aHUs OTBEUAIOIICH TPEOOBAHUIM
XXI B. axkciepuMeHTaIbHON 0a3bl hyHIaMeHTalb-
HOM Hayku. HaydHo-HccrnenoBaTeIbCKUM HHCTH-
TyTaM U YUYPEKJEHUSM BBICHIETO OOpa3oBaHUS
MPUXOAUTCS 00paIaThCs 32 TOMOIIBIO K IPYTUM
rocyJapcTBaM, cCO3JaBaTh COBMECTHBIE Hay4yHO-
rccienoBaTenbckue HeHTpel. Ho B TakoMm ciydae
MOJTYYCHHbIC HAYyYHBIE PE3yJbTAaThl TOXE SBIS-
IOTCSI COBMECTHBIMU. U y4uTHIBasl Hallly TpaauIIu-
OHHYIO HEpPaCTOPOIMHOCTb, 3TU PE3YyJbTATHI, CKO-
pee Bcero, OyayT BHEAPEHBI B MIPAKTUKY HAIIUMU
naptHepamu. OTCrOfa e BO3HHKIH MPOOIEMBI
«YTEUKHU MOJIOJIBIX CIICIIHAINCTOBY, CTAPEHUS Ipe-
nmojaBaTelie W uccIeAoBaTeNeH, MpEeKpaleHUs
NESATeIbHOCTU pPsAlla HU3BECTHBIX OTEUECTBEHHBIX
Hay4YHBIX HIKOJ.

B nenom 3a TpuanaTh MOCIEIHUX JIET CUCTEMA
oOpa3oBanus B benapycu nperepnena cyiiecTBeH-
HBIC U3MCHEHUS, U TJIABHBIM OPHEHTHUPOM €€ IPe0d-
pa3oBaHUi cTala Tak Ha3bIBaemasl bonoHckas cu-
cTema oOpa3oBaHus. IMEHHO B 3TOM HaIpaBJICHUU
OCYLIECTBIISIaCh TOJATOHKA CTaHAApTOB OTEYe-
CTBEHHOM, T. €. OBIBIICH COBETCKOM, CHCTEMBI 00pa-
30BaHMs MOJ €BPONEICKUE CTaHAapThl. B oTnuumne
OT JPYTUX MOCTCOBETCKUX TOCYAapCTB TAKOTO pojaa
MOJITOHKA BeNach 0oJiee-MeHee B3BEIICHHO U, IJIaB-
HOE, IOCTEIIEHHO.

PedopmupoBanue cpemHeil U BBICIHICH IIIKOJIBI
HE MOTIJIO HE OTPa3UThCS M Ha YU4COHOM MpeaMere

«MaremaTuka». Baxno otMeTHTb TO, uTo OOpazo-
BaTEJIbHBIH CTaHAApPT HayaJlbHOTO OOpa30BaHMUS,
yTBepxkaeHHbII [locTaHOBIEHHEM MuHucrepcrsa
oOpaszoBanus PecnyOnuku benapyce 26 nekaOps
2018 r., mpegycMaTpuBaeT HaPaBIEHHOCThH 00pa-
30BaTENBHOTO MpoLEecca MPU U3YYSHUH YUeOHOTO
npenMera «MaTeMaTHKa» HE TOJBKO Ha «OBJIaje-
HUE CHCTEMOIl MaTeMaTH4YecKUX 3HaHWM U yMe-
HU, HeOOXOAUMBIX AJIsl IPUMEHEHHS B IPaKTHYe-
CKOH 1eATEeTbHOCTH», HO U Ha MHTEJUIEKTyallbHOE
pasButue, GOpMUpOBaHHE KA4eCTB JTUYHOCTH, He-
00XOIMMBIX IJIs1 TOJHOLIEHHOW >KM3HU B COBpe-
MEHHOM O0O0mIecTBE: SICHOCTH U TOYHOCTU MBICTIH,
KPUTUYHOCTH MBILUIEHUS, WHTYUIUH, JIOTHYe-
CKOT'O MBIIUIEHUS, aJTOPUTMHUYECKOH KYyJBTYpHI,
NPOCTPAaHCTBEHHBIX NPEICTaBICHUH, CHOCOOHO-
CTH K TNIPEOJIOJICHUIO TPYAHOCTEH; ...BOCIUTAHUE
KyJbTYpBl JIUYHOCTH, OTHOLIEHUS K MaTeMaTHKe
KaK 4yacTH OOIIeYeloBEYeCKOH KyJIbTYpHl, IOHH-
MaHHe 3HaYMMOCTH MaTEeMaTHKHU JJIsl HAyYHO-TEX-
Hu4eckoro nporpeccay» [12]. Ilpu 3ToM BBIIENSA-
I0TCS JIBa 3Tama B OCBOCHHM COJEpKaHUS yd4eO-
HOoro mpeaMmera «MaremMaTuka»,  KOTOpbIE
00yCNoBIIEHB BO3PAaCTHBIMH OCOOEHHOCTSIMH y4a-
muxcsg V-VI u VII-IX knaccoB, a Takxe cHelu-
¢ukoit yuebnoro npeamera. B wactHoctH, B VII-
IX knaccax akumeHT chenaH Ha anreOpandeckoM H
TEOMETPUYECKOM COJEPIKATEIbHBIX KOMIIOHEHTAX
npeaMmeTa «MaTemMaTHKa», TEOpEeTHIeCKHX 0000-
HICHUSAX W BBIBOJAX, AOKa3aTelbCTBax, «obecrme-
YUBAIOIIUX PAa3BUTHE Yy YYALIMXCS CIOCOOHOCTH
K CaMOCTOSTEIbHOMY YCBOECHHIO HOBBIX 3HaHUI
U yMEeHHu# (BKJIIOYas M OPTraHU3aLHI0 3TOrO Mpo-
necca), K 3¢p(EeKTUBHOMY DPELICHHIO Pa3IMYHOTO
poza ’KU3HEHHBIX 3aaau» [12].

PesynpTarom ocBoeHUs comep:kaHus y4eOHOTO
npeaMeta «MareMaTHKa» IpU €ro U3y4eHHH Ha Oa-
30BOM YPOBHE SABJISETCS TO, YTO yUAIIUNCS «UMEET
MIPEJCTABIIEHUE: O MAaTEMAaTHKE KaK 4YaCTH MUPOBOM
KyJbTypbl U O MECTE€ MaTeMaTHUKH B COBPEMEHHOMN
OUBHJIM3ALNH, O CIIOCO0aX ONMKCaHMs Ha MaTeMaTH-
YeCKOM f3bIKE SBJIEHHUM OKpY’KaIOLIEro MHpa;
...TIOHUMaeT, YTO MaTeMaTHKa SBJIsETCS (OpMOit
ONMCAHUS U METOAOM Hay4yHOT'0 NTO3HAHUS OKpYIKa-
IOLLEr0 MUPA; 3HAET: ONpeNeIeHNs, CBOICTBA, MMpa-
BUiIa, (HOpMyYJIBI, 3aKOHBI, ANTOPHTMBI, TEOPEMBI
IJIAaHUMETPUH; ...YMEET: TOUHO U IPaMOTHO BBIpa-
JKaThb CBOM MBICIHM B YCTHON M NMUCBMEHHON pedun
C IPUMEHEHNEM MaTeMaTHYECKOW TEPMUHOIOTHH U
CUMBOJIUKH, IPABUIILHO MPUMEHSTD MOHATHS, KJ1ac-
CUQHULNPOBATh MaTeMaTHYECKHE 0OBEKTHI, POBO-
JIUThH JOTHYEeCKHe OOOCHOBAaHMS M OKa3aTelbCTBa
MaTeMaTUYECKUX YTBEPXKACHUH; MPOBOIUTH JOKa-
3aTebHbIE PACCYXACHUS B XOJI€ peIIeHUs 3a4ay;
BJIaJ€eT: ...yMEHHEM IPUMEHATH OOILUE CIIOCOOBI
MHTEJUIEKTYalbHON /eATeNbHOCTH, XapaKTEepHbIE
JUIt MaTEMATUKHU U ABJIAIOLINECS OCHOBOM IIO3HABa-
TENbHON KyJbTYpBHl, 3HAUYUMOW MJs Ppa3IMYHBIX
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cdep AeaTenbHOCTH;, YMCHHUEM JICHCTBOBATh B pas-
JIMYHBIX CUTYaIUAX, TPEOYIOMIMX MaTeMaTHIECKON
rpamMoTHOCTIY [12].

K coxanenuro, 3T yCTaHOBKH M TpeOOBaHUS,
OPUCHTHPOBAHHBIC HA ()OPMUPOBAHUE UHTEIUICKTY-
QTbHO PAa3BUTOTO MOJIOJOIO YENOBEKa, OYEHb
IIJIOXO CBSA3aHBI C PEAbHBIM MONIokKeHHeM Jei. OHu
COBEPILIEHHO HE YUYUTHIBAIOT CYILIECTBEHHOTO Majie-
HUS ypOBHSI MaTEMaTHYECKOTO 00pa30BaHUs
B CpE/IHEH IIKOJIE, CBI3aHHOTO KaK C PE3KUM YTITy0-
JICHUEM TIPOOJIeM CpeIHEH IIKOJBI, TaK U C BCEOO-
UM yBJICUEHHEM TeCTUpOBaHHEeM. Benp ceifuac
B CTapIIUX KJIaccax cpeaHe MIKOIbl Ha ypoKax Ma-
TEMAaTHUKH TIOYTH HUKTO HE pacCMaTpHUBaET JOKa3a-
TEIBCTBA TEOPEM U JIOTUYECKUE PACCYKICHUS,
a YYUTCS TEXHUKE PEIICHUs KOHKPETHBIX 3a7a4 AJIs
TECTOB, WIH, YTO €IlEe XYyXKE, YMEHUIO Yyrajatrh pe-
3yIbTaT. A yX O TOM, KaK IMOCTaBUTh 3a/1auy, YTO
HHOT[Ia CIIOXHEE, YEM €€ PEIINTh, TaK HUKTO U HE
YIIOMHUHAET.

3akiaouenue. [Ipu monxyyeHUH BBICIIETO TEX-
HUYECKOTO 00pa30BaHUs BCE HEMOCTATKH IITKOJIb-

HOT'O 00pa30BaHus MPOSBIAIOTCS OYeHb YeTKO. [1o-
39TOMY OCTPO HEOOXOIMMBI HOBBIE METOIUYECKHE
UJeu B NPEnoJaBaHUM MaTEMaTHKH, B YaCTHOCTH
JUTSI XOPOIIIO yCTeBaronux cryaeHTos [13, 14]. 1 e
CIIEAyeT OTrPaHUYMBATHCS TOJIBKO MAaTEMaTHKOM.
MaremaTyka — JUIIb OJHO U3 KOMIUIEKCA 3BEHBEB
negarornaeckoro npouecca. [Ipuro Bpems ocyie-
CTBUTH CHCTEMHBII aHaNIW3 HAKOIUIEHHOTO 3a TO-
ClleIHUEe TPH AECATHICTHS IeJarornaeckoro orbITa,
KaK MO3UTHBHOTO, TaK U HETaTUBHOTO, KaK HallHO-
HaJIbHOTO, TaK 1 3apy0eKHOT0, B CPEIHEH 1 BBICILICH
HIKOJIe, a TaKkKe MOCIEAUINIOMHOTO 00pa3oBaHus,
CIIOKMBLICHCS] TPAKTUKH TOATOTOBKH CIICLHANH-
CTOB BBICILICH KBaTM(UKALMH, T TOKE Ha3peIo He-
MaJio HepelIeHHBIX BOpocoB. Bee 3Benbs 00pa3oBa-
TENBHOTO TpOoLecca CleAyeT NMPUBECTH B CHCTEMY,
KOTOpPOH, K COXaJeHHIO, IOKa HE CIIOKHIOCH.
Oty npobneMy IOJDKHBI ObUTH pellaTh, B MEPBYIO
oyepenb, CIEHUANINUCTH M3 oTpaciu (umocodumu,
a KOHKpeTHee, ¢uiocopun o0pa3oBaHHs — HOBOM
JUcUuIMHbEL. Ho 9Ta AucnMIiuiHa Takke IMoKa
HaXOJIUTCS Ha CTaJUH CTAHOBIICHHS.
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B. B. Kpaxorko!, I'. I. PasmbicioBu4’, B. B. Urnarenxo?
'Benopycckuii rocy1apcTBEHHBIN YHUBEPCUTET
ZBGHOpyCCKI/Iﬁ rOCYIapCTBEHHBIN TEXHOJOTUUYECKUA YHUBEPCUTET

H-YIIPABJISIEMOCTb JMHAMUWYECKHUX CUCTEM

B pabote paccmarpuBaercsi npobiema H-ynpaBisieMOCTH, TIOJHONH H-ynpaBiisieMOCTH U TIOJTHOM
YIPaBISIEMOCTH 110 OTHOILIECHHUIO K BBIXOJY cHUcTeMbl. OCHOBHBIM OOBEKTOM HMCCIICIOBAHUS BBHICTYAIOT
JECKPUNTOPHBIE AUHAMUYECKHE CUCTEMBI U JUHAMUYECKHUE CUCTEMBI C 3ala3bIBaHIEM I10 YIIPABICHUIO.
ITokxa3aHO, 4TO TPAEKTOPUHU PACCMATPUBAEMBIX IUHAMHYECKHX CHCTEM SIBJISIOTCS PELICHUSMH CIICLH-
QIPHO CKOHCTPYMPOBAHHBIX CHUCTEM OOBIKHOBEHHBIX AWU(QEPEHINATIBHBIX YPaBHEHHUH, Ul KOTOPBIX
W3BECTHBI KPUTEPUH yIpaBiiseMocTH. HeoOXoanMble 1 1ocTaTOuHBIE YCIIOBUS PA3JIMYHbBIX BUIOB YIIPaB-
JIIEMOCTH ONMCaHbl B TEPMUHAX OINPENEIAIOUINX YPABHEHHUM, KOTOPbIE MOCTPOEHBI HA HAYallbHBIX
cucTeMax.

KuaroueBsie ci1oBa: nHeiHbIC TudHepeHIMaTbHBIE CUCTEMBL, TH( (epeHIHaTHO-aNTeOpaniecKue
CUCTEMBI, YIIPABISIEMOCTh TUHAMUYECCKAX CUCTEM.

V. V. Krakhotko!, G. P. Razmyslovich', V. V. Ignatenko’
'Belarusian State University
?Belarusian State Technological University

H-CONTROLLABILITY OF DYNAMICAL SYSTEMS

The report considers the problem of H-controllability, full H-controllability and complete controlla-
bility with respect to the system output. The main objects of study are descriptor dynamical systems and
dynamical systems with control delay. It is shown that the trajectories of the considered dynamical sys-
tems are solutions of specially designed systems of ordinary differential equations for which controlla-
bility criteria are known. Necessary and sufficient conditions for various types of controllability are de-
scribed in terms of defining equations that are built on initial systems.

Key words: linear differential systems, differential-algebraic systems, controllability of dynamical

systems.

Beenenue. B Teopun onTUMansHOrO ympas-
JICHUsI OYEHb BaXXHYIO pOJIb WUIPAET MOJyueHHE
napaMeTPHYECKUX KPUTEPUEB Pa3IMYHBIX BUAOB
yHOpaBIsIeMOCTH  (YCIOBHOM, OTHOCHUTEIBHOM,
MOJTHOM ¥ T. [1.) AJIsI pa3IMYHBIX BUAOB TUHAMUYE-
CKUX cHCTeM. B mocinennee Bpems oueHb OOJb-
110€ BHUMaHHE YJIENAETCs UCCIeI0BaHHUIO0 YIIPaB-
JIIEMOCTH JIECKPUIITOPHBIX CHUCTEM, KOTJa Mat-
puma Tpu omeparope IUPPepeHUINPOBAHUS
BBIPOJKJICHA.

OcHoBHast 4acTh. PaccMmoTpum cucremy
yhpaBieHUS

Ayx(t)=Ax(t)+Bu(t), 120 (1)
C HaYaJIbHBIM YCJIOBUEM
x(0)=1x,,

rne xe R", ue R", A,, A, B —10CTOsIHHBIE MaT-
PHIBI COOTBETCTBYIOIIUX pPa3MeEpoB, X, € R,
det 4, =0.

ITycth cuctema (1) yaoBIETBOPSAET YCIOBUIO

coBmectHocTtu [1]. Torma ee pemieHHe MOXET
OBITh MPE/ICTABICHO B BUJIC
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t
x(1)= eAgAZAOqu + J-eAgA(I_S)AgBu (s)ds+
0

qa;4¢@§an%MYmﬂm,(m
x(0)=x, = A4 q +(E, — 445 )%

(1) (44°) 4'Bu0). 3

i=0

—_

rae Ag u A? — obparHsle Matpuubl Jpaiizuna
K MaTpuniaM 4, U A COOTBETCTBEHHO; YMUCIO k —
uHAeKC Matpuupl A,, g€ R", u(’)(O)e R,
i=0,1, .., k-1

31ecks MBI MpeArnoyiaraéM, 4YTO YIpaBJieHHE
u (t), t 20, — 3TO IOCTATOYHO TJIaJKas r-MepHas
BekTOp-pyHKIMA. B taHHOM ciydyae MOKHO MoKa-

3aTh, 4TO pereHue (2) cucreMsl (1) sBiseTcs BbI-
XOJIOM CHCTEMBI

Y=AY +Bv, x=CY (4)

C Ha4aJIbHBIM YCJIOBUCM
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Y(0)=Y, =(q, u'(0), i=1,2,... k),

rI[eYz(y,ul,...,uk), v=u(k), flz(z:lpq),éz(];pl),
p=1..,k+1, g=1,...,k+1 mpencraBusoT co-
Ooti OrouHBIe MaTpHIlEl. Kpome Toro,

A, =44, 4, = A4 B;

Ay =y =..= Ay =E,, 4

>

;=0
JUIA BCEX OCTAJIbHBIX UHACKCOB p U ¢
B, ,=E, B=0, i=1.,k,
C=[4,4,(E, - 44 ) A’B, ..,
(-1 (E, - 440 ) (44*) " 4°BY.
MEl noJjaracm, 4Tro

Q, ={ze R"| 2= 4,4 g+ (E, - 445 ) x

k= ‘ ; A
xY(<1)' (44" ) 4*Bu(0), g€ R",

i=0

—_

) (0)e R",i=0,k-1}.

[Iycte H — nocTosiHHAs 1 X n-MaTpULBbL.
Onpeodenenue 1. Cuctema (1) Ha3bIBaeTCs

H-ynpaBnsieMol, eciau sl KaxJI0To xo(-)e Q,
CYILECTBYeT MOMEHT BPEMEHHM #; < +oo M IJIAJIKOE
ynpasienue u(t), t€ [0, ], takue, uro x(0) = x,
u Hx(t,)=0.

Onpeodenenue 2. Cuctema (1) Ha3bIBaeTCs
MOJHOCThI0 H-ympaBisieMOn, €clii JJIs KaKJI0ro

Xp(1)€€, cyuecTByer MOMEHT BpeMeHH
t, <+4+eo W TJHANKOC YIPABICHUE U ( t), t=>0,
TaKue, 9To pemeHHex(t), t 20, cucremsr (1) 06-
napaet coiicteoM x(0)=x, u Hx(1)=0,121,.
CrpaBemmBa cleayomnas Teopema.

Teopema 1. Cucrema (1) H-ynpaBnsema To-
rZla ¥ TOJBKO TOTJa, KOTAa

rank(HAoAg, (-1y H(En —AOAg)x
x(4,4") 4°B, j=0.k—1;
H (44 4) 4B,i=0,n—1)=rank((~1)’ H x

x(E, — 4,40 )(4,40) B, j=0.k 1

H(A$A) 4¢B, i=0n-1).

Teopema 2. Cuctema (1) monHocThio H-ympas-
JsieMa TOTJa U TOJIBKO TOT/Aa, KOTraa

rank(L,I-_I(AgA)[ A4/B, j=0k-1)=

=rank(L,I-_l),
riue
_Hl Hk_
HAJB H,_,
L=|H(4j4)B H,, |,
H(4A)™" 7 4l . H(4l4)" 4B
e
HAS A

]
1
=
=
2

)n+k—l

H (44

Hyo =) H{E,~ 4,5) (44°) 4B
i=0k-1.

JokazarenscTBa TeopeM 1 u 2 Jerko BbITe-
KarT u3 npezacraBineHus cucteMsl (1) B Buge (4)
C MCIIOJIb30BAaHUEM Pe3yNbTaToB [2].

Paccmotpum cucremsl (1) u (4). Beenem co-
OTBETCTBUS

x(t)> X, u(t)>U, y(t)>Y,

t°

o ®)
u' (t)->U;, p—>A

3neck X,,Y, u U,,U! — MaTpuisl pa3mepos

d
nXr U rXr COOTBETCTBEHHO; p = z — oneparop
t

muddepentmpoanms, a A — ormepaTop CIABUTA

(A'X, =X,,:AU, =U,,;; AU/ =U},).

t+io t+i”

Hcnons3ys ypasaenue (4) u cootBetcTBus (5),
MBI TIEPEXOAUM K CIEIYIOIIMM PEKKYPEHTHBIM
COOTHOILEHUSIM:

V.= 4047, + 4{BUL. ULy =US" =0

) _la
Uty =Upo X, =C[ Y, U,..,Uf |, 120,

(6)

t+1 ¢
MPU YCIIOBUH, YTO
Y,=0,1t=0,..,k-1,U, =0, t #k,
U,=E.
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H-yrl PaBAAEMOCTb AMHAMNYECKNX CUCTEM

BrimenpuBeieHHbIE COOTHOLIEHUS (6) Ha3bI-
BAIOTCSL ONpeoensiiouwuMy ypagHeHusMy Ui CU-
cTeMsl ynpasienus (1).

UYepes Xt* MbI 0003HAYHUM pEIICHHUE OIpe/ie-
JSIOIIMX ypaBHEHUH (6) ¢ yCIOBUSAMH

Y=E, nuU=0,t20.

Torma Teopemsl 1 1 2 MOXXHO copMyIHpO-
BaTh B TEPMHUHAX PEIICHUH OTPEACIISIONINX YPaB-
HEHUI.

Teopema 1'. Cucrema (1) sBnsercs H-ynpas-
JISIeMOM TOT/1a ¥ TOJBKO TOTJa, KOTAa

rank(HX]*, HX,, i=1,n+k) =
zrank(HXi,izm).

Teopema 2", Cucrema (1) nomaoctsio H-ympas-
JsieMa TOTJa U TOJIBKO TOTJIa, KOTia

rank(L, HX,i=1n +k) = rank([f_l),

rie
HX, .. HX,
L=|.. :
HX, ., .. HX,,
HX]
=
HX

n+k

[NomydeHHble pe3yabTaThl MOTYT OBITH TEpe-
HECCHBI Ha IUCKPETHBIC CUCTEMbI U CUCTEMEI C 3a-
nazasiBanueM [3, 4].

Hanpumep, paccMOTpuM cuCTEMY yrpaBiie-
HUS BUA

x(t)=Ax(t)+Bu(t)+Byu(t—h)+

h
+JB(s)u(t—s)ds, t>0 (7
0

C Ha4aJIbHBIM YCJIOBUCM

%, =x(0), () ={u(r) = 0(r),2& [-h,0)},

rne xe R", ue R"B; A, B;, B, — NOCTOsIHHbIC
MaTpHIIbI COOTBETCTBYIOIIUX  pPa3MepoB;
B(t) — nxr-marpuna-QpyHKIus; Xo — 1-BEKTOP;
¢(¢)—KycOouHO-HENpephIBHAS  N-BEKTOPHAsI
(GyHKIHSL.

Onpeodenenue 3. Cucrema (7) Ha3bIBaeTCs
HOJHOCTBIO H-yTmpaBisieMoii st J1060ro BEKTopa
Xy € R" u 1m000ii KyCOYHO-HETPEePbIBHOM (yHK-
wn ¢(7),1€[—h,0), ecnu CymECTBYIOT MOMEHT
BpeMeHH #, 0 <t <+eo, W ympasienue u(t),
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te [0, 4 —h], u(t) =0, ¢ 2 ¢, — h, Takue, 4TO Tpa-
EKTOpUs x(t), t 20, cuctemsl (7) yIOBICTBOPSET
YCIIOBUSIM

x(0)=x,, Hx(t)=0, t >1,.

[Ipennonoxkum, 4To B JI00OW MOMEHT Bpe-
MeHHu 7, ¢ 20, cocrosuue x(t) cucremst (7) He-
M3BECTHO, a yrpasienue u(z), ¢ >0, Boibupaercs
13 yCJIOBUA, YTO BBIXO/

y(t)=Hx(t), 120,y,=y(0)  (8)

cucTeMsl (7) U3BECTEH.

Onpeodenenue 4. Cucrema (7) Ha3bIBaeTCs
MOJTHOCTBIO YNPABISEMOM 1O OTHONICHUIO K BbI-
xony (8), ecinu a5 1000r0 m-BEKTOpa ), U JI0-
Goil KycouHO-HempepbBHOW yHKIMH  ¢(1),
te[-h,0), CyWEeCTBYIOT MOMEHT BPEMEHH I,
0<1t, <+eo, u ynpasnenue u(t), t€[0, ; —h],
u(t)=0, t2¢,—h, Takue, UYTO TpPACKTOPUS
yEt; =0, 121,

Teopema 3. Cucrema (7) SABISETCS MOTHOCTHIO
H-ynipaBnsieMo# TOra ¥ TOJIBKO TOT 1, KOTa

rank(FlA[Bh, i=0,k—1)=rank(ﬁ), )
riae

h
B,=B +e"B, + J‘efASB(s)dS, 120,
0

. | HA'
H= ,
L:O,k—l}

31€Ch k — cremeHr, MHHMMAILHOTO MHOTOYIECHA
MaTpUIBl 4.
Hokazamenvcmeo. 11yctb

x(t):p(t)+j£M(s)u(t—s)ds, t>0, (10)

rae p t) — HEKOTOpasi n-BeKTOpHasi (QyHKIHS,
a M (Z , te [O,h] — HEKOTOpas nX r-MaTpuLa.
Torna u3 (7) caenyer, 4To

p(t)+M(0)u(t)—M(h)u(t—h)+

+}M'(S)u(t—s)ds = Ap(t)+

+leM(s)u(t—s)ds +Bu(t)+

h
+Byu(t—h)+ [B(su(t-s)ds. (1)
0
Tenepb NPeANONOKUM, YTO 7 X F-MaTpUUYHAS
¢dbyHKUMs M(s) yAOBIETBOPSIET YPaBHEHHIO
dM(s)

———2=AM(s)+B(s),se[0,h] (12)
ds
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C HayaJbHbIM yCIOBUEM Teopema 4. Cuctema (7) (uMeeTcs B BUALY, UTO
B(s)=0, se [0,/]) ynpasisema no Bbixomy (8)
M(h)=-B,. (13) TOT/Aa ¥ TOJIBKO TOT' 1A, KOTaa
Ucxons u3 (12) u (13), umeem rank(FIAiBZ, i=0k _1) =
N el iad ] * .
M(s)==e" B, + [ B(x)dr. =rank(H, Hy,,H,, HA'B;, i=0,k—1),
0
rue
Urak, Ha ocHOBaHMM paBeHcTBa (11) moiy- _ _
YHM, 4TO /-BEKTOPHAs (PYHKIIHS p(t) ,t=20, yno- 0 0o .. 0
BJICTBOPSIET CUCTEME yIpPaBIICHHUS BUAA 0 0 .. HB
p(t)=4p(t)+(B,+e"" B, + Hy =|.. o o Li=1,2;
) 0 HB, .. HAB,
—As i i
+[e ™ B(s) |dsu(r) (14) s
0 HB. HAB,.. HA" "B,
» 4l
C HAYaJIbHBIM YCJIOBUEM B,=B +e¢""B,.
h —A(s+h) Jloka3aTenbCTBO 3TOM TEOPEMBI aHAJIOTUYHO
p(0)=x,+ I(—e B, + JI0KA3aTeILCTBY TEOPEMEI 3.
0 3akaouyenue. B craThe mokazaHo, UTO
© a(s+r) TPAGKTOPUU JACCKPUNTOPHBIX CHCTEM SIBJISI-
+Je ‘ (t)dr)g(s)ds. IOTCSL PEUICHUSMHU CIEHAIbHO CKOHCTPYH-
h POBaHHBIX CUCTEM OOBIKHOBEHHBIX AU epeH-
SlcHo, uto cuctema (7) SBISETCS MOTHOCTHIO LMaTbHBIX YPaBHCHUH, LISl KOTOPBIX H3BECTHBI
H-ynpansiemoii Torzia u TOJIBKO TOTAa, KOTJa CH- Kkputepuu ynpasnsemocTu. Ilomydensr mapa-
creMa (14) Taxke ABISIETCS MOTHOCTHIO H-ynpas- METPHYECKHE KPHTEPHH H-yNpaBIseMOCTH, TI0JI-
nsiemoid. U3 pe3ynbpraToB paboThI [2] crieayeT, 9To HOH H-ynpaB/isseMOCTH U TOJIHOH YIPaB/IseMOCTH
cucrema (14) sBIsiercs monHOCTBIO H-yrpas- MO0 OTHOLICHHIO K BBIXOJY CHUCTEMBI, 3aMUCaH-
JISEMOM TOTJAa M TOJIBKO TOI/A, KOrJa BBHIITOJIHS- HBIC B TSPMHHaX pemcHUM OIIPCACIIAIONINX
eTcst paBeHCTBO (9). Teopema nokazana. YpaBHEHHH.
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A. M. BoJak
benopycckuii rocyjapcTBEHHBIA TEXHOJIOTHYECKUI YHUBEPCUTET

TOHKOAUCIHEPCHAS CEHAPAIIUA KUJAKOCTH

[porecchl cenaparyy ra30KHIKOCTHBIX IIOTOKOB HMEIOT BAXKHOE 3HAYCHUE ITPH MACCOOOMEHE, BBI-
mapke, peKTH(PHUKAINU, MOKPOH OYUCTKE ra3a, IMPOMBICIOBOI MOATOTOBKE JOOBIBAEMOr0 MPUPOIHOTO
ra3a. Pa3gencHus MHOro(a3HBIX CHCTEM BBICTYIIAIOT COCTABHOMN YaCThI0 MHOTHX TEXHOJIOTUIECKUX TIPO-
IIECCOB B XUMUYECKOM, MUIICBOH, HeQTEXUMUIECKOH, MUKPOOHOIOTHIECCKOM, SHEPTETHUCCKON U IPYTUX
OTpacisaX MPOMBINUICHHOCTH. B 3THX mporieccax onpeaensromuM GakTOPOM SBISCTCS TBIKCHIE YaCTHUI]
B CILJIOLLIHOM ra30Boi cpelie.

B nmaHHOIT paboTe rccenoBaHa THIPOIMHAMIKA 3aKPYICHHOTO ['a30BOT0 TIOTOKA B CEIapaTopax JICMEHT-
HOT'0 THIIa, PACCMOTPEHBI JICHCTBYFOIIHE Ha XHUIKYIO CheprrdecKyro YacTrIry cruibl. CocTaBlicHa MaTeMaTde-
CKast MOJIENb TIPOIIecca Cermapalii B Ta30KUIKOCTHBIX MOTOKAX, MO3BOJITIONIAST OMPEACITh MUHUMATHHBIH
pa3Mep YIIaBIHBACMBIX Kallellb ¢ y4eTOM U3MEHEHHST KOHCTPYKTHBHBIX, TEXHOJIOTHICCKHX U PEOJIOTHYCCKUX
mapamMeTpoB. [1oiTydeHHbIe pe3yIIbTaThl MOTYT OBITh HCITOJB30BaHEI TIPH IMIPOSKTHPOBAHUH CEapaTOPOB.

KaioueBble ciioBa: cerapanusi, 3apr‘-IeHHLII71 FaSO)KPIZ[KOCTHLIfI IIOTOK, ,HeﬁCTByIOHIHC CHJIbI, MaTC-
MaTH4€CKas MOACIIb, MHMHUMAJIbHBII pasMep.

A. M. Volk
Belarusian State Technological University

LIQUID SEPARATION

The separation of gas-liquid flows is important for mass transfer, recovery, distillation, wet gas purifi-
cation, field preparation of produced natural gas. Separations of multiphase systems are an integral part of
many technological processes in the chemical, food, petrochemical, microbiological, energy and other in-
dustries. In these processes, the determining factor is the movement of particles in a continuous gas medium.

In this work, the hydrodynamics of a swirling gas flow in elementary separators is investigated, the
forces acting on a liquid spherical particle are considered. A mathematical model of the separation pro-
cess in gas-liquid flows has been compiled, which allows to determine the minimum size of trapped
drops, taking into account changes in structural, technological and rheological parameters. The obtained
results can be used in the design of separators.

Key words: separation, swirling gas-liquid flow, acting forces, mathematical model, minimum size.

BBenenne. MaccooOMEHHBIE aImapaThl IITH-
POKO MIPUMEHSIOTCS B XUMUYECKOW U HEPTEXUMHU-
gecKkoi mpombinuieHHOCTH. OTHOW W3 OCHOBHBIX
MpoOJIeM JTHX ammapaTtoB SBISETCS KareIbHBIN
YHOC JXHIKOU (ha3sl. MexTapenpdaTslii yHOC CHU-
)kaeT 3(PQPEKTUBHOCTH Maccolepenadn, a YHOC
MeXIly anmapaTamMy HapymiaeT paboTy TeXHOIOTH-
YeCKMX yCTaHOBOK B IIeJIOM. 3a/ia4a MpeIoTBpale-
HUSl YHOCA Karelb )KUIKOCTH C Ta30BbIM IIOTOKOM
aKTyajlbHa TaK)ke TpU BBIMapKe, peKTH(HKanuy,
MOKpPOM OYHCTKE T'a30B, MPOMBICIIOBOM MOATOTOBKE
00BIBAEMOTO TIPUPOTHOTO Ta3za [1].

[IpobiiemMp! yHOCA MOTYT OBITH YCHEITHO pe-
IIeHBI TP UCIIOIH30BAaHUU IEHTPOOEKHBIX cera-
PalMOHHBIX yCTPOUCTB. OCHOBHBIM CHJIOBBIM (DaK-
TOPOM B HUX SIBIISIETCS MHEPIIMOHHAS HIEHTPOOEK-
Hasg CWiIa, 3HAYNATEIHHO IMPEBBIIAIONAS CHILY
TSDKECTH, YTO TPEAOIPEAEIsieT UX BBICOKYIO 3(-
¢exTuBHOCTE. K TOMY k€ OHM KOMITaKTHBI I MEHEe
MeTatoeMKH [2].

Ha puc. 1 cxemaTtuyHo npejcTaBiieHbl HEKOTO-
pBIe KOHCTPYKIIMU amiapaTroB 3JeMEHTHOTO THUIIa,

pa3paboTaHHbIE B bellopycckoM TocyapcTBEHHOM
TEXHOJIOTHYECKOM yYHHBepcurete [3].

= ) o i 7777777 -
| ] |
P N
lpx RN
3 201 1o
e T )
SRS T
= TL4 i/ ,,,,,,, i ,,,,,,, |
a o

Puc. 1. [leHTpoOexHBIC CemapaTopbl HIEMEHTHOTO THIIA:
a — cernapanoHHbIe JIEMEHTHI C OTBOJIOM XKUAKOCTH
yepes 3a30p B BEpXHEW 4acT; 6 — cenapaluoHHbIe
AJIEMEHTHI C OTBOZOM KHKOCTH
4yepe3 LIeJIM CeTYaTOro narpyoka:

1 — matpy06oK; 2 — MHOTOJIOTIACTHBII 3aBUXPUTEIB;

3 — tapenka; 4 — ciMBHas TpyOa;

5 — oTOOMHBIH KOIMAaY0K

Tpyasli BITY Cepus3 Ne 2 2020
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TOHKOAMCI‘IepCHaFI cenapaumg XMAKOCTH

LlenTpoOexHble cemnapupyromue ycTpoicTBa
BKITIOYAIOT LIEHTPOOEKHBIE MAaTPyOKH, yCTaHOBJIEH-
HBIE Ha 0011ei Tapenke. B HIbKHel yacTu oHM cHAO0-
YKEHBI 3aBUXPHUTEIIEM Ia30BOr0 IOTOKA, B BEpPXHEH —
YCTPOMCTBOM JUIS OTJIENICHUs XUaKoi dassl. [len-
TpoOEXHbIE CenapaloHHbIE AIIEMEHTHl paboTaoT
B pPEXHUME BOCXOJSALIETO MPSIMOTOKA. 3aBUXPUTENN
Yarie BCEro BHIOIHIIOTCS JTIONACTHBIMU WU B BHJIE
TaHT€HIUAIbHBIX IPOpe3€il. Y CTpOMCTBA AJIs OTHE-
JICHUS KUIKOCTEH — KONMAavyoK, OOKOBBIE MPOpesHy,
ceTyaTasi IOBEPXHOCTb.

B Tteopernyeckux paboTax uH3IararoTcs BO-
MIPOCHI ABMIKEHUS YaCTHLl B 3aKPYUEHHOM ra30BOM
MOTOKe 0e3 yueTa H3MEHEHHsI CKOPOCTH rasa o pa-
IUYCY 3JIEMEHTa U OPYTUX (akTOPOB, BIUSIOMINX
Ha 3¢ (eKTUBHOCTD cenapauuu [4].

B [5] nan 6onee riryOokuii aHanu3 cuil, AEHCTBY-
IOLIUX Ha KaIUTIo MU IBUKEHUH €€ B 3aKPYUEHHOM
ra30BOM IIOTOKE, OJHAKO peIIeHHE YPaBHEHWH BbI-
MOJIHEHO MPUMEHUTENBHO K IpoleccaM Maccoo0-
MEHa TOJIBKO JUTs KPYMHBIX Kanenb (>0,3 mm).

IIpomeccsl TOHKOHN cemapanuu Hcciael0BaHbI
HeIocTaTO4YHO. Bo3HuKaeT HeoOX0AUMOCTh paciu-
pUTH JMana3oH pa3MepoB HCCIEAYEMBIX YacTHUIL
MIpU Pa3IUYHBIX T€OMETPUUECKUX pa3Mepax cemna-
paTopa Ui ra30KUAKOCTHBIX TOTOKOB C Pa3jiny-
HBIMH CBONCTBaMH, BBITIOJIHUTE pacueT TPAaeKTOpUU
Kareab MaJoro pa3mepa.

[nga uccrenoBaHMs TPOLIECCOB  pa3esIeHUs
MHOTO(a3HBIX TOTOKOB HE00OX0INMO MaTeMaTH4e-
CKO€ MOJETUPOBAHHUE IBUXKEHUS 3aKPYUEHHOTO ra-
30BOr0 NMOTOKAa KaK BHYTPU HEMPOHUIIAEMOIO IH-
JUHApa, TaK U MPH OTTOKE raza Ha MPOHHUIIAEMBIX
noBepxHocTsaX. CreayeT Takke HCCIeloBaTh JIBH-
KEHME KUJKUX YacTHIl B TIOTOKE Ta3a.

MartemaTnyeckass MoAedb M Pe3yJbTAThI
pacuertoB. [IpuHUMaeM, 4TO YaCTUIBI UMEIOT ce-
pHUECKYI0 OpPMY PagHyCcCOM d, THIOTHOCTBIO Px U
Maccoit m. CKoOpocTh 4acTUIBI 0003HaUUM depes3 V,
a CKOpPOCTb Ta30BOr0 MOTOKa — uepe3 W.

Jnga uccnepoBaHus THAPOJUHAMHMKH YCTaHO-
BUBILETOCS ABM)KEHUS 3aKpPY4EHHOTO Ta30BOT0 IO-
TOKa BHYTPU LWIMHJpPA pagnycoM R paccMOTpuUM
ypaBHeHus: HaBre — CTOKca M ypaBHEHHE Hepas-
PBIBHOCTH B IIMJIMHAPUYECKON CUCTEME KOOPIUHAT
r, @, z [6-8]. 114 oceCUMMETPUYHBIX TOTOKOB MIPH-
HumaeM OW /d@=0. Tlpu ABMKCHHH 3aKpydUeH-
HBIX MOTOKOB BHYTPH IIWJIMHApa pajuaibHas co-
CTaBJIAIONIAs CKOPOCTH W, He3HauWTeNbHA M, Kak
MpaBWJIO, B pacyeTax He yduTeiBaercsa. [loaromy
MOXKHO IpuHATE W, =0. [ljid ra3oBbIX NOTOKOB
TaK)Ke HE YUYUTBIBAaeTCs cuiia TsbkecTd. Torma us
ypaBHEHUs HEPa3pbIBHOCTHU CIIEAYET, YTO

.
==0. 1
> (D

DTO 03HaYaeT, YTO MPOGIITH OCEBON COCTABIISIO-
el CKOpPOCTH He M3MEHSETCS 110 [UTMHE IWUTHHApA.

Tpyabli BITY Cepus3 Ne 2 2020

[IpunsTHIE yCIOBUS COOTBETCTBYIOT KOPOTKUM
Tpy0aM U TOITBEPKIAKTCA IKCICPUMEHTAIb-
HBIMH ucchenoBanusimMu [9]. B cBs3u ¢ sTuM

ypaBHeHuss HaBbe — Crokca mnpeoOpa3syroTcs
Kk Buay [10]
P W,
= =p—2, 2
dr P r @)
d’w, 1aW W,
——2__*—y. 3)

dr2 r dr P
3a rpaHUYHBIC YCIOBUS IPUHUMACM

W,=0 mpu r=R, 4)

W,=

S e 5

1 S
— [ Wy 2mdr =2 [widr, (5
0
rae ¥ =r/R.
C y4eToM rpaHU4HBIX YCIOBHI W HETIPEPHIBHO-
CTH IPOQHIIS TTOTYyIUM

3 = 1+r - -
ZW — 7, 0<SF<7 ..
max
Ho= 3 W 1 (©)
S| = |, P SFL],
41-7  \F e
max

riae 7, — 3Hau€HUE 7, COOTBETCTBYIOIIEE MAKCH-
Mymy W

[Toacrasmstst (6) B BeIpaXkeHHE (2) M HHTETpUPYS
MOCJIEIHEE, HAXOUM Pa3HOCTb JABJICHUMN, IEHCTBY-
IOIINX Ha CTEHKY LWJIMHIPA, CO3/IaBaEMBIX 3aKpy-
YEHHBIM ra30BBIM ITOTOKOM:

2

1
W
AP=p[—tdF=
r
_9 1 1 . 72
__ _max . 7
16 rmax max 2 ( )

I[J'DI clry4as HpOHI/IHaeMOfI IMMOBCPXHOCTH, KOr'la

MaKCHMyM  PacrOJIOKEH  JIOCTATOYHO 6nn3Ko
K CTE€HKE IMJIMHAPA, T. €. 7, =1
3= 9 =,
w, =EW¢r, APzng¢. ®)

KacarenpHas cocrapinstomnas W CpeIHei cKo-
pocTu W Tra30BOTO MOTOKA 3aBUCUT oree cpenHepac-
XOJIHOH cocTaByIsiomeil W, B aleMeHTe M yIia 3a-
KPYTKH [} TIOTOKA CTAaTHYECKUM 3aKpyduBaTeieM [6].
MoOXHO IPUHSATH, YTO

W, =W.tgkB, €)]
rae k — K03 PHUIMEHT, yUNTHIBAIONIUN OTKIOHE-

HHUE yTIIa 3aKPYTKH ITOTOKA OT YTJIa HaKJIOHA JIOTIa-
CTel 3aBUXPUTENS.
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AHalm3 3KCIIEPUMEHTATBHBIX JaHHBIX IS IICH-
TPOOEKHBIX 3JIEMEHTOB C JIONACTHBIM 3aBHXPHUTEIIEM,
HUMEIOIIUM YTOJl HaKJIOHA JIONAcTed K TOPU30HTY
B nipenenax 30-45°, naer 3nauenue k =0,83 [6].

PaccMoTpuM OCEBYIO COCTaBISIIOIIYIO 3aKpy-
YEHHOT'O Ta30BOr0 MOTOKA B POHUIIAEMOM LIMJIMH-
JIPUYECKOM 3JIeMEHTe. YpaBHEHHE HEPa3pHIBHOCTH
umeer pemenue W r=const. Ilpu ckopoctu ort-
TOKa Ha NPOHULIAEMOH MOBEpXHOCTU W, paaualb-
Has CKOpoCTb Oyaer W, =W R /r, rpalueHT 1aB-
JIEHHsl TPOTOPLUOHANICH Tepenany IaBICHUs IO
nnuHe OP / dz =—(PF, — P,)/ L v ypaBHEeHHE IPHHU-
MaeT BH]T
W, _1(WR_\aW,__1R-P

ar*  ri v dr uw L
B xadecTBe IrpaHUYHBIX YCIOBUH 331aJUM HY-

JICBYIO CKOPOCTh Ha MMOBEPXHOCTH U CPCIAHIOIO pac-
XOAHYIO CKOPOCTH IIO IMOIIEPEYHOMY CCUCHHIO:

(10)

o | R L
W =0, W, =WJWZ 2rdr = 2[ W_idF. (11)
0 0
O6o3HauuB O.=W R /V, HenocpeICTBEHHbIM
HHTETPUPOBAHHUEM IOy UM

W, =W. (1—fa)+—(3 —H)R (1—2?2 —if“j.
4pLW, 2

C y4eToM KacaTelbHBIX HApsHKeHUH T Ha Ipo-
HunaeMoi nosepxHoctu [10]

— B-P
T = — pp pp :——1 2
|r:R p z'"0 2L

R (12)
MoJry4acTCs Ciaeayrouas 3aBUCUMOCTDb IAJIA 0CEBOI1
COCTaBJ’ISIIOH.IefI 3aKpYUYCHHOI'0 TIa30BOr'0 IIOTOKa
B IIPOHUIIAEMOM HNUJIMHAPE:

W, =W, (l+72—éf‘*j. (13)
2 2

CKOpOCTh OTTOKA CIUIONTHON CPEIBI OMPeaesis-
€TCs CBOMCTBaMU NMPOHUIIAEMOM TOBEPXHOCTH U Tie-
penagom mapienus Ha Hed [11]. [Ipu TypOyneHT-
HOM DEXUMe IBIKEHHUS Cpelbl Yepe3 OTBEPCTHS
B CTCHKE Ha OCHOBaHWMH ypaBHeHHs bepHymmm mo-
JydaeM KBaApaTUIHBINA 3aKoH [12]:

w=vy AL (14)
p

Koaddummenr pacxoma y 3aBHCHT OT CBOKCTB
nponunaeMoit nopepxHoctu. Y. E. Unenbunkom [13]
mpu  00paboTKe AKCHEPUMEHTAIBHBIX JIaHHBIX
monydeHa ¢opMmyiaa 3aBHCUMOCTH Ko3¢duru-
€HTa pacxo/a Y OT OTHOCHUTEIHHOM IIOmaa f

OTBEPCTHUN:

— N2
2 (0,707 -7 +1+f)

Y= fz . (15)

M3meHeHue cpenHeld OCEBOM COCTaBIIAIOLICH

CKOpPOCTHU T'a30BOro 1OTOKa B INPOHUIACMOM 3JIiC-
MCHTC OIIMCHIBACTCA YPABHCHUCM

dWZ :_ZnRszdz :_2Wz & (16)
TR R

B OCHOBHOM IIOTOKE, BHE HOTPAHUYHOIO CJIOS,
WKW B HCOPOHUIACMOM DJJICMCHTE IpPpUHUMAsA CO-
CTaBJISAIONIYIO 7%, PaBHOM HYJIIO, TIOJIyYHM

W, =er+f2j. (17)

JlaHHas 3aBUCUMOCTB COTJIACyeTCsI C pe3yiIbTa-
TaMH, OTMCAaHHBIME B pabdoTe [14].

OpnHoit U3 337124 UCCIIEAOBAaHMS TIPOIIECcca paszie-
JIEHUs] Ta30)KUIKOCTHBIX MTOTOKOB B IIEHTPOOEIKHBIX
AIIEMEHTaX SBIISIETCS OIpeIelIeHHEe TPASKTOPHH JIBH-
JKEHHS Kamellb CeapupyeMOou ®KHUIKOH (a3bl.

PaccmoTpuMm n1BM>KEHHE OJWHOYHON YaCTHIIBI
UAMETPOM @ W MacCOW M B HWIMHAPUYECKOU CH-
cTeMe KoopauHar r, @, z. Ock Oz HarpaBJieHa Bep-
THUKAJIBHO BBEPX I10 OCH CETIapalliOHHOTO 3JIEMEHTA.

Macca yactuiisl OyieT:

m=p - %na. (18)

Ilycts V,, V(p,VZ — paauanbHas, KacarelbHas

M OCeBasi COCTABIIAIONIME CKOPOCTU IBIDKYIIEHCS
YaCTHILI COOTBETCTBEHHO.

YpaBHEHUs JBHXKEHUS OJMHOYHOW YaCTHUIIbI
HMEIOT BH]]

av T
dt r "
m %+2M =F (19)
dt r *
diz =F,+F,

B cocraBneHHy0 cucteMy ypaBHEHHH BXOAMT
CHJIA TSKECTH

F,=mg (20)

U cocTasisomue F, F(P,FZ CHJIBI TUAPOANHAMU-
YEeCKOTO BO3ACHCTBUSI

ﬁ:g.%p\w_ﬁ\(w_ﬁ)m% 1)
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OcTanbHbIe CHJIBI KAaK MUHUMYM Ha TOPSJIOK
MEHBIIIe, 1 MU MOXHO TIpeHeOpeys [15, 16].

Koa¢ddunment conporusnenus chepuyeckoit
YaCTHUIIBI 3aBUCHUT OT 4yucia Pelitnonbaca [17]:

_ 2a‘W—I7‘

\%

Re, (22)

IIpu OBWXEHUM 4YaCTHLBI B BA3KOHW cpene
HaOJI0JA0TCsl JTaMUHAPHBIA, IepeXOAHbIN TypOy-
JICHTHBIA W TYpOYJCHTHBIH PEKUMBI OOTCKAHUS
gactulpl. KoaduIMeHT compoTUBIECHHUS COOT-
BETCTBEHHO OMpeAessieTcs ClIelyIolUMU 3aBUCH-
MOCTSIMU:

24Re;, Re, <2,
{=118,5Re,*®, 2<Re, <500, (23)
0,44, Re, >500.

Pacuer TpaexkTOopMH BHM:KEHUS YACTHIBI.
[TonydeHHbI aHamW3 CHUJI TIO3BOJUJI PACCUUTATH
TPACKTOPHIO JABIKEHUS )KUIKUX YaCTHUI] B TA30BOM
ITOTOKE ¥ OIEHUTH 3P (HEKTHBHOCTH CeITapaIiy.

Cucrema auddepeHITHaIbHBIX ypaBHeHHH (19)
pemanach ¢ HCIOJIb30BaHUEM CTaHAAPTHBIX OTle-
paTopoB CHCTEMBI KOMIBIOTOPHONH MaTeMaTHUKH
Mathcad. CocraBiieHHas mporpamMma Mmo3BoJIsiIa
y4ecTh KaK TeOMeTPHYECKHe MapaMeTphl cema-
paTopoB, Tak W THAPOIWHAMHUYECKHE (AKTOPHI
mpoiecca.

PacueTHbie naHHBIC BRIBOAMINCH B BHIE Tpadu-
KOB ¥ TaOJIuII.

[Ipu pemennn auddepeHTNATBHEIX YpaBHE-
HUI OIpeneisuics MUHUMAaJbHBIM JuaMeTp Ka-
MeJIh, KOTOPBIE MOTYT IOCTUTHYTh CTEHKH Cemapa-
IIMOHHOTO 3JIEMEHTa B 3aBHCHMOCTH OT JHaMeTpa
sneMeHTa D, IIMHBI 3JIeMeHTa L, yrila HakJIoHa JIo-
HacTei 3aBUXpUTENS P, CpeHel pacxoIHOH CKO-
pocTH rasa B dJeMeHTe W _, BA3KOCTH rasa [,
IUIOTHOCTH I'a3a pr U kuakoctu p,. Ilpu Beimonne-
HUW pacdyeToB OBUIH MPHUHATHI CIeAYIONUe 3HaUe-
st D=0,1-0,5m; L=0,3-10m; PB=30%
p, =0,6 kr/m’; w=0,000013 He/m*; p,. =1200 k.

PesympraTe! pemenus ypapHeHui (1) mpemcras-
JIHBI Ha pucC. 2, 3.

3akaouenue. VccnenoBaHo BIUSHUE TEOMET-
pPUYECKHX TTapaMeTpOB CEMapalloOHHOTO JIEMEHTa
1 (PM3UKO-XMMHUYECKMX CBOMCTB JKHIKOCTH W Tas3a
Ha MPUHUMAJBHBIN JHaMeTp yJIaBINBAEMbIX KaIelb.
CornacHo puc. 2, TMaMeTp U JJIMHA CelapaluoH-
HOTO 3JIEMEHTa OKa3bIBAIOT HanOoJee CUIIBHOE BO3-
NeicTBHE Ha pa3Mep Karesb, JOCTUTAIONINX CTEHKH
nmatpyOka. M3 puc. 3 cmeayer, 9T0 yro HaKJIOHA JIO-
MAcTeH U BSI3KOCTh Fa30BOT0 TIOTOKA TAKXKE BIUSIOT
Ha pa3Mep OCaKJaeMbIX Kalelb, B TO BpeMs Kak
CKOPOCTb T'a3a B AJIEMEHTaX, IDIOTHOCTH ra3a v XKH/I-
KOCTH OKa3bIBAIOT HE3HAUNTEIIEHOE BITUSHHE.
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D, m[ 7
0.4 | 6
5
0,3 4
3
0,2 - 2
0,1} / ]
0 L L L L )
0 0,2 0,4 0,6 0,8 L,m
Puc. 2. 3aBUCMIMOCT, MUHUMAIILHOTO THaMETpa
YJIABJIMBAEMBIX Kalelb OT TeOMETPHUYECKUX
pa3sMepoB cenaparoOHHOro 3JICMEHTa!
1 —3 MrM; 2 — 5 MxM; 3 — 7 MKM; 4 — 9 MKM;
5—11 MMm; 6 — 13 MKM; 7 — 25 MKM
&, MKM 5
8
71 4
6L
50
il ;
3t /
2
1L
O L L 1 ]
10 20 30 W . M/c
25 30 35 40 B, rpax
10 20 30 p,MH-c/v?
1 2 3 Pr, KI/M3
800 1100 1400 1700  py, kr/M3

Puc. 3. 3aBuCHMOCTF MHHUMAIIEHOTO JHaMETpa
VIIaBJIMBAEMBIX KalleJh OT Pa3IMIHBIX TapaMETPOB:
I-W,; 2-p,; 3—-psd-P;5-n

HOJIyT-IeHHBIe PE3YIbTAThI MOTYT 6I)ITI) HUCIIOJIb-
30BaHbI JIsI UCCIICIOBAHUS TIPOIIECCOB Pa3JICIICHHUS
IBYX()a3HBIX TOTOKOB B BUXPEBHIX aIlllaparax.

O0o03HaYeHnsl. @ — AUAMETP YaCTUIIBI, M; R —
paauyc MIMHAPA, M; D — quaMmeTp MIIAHIPA, M;
L — J[nvHa UWIMHAPUYECKOrO »JJIEMEHTa, M;
ana F., F, — cOCTaBISIOIIUE CHIIBI THIPOIMHAMMUYC-
ckoro Bo3neiictBus, H; ¢ — yckopeHue cBoOOTHOTO
majeHus, M/c*; m — Macca 4acTHUBI, KT, 7 =7/ R —
Oe3pazMepHas paauaibHas KoopauHaTa, Re — umcino
Pelinonbaca; ¢ — Bpems, c; V(p, V., V. — TanreHun-
aybHAas1, 0CeBas M paTuaiibHast COCTABILIIONIIE CKOPO-
CTH IBWXYIICHCS YaCTHUIIBI COOTBETCTBEHHO, M/C;
W(p, W_, W, — TanreHIUanbHAas1, OCEBasi U PagHallb-
Hasl COCTaBJIAFOINE CKOPOCTH Ia30BOr0 IMOTOKA COOT-
BETCTBEHHO, M/C; W, — cpenHss CKOpOCTh Tasa, M/C;
W,, —KkacaTebHas COCTaBIIIOIAs CPE/IHEH CKOPOCTH
rasa, M/c; AP — nepenayn nasinenus, Ila/m; ¥ — xoag-
(buImeHT pacxofa; f — OTHOCHUTEIbHAS IOl OT-
BEPCTHI IPOHMIIAEMOT0 dieMenTa; 3 —yroi; k —Ko-
spdurment, T = 3,14159... — oTHOIICHNUE IJIMHBI
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OKPYXKHOCTH K JHaMeTpy; { — K03 HUIHeHT co- TOKa ra3a, Kr/M°; p.. — MIOTHOCTh YaCTHIIBI KHI-
NPOTUBIICHUS; L — KOIPPUIUEHT TUHAMHYECKOM KOCTH, KI/M’; T — KacaTelbHble HAMPSKEHHUS,
BaskocTH, H - ¢/M% v — kod>pDHUIUEHT KuHe- H/M?%;, @, 7,z — UMIMHApUYECcKas CHCTEMa KOOp-
MaTHYECKOH BA3KOCTH, M>/C; pr — IIOTHOCTH TIO- JIMHAT.
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A. A. SIkuMeHKo0
benopycckuii rocyjapCcTBEHHBIA TEXHOJIOTHYECKU YHUBEPCUTET

K BOITPOCY O MOJAJIBHOM YIIPABJIEHUN OJITHOM TPEXMEPHOM
CUCTEMOMU HEUTPAJIBHOI'O TUIIA B CJIABOLHUKINYECKOM CJIIYYAE

B cratbe paccMaTpuBaACTCA PCUICHUEC 3a1a9 MOJAJIbHOI'O YIIPABJICHUA JIsd OI[HOf/'I ’I‘peXMCpHOfI CTa-
HHOHapHOﬁ ,HHHaMH‘IGCKOﬁ CHUCTEMBI C 3alla3IbIBaAlOIIIMM apIryMEHTOM HCﬁTpaﬂbHOFO THIIA C OJJTHUM BXO-
JOM U OJHHUM 3ana3JbIBaHWECM I10 COCTOSAHHIO B CHa6OIII/IKHI/I‘leCKOM cjIyydac. Z[aeTCSI OIPCACIICHUE 3a-
JAauyu MOJAJIbHOTO YHPABJICHUSA IJIsL PICCJ'IGI[yeMOﬁ CHCTCEMBI. HpI/I peuicHNA 3TOM 3aa4r NPpUMCHSIIOTCA
JIMHEHHEIC PEryJIsATOPLI 110 TUITY O6paTHOﬁ CBA3H, COACPIKAIINEC KaK HHHCﬁHyIO, TaK U UHTCTPAJIBbHYIO
YacTu. JTU PEryasaATOpPhbl UCHIOJIB3YIOT I/IH(I)OpMaHI/IIO KakK O TCKYHIEM COCTOSAHUU CUCTEMbI, TaK U BEKTOPBI
COCTOSIHUH U HX MPOU3BOAHBIC B NPCAbIAYIINE MOMCHTBI BPEMCHHU. Pel"yﬂﬂTOpBI TNOJIYUCHBI B SIBHOM
(bopMe KaK 3JICMCHTAapHbIC (I)yHKIII/II/I napamMeTpoB HCXOZ[HOﬁ CUCTEMBLI U €€ BEKTOPA COCTOSAHUA. Vxkazan
BUJ XapPAKTCPUCTUHYCCKOI'0 KBA3UIIOJIMHOMA 3aMKHyTOﬁ OTUM PEryaIaTOpOM PICXOZ[HOP'I CHUCTEMBI
HCﬁTpaﬂbHOFO THIIA.

KiroueBble cj10Ba: CUCTEMBI HeﬁTpaIH:HOFO TUIIa, MOJAJIbHOC YIIPABJICHUE, PETYJIATOPEI, 06paTHa$1
CBA3b, 3alla31bIBaAHUC.

A. A. Yakimenka
Belarusian State Technological University

TO THE QUESTION OF MODAL CONTROL FOR ONE
THREE-DIMENSIONAL NEUTRAL TYPE SYSTEM IN WEAKLY CYCLIC CASE

The paper deals with the solution of the modal control problem for a three-dimensional stationary
dynamic system with a delayed argument of a neutral type with one input and one state delay in weakly
cyclic case. The definition of the problem of modal control for the studied system is given. To solve this
problem, linear feedback regulators are used that contain both linear and integral parts. These regulators
use information about the current state of the system, as well as state vectors and their derivatives at
previous times. Regulators are obtained in explicit form as elementary functions of the parameters of the
original system and its state vector. The characteristic quasi-polynomial of the initial neutral type system

closed by this regulator is given.

Key words: neutral type systems, modal control, regulators, feedback control, lag.

Beenenue. 3amada MOJATbHOTO YHPABICHHS
SBJISIETCS] OTHOW U3 OCHOBHBIX 3a/1a4 TEOPHH YIIPaB-
nenus. Takas 3agaya XOpoLIO U3yUYCHA ISl CUCTEM
0e3 3ana3apiBaHus. s cUCTEM ¢ 3ama3AbIBalOLIM
apryMEHTOM U CHCTEM HEWUTpPaNbHOTO THIA pelle-
HHE 3a]1a41 MOAAJIBHOTO YIPABICHUS 3HAYUTEIHHO
cioxkHee. B cratbe nmpousBonutcs o06obmeHne pe-
3yJbTaTOB, MOJYYEHHbIX B [l], HA OHY Tpexmep-
HYIO CUCTEMY HEHTPaJILHOI'O THIA B CIA0OLHMKIIU-
YECKOM CiIydae.

OcHoBHast 4acTbh. PaccMoTpuM JHHEHHYIO
CTallMOHAPHYIO CHUCTEMY C 3ala3[bIBaIOIINM apry-
MEHTOM HEUTPAIBbHOTO THIIA C OHUM BXOAOM H OJI-
HUM 3aIla37bIBaHAEM 110 COCTOSHUIO:

x(t)=Ax(t)+ Ax(t—h)+
+A,%(t—h)+bu(t), t>0, (1)

rne 4,i=0,1,2 — mocrosiHHble 3%3-MaTpHIIbL;
h>0— mocTosiHHOE 3ama3/bIBaHNUE; b — HEHYIIEBOI
3-extop. He orpannumBas OOLIHOCTH, CUMTAEM
b'=[0,0,1] («"» o3HauaeT TpaHCTIOHUPOBAHHUE).

[Ipucoeaunum k cucteme (1) perynsatop Buaa

u(t) = qoox(t +ZZ% (1= jh)+
+jfg'(s)x(t+s)ds, (2)

—h

rae o q; — 3-Bexroper g(s), se[-h, 0] —
HENpEePHIBHAS 3-BEKTOP-(DYHKIUS;

) def i
x(l) (t) d

XapakTepucTUIeCKoe ypaBHeHHE cHCTeMBI (1)
HMMEET CIICIYIOIINI BUI;
det[ 4y + ™ + ke ™ L, | =
3 3 . A
= A L ,—Jhe
=Zz%xe =0, (3)
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rje yncna O.; BBIYMCIAIOTCS KaK QYHKIMHM MaTpHIL
A,i=0,1,2, ByactHoctu O, =det4,, O, =1,
O, =det 4,.

Onpeoénenue 1. Cuctema (1) Oyner MoJaIbHO
yIpaBisieMa peryasaTopoM Buaa (2), ecnu Ans Jio-
ObIX Hamepes 3aJlaHHBIX YHCEI O, [ = 0,1,2,3,
j=0,1,2,3, 04, =1, naiinercs perynstop (2) Ta-
KOH, 4YTO XapaKTepUCTHYECKOE YypaBHEHHUE 3a-
MKHYTOH cuctemsl (1), (2) uMeeT cneayromuii BUa

(cp. ¢ (3)):
det[AO +Ae™ + A e™ L+ bU(k)] =

3 3
S o e =0,

i=0 j=0

rae U(A) — perynsarop (2) B 4acTOTHOMH 06macTy.

PaccMoTpuM erie 0JTHO ompeneneHre MOIaNb-
HOM yIpaBJIsieMOCTH.

Onpeoenenue 2. Cucrema (1) Oymer Mo-
TaTbHO YIIpaBiIsieMa PeryIsaTopoM Buaa (2), eciu
JUTs1 OOBIX HAIEPE 3aaHHbIX uncen o, 1 =0, 1, 2,
J=0,12,0,,=1 04, j=0,1,2, nafinercs pe-
ryasatop (2) Takod, dYTO XapaKTEPUCTHUECKOE
ypaBHeHHE 3aMKHyTOH cuctemsl (1), (2) mMmeeT
CIeNyIoui BUA:

det[AO +Ae™ + A he™ — M, + bU(k)] =

2 2
DTSR

i=0 j=0
X(0tyg + 0ty + ke M + 1) =0,

MoskHO MOKa3aTh, YTO omnpeneieHud 1 u 2 sk-
BHUBAJICHTHBI.
Beenem 3x3-maTpuusl:

A(L) =4+ Ae™ + ke ™,
w () =] A’(\)b, A(\)b, b |, Le C.
PaccMoTpuM c1abOIMKINYECKUH CiTydai:

det W (1) =c(y0 +eikh), (c#0).

ITycts martpura A (X) HMEET  CIIEAYIOLIMI
BUJ;
B+ Ble_M + BzM_M ¢ (Yo +6_M) 0
AO\'): ‘721(7“) azz(}‘) 1=
ay () ay(A)  ay(A)

a, (M) a, (M) 0
as (7“) ay (7“) 1 s
ay (A) an(h) ay(R)
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rae B;,i=0,1,2, c,¥, — HEKOTOpbIE ACHCTBUTEIb-
mple uncna; a; (1), i=1,2,3, j=1,2,3 —ksasuro-
JIHHOMBI:

_ Y oy
a; (A)= ayo +aye +aghe™,

3pech ay € R; k=0,1,2.

Cnenaem B cucteMe (1) 3aMeHY IepeMEHHOH 110
paBUITy

—ay (M) +m(A) —a, (A)+m,(R) 1'

Torna cucrema (1) ¢ HOBO MepeMEHHOM B Ya-
CTOTHOM 00J1aCTH IPUMET BUT

My =A(M)y+bU (L), (4)
rue
3 ay (A) ap(2) 0
A= n(x) my(R) :
by (M) by ()

N (A), M, (A) — dynxumn, onpenensemsle gazee.

PerynsTop Buna (2) B 9acToTHOM obmactu Oy-
JIeM HCKaTh B BHIE

ljl(k)yz(_bﬂ(}\‘)’ _b32(7")5 ns(x)_bn(?‘))y- (5

Torpa matpuua A(?») cuctemsl (4), 3aMKHYTOH
STHM PETyIIATOPOM, IPUMET BUT

3 a;, (7") a; (7") 0
AM)=Im(R) m() 1 | (©
0 0 ()

Bo3mokHbI ABa ciaydasi:

i) Byy, + 1=0,
i) By, + 1#0.
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Teopema 1. B cnyuae i) cuctema (1) MoganbHO
yIpasisieMa peryyisTopoM Bua (2) Toraa u TOJIbKO
toraa, koraa 3, — By, #0.

Mycts ¢ynkuun 1M, (1), N, (A) B (6) umeror
CIEAYIOLIUN BUJL:

2
n(A) Z%{BZ Oy 3, + B3 + 0y, WM B, x

BoB, + B
X(xllﬁz"'zﬁlﬁz_ 03+ 04 + 04f33 + 0 3y + B33 226 4
BB+ By
o3, +2BB,B, + B + 01, BeB3 + 201,08,
+b, BB+ *
. 0Lgof33 + 0Ly By + 0Ly, — 0B + BOR3 Ae M 4+
BoB2+ By
BoB? +010BoBiB, — 0,80+ B3R,
+P, BB B *
OtooBiB, + 0t By + 0y oBY =Y
BoB,t B,

+ (aoo + B +B00‘10)B2)a

, (7\.) _ 0,3, + B3 + 01y, A2

TBBR T
0y B, + BB3 +oyB3 + oy + BBy,
R O 33 he
BoPiB2 + 01oBoP3 + BEB3 + 033
* BB + By *
o3y +00BBy H 0, N
BB, + B,

ITycts M4 (7&) B peryinsaTope (5) uMeeT BUJ

— jAh — jAh
N; (A) = =010 — 0567 — oty ke
Herpynno mpoBeputs, uro peryisrop (5) pe-
mraeT 3agady MOJAIBHOTO YIpaBieHHs OJsl CH-
cTeMsl (4), a peryasTop

UMx=U (AT (X)x

pemaer 3aja4y MOJAILHOTO YIpPAaBJICHUS ISl CH-
ctemsl (1).
Paccmotpum ciyyaii ii). BBeaem 0003HaueHus:

_Bo—= B - ~&h
g—masl—%"'e . (7)

Teopema 2. ]Ins toro, uyrobbl cuctema (1)
B ciIy4ae ii) Obl1a MOJANTbHO yIpaBiisieMa peryJisTo-
poM Buza (2), HEOOXOAUMO W JIOCTATOYHO BHITOJI-
Henus ycnosust 0, #0.

Hycrs dyuxkumn 1, (A), M, () B (6) nmeror
CIEAYIOLIUN BU:

L[ =By— oy + oy,
() __(( 1+ By

2 Wk
Bz_azzjx e+

C

(Bz + 0y, _(xzz'Yo)(Bol-))z +B,)

a —
1+ B,y 2

B 04033Y0 — 0uaBa Y5 + 0aoBoBa s — 04iBoBa Yo _
2
(1+Byv,)

3 o By Yo + BoBy + 0By + By — 0,
(1 + ByYo )2

B, -

__0‘21[5170 + oy + 0,73
(1 +B,Y, )2

_ B, + 0y — 04,5y
1+ B,v,

B, he ™ —

B, + 0y — 045,
1+ B,y

30400P3Y5 + 0By ¥ — 0i5¥o — OuiBoYo + 0 BB Ve
& (1+ By )3

B 30t90B2Y0 = BoBi Yo + 02B3Y3 — 0By Yoe B
3
9, (1 + BzYo)

B —0,, B0 Bzyg + (leBlZYéeiih B
8, (1 + ByYo )3

~ Oyo = BoBiBaYs + 0ty + 2040BeByvo
& (1+ B.Yo )3

B _20‘11[3032% + 20‘12[303273 + O‘mﬁoﬁﬂé B
3, (1 + ByYo )3

~ —0oBoBy Y8 + B+ B + BiBave
8 (1+Byy,)
2o, B + o BB + o, Blrie
8 (1 + ByYo )3
0y Yoe Y + 04, BoBivie ¥ + 0u BB vie ¥
9, (1 + B0 )3

BOB19_M - B(z) -

3 o0, e + 0‘ooﬁze—&h
3
%, (1 + Bz'Yo)
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_ 20t9,Byv0e — o BoBavoe ™ — o BoP3voe ™ B
&, (1 + ByYo )3
3 OlgoBvse " + 0ty B3v5e B
S (1+Byvo )3
O3V +20toB3v0e ¥ +0uoBi Byvoe ¥
8, (1+ By, )3
3 —0, 80337 + 04,,B0B, Vo — 01, BoB. Yo B
8, (1+Byvo )3
=0y By Yoe ™ — 0, BFYRe + 04 oBoB3Y3 3
8, (1+B,vo )3
B Oc10[-))052‘3_@ + alzBlYée_gh B
& (1+Byvo )3
PYoe ™ + Bofye ™ — 0B BB vie ™
8, (1+Byvo )3
3 0, BB B> o + 04,8, B, Yo 3
8, (1+Byvo )3
_ 0,BiBYEe % — 0 BiBaYoe ¥ — 0By Yo ™ _
8, (1 + By )3
3 —BoBiB.Yo + o oByB3Yee ™ — 0837, B
& (1 +Byvo )3

BEB,e ™ —

(1 +ByYo )2

0‘10[32"' Br — 0uyYo— 0 Yo+ Oy + 0B ¥5 ]Bl =V
(1+ Bz'Yo)
_[aloﬁavo ~ 0B + BBt — BBy,
(1+ Byvo )2
anBzYo +BoB; + 0B, + Bl
(1+ Bz'Yo)
4 —0Yo— 00 B Yo + OC121 + 0,,B1 75 ]BO B
(1+B,7,)
_[aozvo + 2B Bty + 0o — By + 200B
& (1+ BzYo)
OﬁozﬁzYé BiBYo — Oﬂuﬁo%%

(1 + BzYo)
+ oy,3,83v5 + 0‘10[31[3270

8 (1+ Bz'Yo)
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+0°12[3132Y0 04,BoB, vge ™ + %1[303270
& (1+ Bz'Yo)
0‘2231 B, vy — 000,858, 5 + 01y, BBy voe ™ B
& (1+ Bz'Yo)
_30oBavee™ + 30, B3v5e S + 0 B3Vie ™
8, (1 + ByYo )3
200, BB B, + 2008, BT — BB+ onBiBty

B —04 3, Y3+ 04,3082 Y3 — 04, BoBy Yo + 0413270 + BofBs +

8, (1+Byy,)’
 0ueBiBa Yo — BB YE — 0By Yo — ClooB3 V5 N
3, (1+ B,Y, )3
BB 0 BB -0 PiB, |
3, (1+Byy,)’

+ 0 3378 + 206,83V — 2040B370 — OooB, oM

& (1 + By )3
| 0t BoBy Yo — 040358, — 0oy ¥5 — 04,BB1 Y +

(1 +ByYo )4
0‘00[-)’1 BzYo o, [327(3) BoBz
(1 + [3270)
+ 0liBy Yo — 0B Y3 +0‘21514Yo — 0B, +
(1 + BzYo)
0622[30[51 B.Ys 'HanoBz'Yo

(1 + [-)’270)

N —0y, BY5 + 204, BoBi Yo + 0BT 'Yo
(1 + 3270)

+ =04 BBy +0,B7Y8 — 003, _El Vg +04037B,Y3 +
(1 + BzYo)
(X'leOBl Yo+ OB B3V — 000530, Yo

(1 + BzYo)

0‘1231 B Yo + 2013, B, Y5 —20B, Bzyo
8 (1+ BzYo)

_i__(xozBoBzYo 201,Bo337 — 201,37 'Yo

& (1+ BzYo)

2“22[3061 7(3) 20,3, 327(3) 0L, BzYo
(1 + Bz'Yo)

0‘01BoBz'Yo"’ 201,BoB375 + 2B3BiB.Yo +

(1 + Bz'Yo)
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+‘BoB%BzY0 aozBoBzYo 0‘1150[313278

8 (1+ BzYO)
_2%132615270 + 200,858, B>V + 040B0B1 B33 +
8, (1+ Bz'Yo)
0612505 B2Y5 + 0, BoP; I32Y3
8, (1+ Bz'Yo)
4 —0uo39B3Y5 — ouoBaBaYs + 0‘21B0l32Y0
& (1+ Bz'Yo)
N —0,,BoB, V5 + 0 BoB, Y ~ 0‘1060[3270
& (1+ Bz'Yo)
+ —0tooPoP3Y5 + 0to1PaP3YE — 2040ByB3 Yo ] e—e M J
51(“'[3270)4 A=)
n, (M) =
_ Bt a0y — BiY — 0aB¥o + aoBo¥E
(1+B,70)°
7 2BuB, — BoB3vo— By + 0By + 06 + 0ot i
(1+ BzYO)
| 0B + 0¥~ 0y — Oy~ OB b By
(1+ Bﬂo)
+ —040P3Y5 — BoP3Y5 — 2BoBaYo — 0o — 2048270 — By +
(1+Byyo )2

04,B Y5 + 0o B3Y5 + amBoYo
8 (1+ Bﬂo)

—QL BZ;YZ
+ 00M2 10

a‘llBOYO 20‘02[-)’273 +0‘125173
(1 + Bz'Yo)
0l 2B3Y5 — 20408, Y0 + 2BB; Yo
(1 + Bz%)
2
+ 0By Yo — 0‘2231 Yo _0‘2230% N
3, (1 + ByYo )3

— Ogo+ GiYo — oo + CuoBiByYE
& (1+ BzYo)
N —0, BBy Yp + 0B By Yo — 04 oBoBa Yo + O‘nBoBzYz
& (1+ BzYo)

oqzﬁoﬁzv% 200,335 + 205,803 — 043y — 5 — B%vo
61(1 + Bﬂo)

e — e

A=¢

Iycts My () B perymsitope (5) umeer Buza

20, 2
+ o2 Y3 —

203
4 0,323

_ —jAh —jAh
N3 (A) ==t — 067" —uzphe ™™

Herpynno mpoBeputs, uto perymnstop (5) pe-
aeT 3a7adyy MOJAJIbHOIO YIIpaBIEHUS IS CH-
cTeMBI (4), a peryisaTop

UM)x=U (AT (X)x

pemaer 3aa4y MOJAILHOTO YIPABICHUS JUIS CU-
cremsl (1).

3akaouenue. Takum 00pa3oM, IMMOITyYEHHBIC
PETYISTOPHI PEIIAIOT 33/1a9y MOJAITLHOTO YIIpaBJie-
HUSI JUTS paccMaTprUBaeMOW CUCTEMBI B CIIa0OIIHK-
JIMYECKOM cITydae.
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H. I1. Mo:xei
Benopycckuii rocy1apcTBEHHBI YHHUBEPCUTET HHPOPMATUKH U PATUOIITCKTPOHUKH

JUHEWHBIE AJITEEPHI JIU HA YETBIPEXMEPHOM ITPOCTPAHCTBE

HccnenoBanne MUHEHHBIX Tpym JIu conpspkeHO, ¢ OHOW CTOPOHEI, ¢ OoJee o0Iiel 3a1adeit n3y4de-
HUSI TIPOM3BOJIBHBIX JIMHEWHBIX IPYIII, C APYTOi CTOPOHBI, IMHEHHBIE TPpyMIIb! JIM TeCHO cBsA3aHbI C anre0-
pandeckumMu rpynmnamiu. Llens paboTs! — ormicaHne ¢ TOYHOCTBIO JI0 COTPSHKEHHOCTH HoAare0p anreOpsl
JIn gl(4, C). OnpeneneHsl OCHOBHBIE TIOHATHSA: JIMHEWHas1 anredpa Jlu, pazgenstomas anredpa Jlu, pas-
Jerstronasi 000J104Ka, aBTOCONPSDKEHHE, CIIEHalbHOE aBTOCONpsDKEHHE, mopanreopa Jlesu — Kaprana,
JIMHEHHBIH HIIbpaanKal, nojanredpa Mansnesa. [IpuBeneH anropuT™ KiaccUpUKaK pasIessoux
anredp JIu ¢ TaHHBIM JTMHEHHBIM HIJIBPAJIMKAJIOM, 3 UMEHHO: CHayajla CTPOMTCSI HOPMaJIN3aTop HUIIb-
MIOTEHTHOM NoaaireOpsl, fanee GUKCUpyercst HeKoTopas nopairedpa MablieBa HOpMaIn3aTopa v CTpo-
uTcs pazzaenstomas anredpa JIn, HoToM, ¢ TOYHOCTBIO JI0 CONPSKEHHOCTH, OIMCHIBAIOTCS ITOJaIreOphl al-
reOpbl MasblieBa, SBISFOLIMECS peIyKTHBHBIMU, ¥ BHIIUCHIBAIOTCS Pa3/eisIoIIie ojanreopsl. 3aTeM pe-
mraeTcsl 3ajava KiaccM(uKanuy Hepas[eisolnX JIMHeHHbIX anreOp JIu ¢ jmaHHOM pasnerstroreit
000s104K0i. C MPUMEHEHNEM THX aITOPUTMOB IIPOBEJICHO B SIBHOM BHJIE ONMCAaHKE JIMHEHHBIX anreOp JIu
Ha YETBIPEXMEPHOM IIPOCTPAHCTBE. AJITOPUTMBI, IPUBEIECHHBIE B pab0Te, MOTYT OBITh KOMIIBIOTEPH30BAHbI
1 HCTIONIb30BAHBI JUISl PELICHNS aHAJIOTHYHBIX 33/1a4 B OOJIBIINX pa3MEpHOCTSIX.

KnioueBsie c10Ba: HUIBIIOTEHTHBIN SHI0MOPGH3M, TMHEHHAs rpynna JIu, anrebpa Jlu, pasneinsio-
mast anredpa Jlu.

N. P. Mozhey
Belarusian State University of Informatics and Radioelectronics

LINEAR LIE ALGEBRAS IN FOUR-DIMENSIONAL SPACE

The study of linear Lie groups is connected, on the one hand, with the more general problem of
studying arbitrary linear groups, on the other hand, linear Lie groups are closely connected with algebraic
groups. The purpose of the work is a description up to conjugacy of subalgebras of a Lie algebra gl(4, C).
The basic concepts are defined — linear Lie algebra, dividing Lie algebra, dividing cover, auto-conjuga-
tion, special auto-conjugation, Levi — Cartan subalgebra, linear nilradical, Maltsev’s subalgebra. The
classification algorithm for dividing Lie algebras with a given linear nilradical is presented, namely: first,
the normalizer of the nilpotent subalgebra is constructed, then a certain Maltsev’s subalgebra of norma-
lizer is fixed and a dividing Lie algebra is constructed, then, up to conjugacy, the subalgebras of the
Maltsev’s algebra that are reductive are described and written out dividing subalgebras. Then the problem
of classifying non-dividing linear Lie algebras with a given dividing cover is solved. Using these algo-
rithms, an explicit description of linear Lie algebras on four-dimensional space is carried out. The algo-
rithms described in the work can be computerized and used to solve similar problems in large dimensions.

Key words: nilpotent endomorphism, linear Lie group, Lie algebra, dividing Lie algebra.

Beenenune. lccnenoBaHue JIMHEHHBIX TPy
JIn conpspxeHo ¢ Oonee obmieit 3anadeil M3y4eHus
MPOU3BOJIBHBIX THHEHHBIX TPYIII, O TAKUX TPYIINax
cMm., Hampumep, [1, 2]. Jluneitasle Tpymnmer Jlu
TaKXe TECHO CBS3aHBI C alreOpanyecKUMH TPYII-
namu Hax nomsMu R u C. TloganreOper anreOpebl
JIu gl(4,C), cocrosiue W3 HIIBIIOTEHTHBIX
3HA0MOP(GHU3MOB, OITUCAHBI aBTOPOM B padote [3].
Henpio qanHON paOOTHI ABIISIECTCS OMMMCAHKUE JTFOOBIX
nonpanredp anreop Jlu gl(4, P), tne P=R nmm C,
C TOYHOCTBIO JIO COMPSKEHHOCTH.

OcHoBHasi yacth. [lycts V' — ¢ukcupoBaHHOE
KOHEYHOMEPHOE BEKTOPHOE IIPOCTPAHCTBO HAJI ITOJIEM
HyJIEBOM XapakTepucTHKH. HamoMHum, 4yTo mopan-
reOpbl anreopsl JIu gl(}) Ha3BIBAIOTCS JUHEUHbIMU
aneeopamu Jlu. Jluneitnaa anre6pa Jlu HaspiBaeTCs
pasoenaioujeti, €CIi OHa COIEPKHUT MOIYIPOCTYIO

Tpyabl BITY Cepns 3 Ne 2 2020

U HWIBIOTCHTHYIO KOMIIOHCHTBI Ka>XZI0I'0 CBOCTO
aneMeHTa [4]. Pazdensioweili 060104K01 TAHSHHON
anreOpbl JIn g Ha3pIBaeTCS MUHUMAITbHAS pa3zeis-
romas TuHeiHas anredpa Jlu, comepkamas g, oHa
obo3nauaercs kak e(g) [4].

I'pynma GL(V) neiictByer Ha anrebope Jlu
gl(V) npu oMoty ee aBTOMOP(HU3MOB:

Px=¢-x ¢,

rne 0 GL(V) n xegl(V). Ecom n — Hub-
MOTEHTHBIN HIOMOP(QU3M MPOCTpaHCTBA V, TO

(expadn)(x) = (expn)-x-(exp(—n)) = (expn).x

s Bcex xe€ gl(V). Ecnm g — nuHeitHas anreOpa
Ju (1. e. g gl(V)), To 371€MEHTHI TPYTIITHI

A(g)=1{oe GL(V)|9.g= g}
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HA30BEM  A6MOCONpsdICeHUsIMU  TAHEHHOW — anreOpbl
Ju g. Ecnim v — pamukan anreOpst JIu g, To aBTO-
comnpsbkeHust Bunia expn (ne€[g,t]) Ha3bIBAIOTCS che-
yuanstvivy. OHE 00pa3yroT HOATPYIITY rpyrmbl A(g).

ITyctes s — momanredpa JleBu anre6psr Jlu g
u h — nonanrebpa Kaprana anreOpot Jlu Z (s).
[Mopanrebpa q=s@0 Ha3bBaeTcs nodaneedOpou
Jlesu — Kapmana anre6pst Jlu g.

Jlemma 1. [lycme g — aunetinas pasoensowas
aneedpa Jlu; M — mHosicecmeo nodaneebp ancebpvl
Jlu g, peoykmusnvix ¢ gl(V') u Oononnumenvuvix
6 g Kk udeany n=n,(g), u Q — MHONICECMEO
nooaneedp Jlesu — Kapmana aneebpol Jlu g. Toeoa:

(i) Cywecmsyem 63aUMHO  OOHO3HAYHOE
coomeemcmaue medxncoy muodxcecmeamu M u Q.

Ecru meM; m=s®t (s=[m,m] u t —
yeump aneeopul Jlu m), mo

1=2, (5)(®
nooaneedpa
us®he Q.

Eciu qe Q; q=s®bh u o) — mroocecmso
NOYNPOCMbIX IHOOMOPGhU3MO8, Nedxncawux 8 by, mo
s®@oh)e M.

(i) Ipynna cneyuanvbHbiXx asMOCONPAHCEHUU
aneeopvl Jlu g oOeiicmeyem na mmuodcecmee M
MPaH3UMUBHO.

HeiictBurenpHo, B ciydae (i) mycte me M
num=s5®t rme s — momanredpa JleBn anreOpsl
Jlu g u t — MakCUMAaJIbHBIA 3JIEMEHT MHOXECTBA
KOMMYTATHBHBIX MTOJAITEOp pamukaia t anreOphbl
Jlm g, cocrosmuX H3 TOIYMPOCTHIX IHIOMOP-
¢usmos. SIcHo, uto Z (5) C v, TaK KaK

Kapmana — anceopor  Jlu  Z (5)

9=[5,9]®Z (5)=5sD[s,t]DZ (5);
t=[5,t]®(Z,(s)Nt) u
dimZ (s)=dim(Z,(s)Nr) u tc Z (s).

I[TostoMmy t — MakcUMalbHBI 3JIEMEHT
MHOXECTBA KOMMYTaTHUBHBEIX TOIANTe0p anreOphl
Ju Z (s), cOCTOSAMMX M3 TMOIYHNPOCTHIX 3HIO-
mopdusmos. Ilopanrebpa Z (s) sBisiercst pas-
nemsronieii u s @ he Q.

OO0parHo, niycte qe Q u q=s®h, tne s —
nomanrebpa Jlern anrebpsl JIn g u ) — moganredpa
Kaprana anreOpst JIn Z (s). Hoxanre6pa b smisercs
pasnersttouieii [4] u Z (s) =h+[Z (s), Z,(s)]. Ecim
¢o(h) — MHOXKECTBO TMOIYIPOCTHIX JHIOMOPhH3-
MOB, Jexaiwx B h, to Z (5)=¢o(h) ®n, (Z ().
N3 rtoro, uro t=Z(s)®[s,x]=Z (s)+n u
n,(Z,(s))cn, cuenyer, uro t=@(h)dn. Hrax,
¢(h) — MaKCHUMaNbHBIA JIEMEHT MHOXECTBA KOM-
MYTaTHBHBIX IOJare0p paaukaia v aredpst JIu g,
COCTOSIIIUX W3 TOJYMPOCTBIX DHIOMOP(PHU3IMOB, U
[5,0(h)]={0}. IToatomy s@ @(h)e M. Iloctpoen-
HOE COOTBETCTBUE OyJIET B3aMMHO OJJHO3HAUHBIM.

B cnydae (ii) rpynma crneuuanbHBIX aBTO-
Mopdu3MoB anredpsl JIu g neiicTByeT Ha MHO-
)KecTBe () TPaH3UTUBHO [4].

HanomuuM, uto uean n=n,(g) Ha3bIBacTCsI
JIUHENHbIM HUTbPAOUKAIOM PA3IEISIONIEH anreOpsl
Jlu g, asneMeHTH MHOXKECTBa M — nodaneebpamu
Manvyesa pazaensromeii anredpsl JIu g.

Jemma 2. Ilycmo g — nunetinas pazoensowas
aneebpa Jlu; n — ee nuneliHblll HUTLPAOUKAL U T —
ee nooaneeopa Manvyesa. Toeoa:

(i) Echu a — nooaneebpa anceopuvl Jlu g, pe-
oyxmusHas ¢ gl(V'), mo cywecmeyem cneyuaivroe
asmoconpsicenue aneeopuvl Jlu g, nepegoosujee a
6 HeKOmopyio nooaneedpy 6 m.

(i) m sAe1AeMCA MAKCUMATLHLIM JJIeMEHMOM
MHOJICecmea nooaneedp aneebpvl Jlu g, peoyk-
muenwix 6 gl(V).

HeticTBuTeNnbHO, paccMoTpuM cirydaii (i). [lycts
b=a+n, Torna b — paznensomas nogaimredpa [4].
[lepeceuenne aMn  sSBISETCS  HUIBIIOTEHTHBIM
uneasioM anreOpel Jlu a, cocTosiMM W3 HUJIb-
MOTEHTHBIX 3HIOMOPp(U3MOB. VI3 peayKTHBHOCTH o B
gl(V) cnenyer ann=1{0} u b=a®n. [loaromy
0TOOpaXCHHE MPOEKTHPOBAHHUS ¢ Ha m Tapaj-
JenpHO n 3ajgaeT uzomopdusm anredp Jlu a wu
a’=mnb. Ilyctb x — DIEMEHT LEHTpa peayK-
TUBHOM anreOpbl JIu @ U x=y+2z, A€ yem u
zen. Torma x — momynpoctodd SHIOMOPGU3M; U
€CITM MBI JIOK&KEeM, YTO ) TaKXKe SBISETCS HOy-
IPOCTHIM 3HAOMOP(U3MOM, TO TEM CaMbIM MBI J0-
KaXeM pelyKTUBHOCTH mopanreOpsl a’ B gl(V).
JelicTBUTENBHO, DIIEMEHT X U, CJIeJOBaTeNbHO,
9JIEMEHT Y JieKaT B panukane aiaredpst Jlu b, ko-
TOPBIA  SABJSIETCS  pa3feNsome moaaareopou.
[MomanreOpa m Takxke sIBISICTCS pa3Aeisromei [4].
[losToMy HHJIBIIOTEHTHAS] KOMIIOHEHTa 3JIEMEHTa )
nexut B n, (B)nm=nnm={0}. Utak, a u a’ —
nozpanreOpsl MaiblieBa paszaensionieii anreopst JIn b.
Crie1oBaTesbHO, a MEPEBOAUTCS B ¢ TIPH TIOMOILH
HEKOTOPOTO CIENUATLHOTO aBTOCOMIPSKECHUsI aJire-
Opel JIu b, KoTOpOE aBTOMAaTHYECKHU SIBIISIETCSI CIIe-
MaIbHBIM aBTOCONPsDKEHNEM anreOpsl Jlu g.

VYrBepxkaenue (ii) sIBISETCS HEMOCPEICTBEH-
HBIM CJIEJICTBHEM YTBepkaeHH (1).

Jemma 3. Eciu b — nodaneebpa aneedpol Jlu g,
cooepacawas ee kommymarm Dg=[g,g], mo nodar-
eeopvl h+m u h+n aeraromes pasdenrsouumu.

HelicTBUTenbHO, MycTh XEh+m U x=s+n —
paznoxenue JKopaaHa sHaomopdusMa x. Mpl goka-
3a]l, YTO CYLIECTBYET TaKOE CHELUABHOE aBTO-
conpspkenue [ anreOpel Jlu g, uro f.se m. U3
Toro, uto f.se€ s+Dgcs+h, cnenyer s€h+m.
[Noatomy nomanredpa b+ m SBISETCS pazaeNSrOLIeH.

Iycts h'=h+n u m"=m b Us toro, uto h
siBIIsieTcsl uueanoM anreopel Jlu g, ciemyer, 4To
m’ sBisercs uneanom anreOpsl Jlu m. Ecim t —
ueHTp anre6psl Jlu m, 1o m Nt sABiIseTCS paguKa-
oM anre6psl JIu m’, COCTOANMM U3 MOy POCTHIX
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’

sHnomop¢pusmoB. [losromy moganreOper m
ubh'=m'®n aeusarorcs Ppa3aesSIOIUMU.

Jlemma 4. Ilycmo g — qunetinas pazoensiouas
ancedpa Jlu, n — ee nunelinbli HUNLPAOUKAL U T —
ee nooaneebpa Manvyesa. Ecnu nooaneebpour m,
u m, aneebpvr JIu m conpsdicenvl npu NOMOUU
epynnvl A(g), MO OHU CONPSHCEHBI NOCPEOCHBOM
epynnut A(g,m) = A(g) N A(m).

JelicTBUTenbHO, IycTh Q@< A(g) U @.m, =m,.
Torga m, c@.m. Penee ObUIO NOKa3aHO, 4YTO
CYIIECTBYET Takoe X€ n, 4to (expx).(@.m)=m.
IMockonbky (expx).m, =expadx(m,)cm, ®n, T0
(expx).m, c (m, ®n)Nm=m,. CrenoBaTeibHO,
(expx)-0€ A(g,m) u ((expx)-@)m, =m,.

3adukcupyeM HEKOTOPYIO JHMHEHHYIO anreopy
Jlu n, cocroduly0 W3 HUIBIIOTEHTHBIX 3HJO-
MopdusmoB. Hopmanuzarop N(n) moganreOpsl n
B gl(V) sBnsercs pasgensiomed momanreOpoi.
3adukcupyeM HEKOTOpYI mojanreopy Masnbiie-
Ba m anreops! Jlu N(n)wu monoxkum g=m@n.
ScHo, yTO g sABiISAETCS pasfensdmomel anredpoi
JIn, n — ee NMHEHHBIM HWJIbPAIUKAIOM U M — €€
nonanreOpoir Mansuesa. Bee paspenstomue ai-
reOprl JIn yka3aHHOTO BHAA COMPSKEHBI anreope
JIm g, Tak KaK cHenHalbHble aBTOCOMPSKEHUS
anreOpsl JIu N(n) coxpaHSIOT naean n.

YrBepxnenne 1. (i) Jlobas pazdensowasn
anzcedpa Jlu ¢ MuHelnHbIM HUTLPAOUKALIOM W CONpSi-
Jrcena Hexomopou pazdenaoweli aneeope Jlu g ¢
nooaneebpou Manvyesa m =g m.

(ii) Ilycme m, u m, — nooancedpul ancebpvl
Jlu m, pedykmusnvie ¢ gl(V). Toeda onsi moeo,
umobul ancebpa Jlu g, =m, ®n 6vra conpsicena
ancebpe Jlu g, =m, ®n, Heobxooumo u docma-
mouno, umobvl nooancebpa MW, nepesoOUNACt 8
nooaneebpy m, npu nomowu epynnel A(g, m).

Paccmotpum ciryyaii (i). [lycts g' — pasnensttomas
anreOpa JIu ¢ JMHEWHBIM HUIbPAIUKaJIOM n H
noanre6poii MassiieBa m’. Torjia CyliecTByeT Takoe
crenuaibHoe camocomnpsbkenue f anredpsl Jln
N(n), uro fm'cm. Uz toro, uro f.n=n,
cnemyer,uto g= f.g'cgum= fm’ =gNnm.

B cinyuae (ii) mycte @€ GL(V) u @.9,=4g,,
Torjga @m=n M Haligercs Takoe WYe A(g,),
yro Y.(@.m,)=m,. ScHo, uTo Y- @ A(N(n),n),
(V-9).9, =g, u (y-¢).m, =m,. Ilosropsisi pac-
CYXIIE€HHs, IPUBECHHBIE BBIIIE, BEIOMPAEM TaKOe
xen,(N(n)), uro ((expx)-y-@).m=m, 1 3ame-
gaeM, uTo (expx)m,=m,, (expx)n=n,
(expx)-y-@€ A(g,m) u ((expx) Y- @).m=m,.

Utak, anroput™ kiaccuuKaluy pasgensio-
mux anredop JIu ¢ JaHHBIM JIMHEWHBIM HUWIbpa-
JUKaJIOM 1 BBINJIAMUT CIAEAYIOIUM 00pa3oM:

— cTpoutcst HopManmzatop N(n) nmomanreOpsl n
B gl(V);

— ¢uKcHupyeTcs HekoTopas nojanredpa Manb-
ueBa m anreOpsl Jlu N(n) u crpoutcs pasznens-
totas anrebpa JIu g=m @ n;

Tpyabl BITY Cepns 3 Ne 2 2020

— C TOYHOCTBIO 10 CONPSHKEHHOCTH OTHOCUTEIIEHO
rpymnimsl A(g, m) ONUCBHIBAOTCA MOJAIreOpsl m , al-
reopel Jlu m, penykruBHble B gl()), W BBINKCHI-
BAIOTCS Pa3/IeNSIOIHE ofareopsl g, = m, @ n.

YrBep:ikaenue 2. [lycmov g — aunetinas pas-
densowasn areedopa Jlu; n — ee AuHeNHbll HUTb-
paouxan;, m — ee nooaneeopa Manvyesa u ) — ne-
xomopas nooaneeopa aneeopvl Jlu g. Toeoa ons
moeo, umodbwl e(h)=g, Heobxooumo u odocma-
MOYHO, YMOoObl GLINOIHANUCL CIEOVIOWUe VYCI08USA!
1.Dgch; 2.h+m=g; 3.h+n=g.

JleficTBUTENBPHO, MOKaKeM HEOOXOAUMOCTb.
Ecimu g = e(h), To BBIMOIHACTCA yCnoBue 1, a moja-
reOpel h+m u h+n ABIAIOTCS Pa3aCNAIONIMMU.
[T03TOMY BBIMOTHSIOTCS YCIOBUS 2 1 3.

JoctatouHOoCTh. [TpeAnonokum, 4To BHIMTOTHEHBI
yenoBust 1-3. Ilycte n' — nUMHEWHBIM HUIbpaguKal
anre6pei JIu e(h). fAcHo,uto e(h) c g u e(h)+n=g.
Iostomy m'cg; [n,m]cDgnncelh)nncn'
(tak kak e(h) Nn  ABISETCS HUIBIIOTCHTHBIM
uneasioM B e(h)), COCTOSAIIMM M3 HUIBIIOTCHTHBIX
sHmoMoppmsmoB) u [n', g]=[n'e(h)]+[n',n]cn"
Crnenosarensro, n'cn u n'=e(h) Nn. [ycts m” —
noganredpa MaibrieBa anreOpet JIu e(h), Torma
dimm’=dimm wu m Nn={0} (mocKombKy
m’ NN SBISETCS HWILIIOTEHTHBIM UIEAIOM B M/,
COCTOSIIIUM W3 HWIBIOTEHTHBIX JHIOMOP(U3MOB).
CrnenosarensHo, m’ sBiseTcs nopamreOpoii Maib-
nesa anredpel JIm g. Ilyctb x — Takoll HUIBIIO-
TEHTHBIN SHH0MOpdM3M M3 Dg, uto (expx).m’ =m.
Torma xe b, (expx).e(h)=e(h) u m ce(h). U3 yc-
noBust 2 crenyer, uto g = e(h)+m = e(h).

Ilycts a=g/Dg n p:g— a — KaHOHUYECKAs
cioppekuus. ['pynma A(g) ecTeCTBEHHBIM 00-
pa3oMm JeiCTBYeT B MPOCTPAHCTBE a. IIpu 3TOM
OTpaHHYEHHUE ITOTO ACUCTBHS HA MOATPYIIIY CIie-
[UANTBHBIX aBTOCOMpPSDKeHUN anredpsr Jlu g
TPUBHAIBHO.

CaencrBue. (i) Cywecmeyem 63aUMHO OOHO-
3HAUHOE COOMBEMCMEUe MeHCOy MHOICECHBOM
nodaneeop b ancebper Jlu g, Onx Komopwvix
e(h)=g, u muooxcecmeom noonpocmparncme U
npocmpancmea a, 0as komopwvix U+ p(m)=a
u U+pm)y=a. Ilpu smom coomeemcmeuu
b pbh); U p' (U).

(ii) Ecnu b, u b, — makue nooanzebpul ancebpoi
JIu g, umo e(h,)=g u e(h,) =g, mo nodancebpul
b, u b, conpssicenvr Opye opyey mozoa u monwbko
moeoa, Koz0a Ccoomeemcmeyrwue UM Nnoo-
npocmpancmea p(h,) u p(h,) compsacenvr opye
opyey omuocumenvho Oeticmaus epynnsl A(g, m).

JIeACTBUTENBHO, NIEPBOE YTBEPIKICHUE OUEBUHO.
Ecmn o GL(V) u @b, =bh,, 10 @< A(g). Ocranocs
3aMeTUTh, 4T0 @ = (eXp(—X))-Y 1 HEKOTOPOro
HUWIBIIOTEHTHOTO 3HIOMophusMa xe€ Dgch, N,
(takoro, uto (exp x).(@.m)=m) u ye A(g,m).

Wrtak, 3amaua Kiaccu(pUKauy Hepas3aeIsroux
nuHeHHBIX anreOp JIu ¢ pazaenstoniei 000I0uKol g
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CBOAMTCS K KJIACCH()UKAMH TOANPOCTPAHCTB
Uca, Ttakux, uro U=#a, U+p(m)=a u
U + p(n) =a, c TOYHOCTHIO JI0 CONMPSKEHHOCTHU OT-
HOCHUTEJILHO JIeiicTBUS rpynmbl A(g, m).

3ameuanue. Eciu t — yenmp aneedpor Jlu m,
mo p(m)= p(t). Uz smoeo, 6 uacmuocmu, cie-
dyem, umo a = p(t)® p(n).

Yr1Bepxkaenune 3. [lycmv g — nuneiinas aneedpa
Jlu, L — mmoocecmso nooancebp ancebpvl Jlu g,
peoykmusuvix 6 gl(V), u M — muoosicecmseo ma-
KCUMATIbHLIX  dlemMenmos 6 MHodcecmee L. Tozoa
SPYNNA CReYUaIbHbIX A8MOCONpsidicenuti aneeopol JIu g
deticmgyem Ha MHodcecmee M  mpan3umugHo.

JelictButenpHO, ycTh m  — mojairedpa Mab-
1ieBa pasnensttonei anreopet JIu e(g); s=[m,m] u
t —uentp anredpst JIu m, Torna s  [e(g),e(g)] C g,
gNm=5®(gNt) u gNt sBIIETCT pPaTUKAIOM
anreOpsl JIu g m, COCTOSIIMM W3 MOJYNPOCTHIX
sHnomopdusmoB. CnenoparenbHo, gme L. Ecim
gnmcm’eM u m, — noganrebpa Manbiesa
anrebpsl JIu e(g), comepkamas m’, TO U3 PaBEHCTB
e(g)=g+m, e(g)=g+m, udimm=dimm, cie-
ayer dim(gnm)=dim(gnm,) u gNnm=
=gnmeM (tak kak gNnmcm'cm, wu
m’'cgnm,). Obpatso, ecnu m'e M u m -
noganreOpa ManbueBa anredopsl  Jlu  e(g),
comepxamas m’, To m’=gNm.

Ilycts s — nopanrebpa JleBn U t — pagukan ai-
reOpe1 JIn g, Torma e(t) siBisieTcst pa3permMbIM Hea-
siom anreOpbl JIn e(g) ne(g) = e(s @ e(r)) = s D e(v),
T. . e(t) spuserca pamukaioMm aaredpel Jlu e(g).
CrnienoBatenbHO, HUJIBIIOTEHTHBIE paIuKaIbI anreop Jlu
g 1 e(g) coBnazmaroT. OcTanoch 3aMeTUTb, 4TO TPyIIa
CIielMaJIbHBIX aBTOCOMpsDKEHMI anreOpbl JIn g cos-
MagaeT ¢ TPYNIOH CleNUabHBIX aBTOCONPSHKEHUN
anreOps1 JIu e(g), KoTOpast TpaH3UTHUBHO ACHCTBYET Ha
MHOKeCTBe nozianireop MasbiieBa anreopst JIu e(g).

[MponuttocTpupyeM BhILIECKa3aHHOE Ha MpH-
mepe. Ilycte nc gl(4, C) — nomanredpa, cocrto-
A1as U3 HUJIBIIOTEHTHBIX 3JIEMEHTOB!

z

0 -y

x,y,z€ Cp.

S O O
S O O =
=R

0
0
0

B kauectBe mpumepa TmpHUBeAEM KJacCH-
¢ukanuio noganredp B gl(4,C), mis KOTOPBIX
JTUHEHHBIN HUJIbpaJUKaI pa3jensionieii 000I109Ku
conaznaer ¢ n. Mmeem
u+v  w p q

0 xX+u y r
0 z —x+u s

0 0 0 -V

N(n)=

X, V,Z,u,v,W, p,q,r,s€ C

Kak HetpynHo npoBeputs, noganreodpa

2u+v 0 0 0
0 xX+u y 0
0 z —x+u O
0 0 0 -V

=1
Il

x,y,z,u,ve C

penyktuBHa B gl(4, C) u momomuurensHa B N(n)
K 1, (N(n)). Takum oOpa3om, oHa sBIIETCS MOJAT-
rebpoit Manbuesa anredpst Jlu N(n). IIpu stom
anrebpa JIu g=m @ n umeer BUA

2u+v  —w p q

0 xX+u y p
9= 0 z  —x+u w
0 0 0 -V

x,y,z,u,v,w, p,q€ C

I'pynna A(g,m) usomoppua GL(2, C)xC" u

det(4)-a 0
. Ae GL(2,0C),
A(g,m)= 0 A 0 N .
aecC
0 0 a'

Anre6pa JIu m wsomopdua sl(2,C)@C>.
I'pymma A(g, M) IelCTBYET COMpsHKEHUEM dJIEMEH-
tamu u3 GL(2,C) na xommnonenry s((2,C) u tpu-
BuanbHa Ha C°,

OnuceiBass Bce momanreOpsl m C m, peayk-
tuBHble B 5(4, C), moiydaem, 4T0 HCKOMBIE pa3-
JIEJSIONTHE TIOHaNTredpel g=m @ n  COnpsHKEHB
OJHOU U TOJBKO OJTHOM U3 CIEAYIOLIUX:

0 —x y z
. 0 0 0 y

0 0 0 x

0 0 0 O

X -y z u
5 0 0 0 =z

0 0 0 vy

0 0 0 —x
2+AM)x -y u

()
[e)

S =% O N
<
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p p p pocTp
2N+ W)x — z u 3ameuanune. OmHouleHue CONPANCEHHOCMU
A+ y P
0 (1+M)x 0 B nooaneebp A61AEMCsL OMHOULEHUEM IKGUBAIEHMHOCU
4. Ha MHOJICecmee napamempos A u [L. Omo omHoute-
0 0 (-1+Mx y HUe IKGUBAICHMHOCIU UMeen 6U0: Ol Nooaieeopvl
0 0 0 —x noo nomepom 4 — (A, W)~ (A, —), 100 Home-
pom 5— (A, W) ~ (A, W), n00 Homepom 6 — A ~ —\.
IMepeiinem k kIaccuGuKanuy Hepa3ACSIONINX
M+ Q2+wy -z u v noxanreOp ) ¢ maHHOU paszpenstomnieii 000109KOH
5 0 x+y 0 u g=m®n u3 nepeyncIcHHbIX Bbime. [ 3TOro
: 0 0 —x+y Z TpeOyeTcs omucarh Takue COOCTBEHHBIC TMOJI-
or npoctpanctBa U B a=g/Dg, uto U+ p(n)=
0 0 0 —AX -y =U + p(m)=a, ¢ TOYHOCTHIO JIO TPyIILl A(g, m)
(cnencTBHE YTBEPIKACHUS 2).
20 + —z u y 3aMeTHM, YTO IS TIOAAITeOphl IO HoMepoM |
y
0 (1+2)x 0 " umeeM p(m) =0, a s noganreOp 1Mo HoMepamu 2,
6. 6—12 Bemomnnsercs ycnosue n C Dy, T.¢. p(n)=0.
0 0 -1+M)x  z Takum oOpazom, it momanredp C yKa3aHHBIMA
0 0 0 —y HOMEpaMH HE CYIIECTBYET HEPa3ICHSIONUX MOIa-
re0p C TaHHOM pa3zesroIIei 000I0UKOM.
B kadecTBe mpuMepa pacCMOTPHM paselis-
2x+y -z u v IOLIYI0 noganredpy mox Homepom 3. Ecin A #—1,
0 x 0 u To nC Dg u p(n)=0. CrenoBarenpHo, JOCTATOY-
7. 0 0 x = HO OTPaHMYHUTHCA ciiydaeM, korma A =—1. Toraa
0 0 0 -y 000 x
D 0000 C
_ = X€
2y+z U Y w 9 000 0
8. 0 x+y 0 v 00 0 0
0 0 -x+y u
0 0 0 -z U BeIOepeM B a Gaszuc {v,,v,,v,}, rue
0 —u W x —z y 0
0 x O
9 0 x y v XV, +yv, +zvy = 4 + Dy,
1o —x u 0 0 x z
x,y,z€ C.
@+Mu = w o p Torma p(m)=(v), p(n)=(v,,v).
10 0 X+u y w HeTpyaHo mpoBepuTs, 9TO
' 0 z —x+u v
0 0 0 o det(4)-a 'B d
0 A C
u —-v. . w p A(g,m) = 0 0 a
T 0 x y w Ae GL(22,C), ae C,
10 —x v B,CeC? deC
0 0 0 -u
B BriOpanHom 6asuce {v,,v,,v,} IpOCTpaHCT-
YUty —w » q Ba a jelicTBue rpynmbl A(g,m) HHAYIHMPYET Clie-
0 iy JYIOIIYIO TPYIITY MPeoOpa3oBaHMiA:
12, yoor
0 z  —x+u w 1 0 .
Ae GL(2,C), ac C ;.
0 0 0 -V 0 a-4
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Venoue U+ p(m)=a  o3HayaeT, YTO (I+A)x+y -y z u
dimU =2, a ycnoBue U+ p(n)=a Bieder
dimU A p(n)=1. 51, 0 (1+A)x+y 0 4
ITpu mefictBun rpynnsl A(g, m) BCIKOE Takoe 0 0 A—Dx+y y
MOATIPOCTPAaHCTBO U CONpSKEHO MOAIPOCTPAHCT- 0 0 0 A=Dx+y
By BHOa (V,, v, +V;). CoOTBeTCTByIOLIas MoJai- X+y -y . »
-1
reopa h=p~ (U): s 0 x+y 0 B
X —x y z o 0 0 A=y ¥
0 x 0 y 0 0 0 x-y
h= x,y,z€ Cp.
0 0 x x AHajorHYHBIM 00pa3oM MOTYT OBITH pac-
0 0 0 x CMOTpEHBl BCE€ OCTAaBIIMECS CIydad U IOJIyueHa

knaccudukanys mogaiareop B g4, C).
3akiouenue. [IpuBeneH anroputM Kiaccugpu-
Kalliu pa3eNsromux anreop JIn ¢ maHHsIM JTHHEH-
HBIM HIJTBPAANKAJIOM, a UIMEHHO: CHa4Yaja CTPOUTCS
HOPMAJIM3aTOp HWIBIIOTEHTHOH MoJanreOpsl, nanee
(ukcupyercss HeKoTopas monmaiaredpa Mabiesa
-x y z HOpMaJIM3aTopa M CTPOWTCS pa3zaessromas anreopa
JIn, moTOM, C TOYHOCTHIO [0 COTMPSHKEHHOCTH, OTIH-
CBIBAIOTCS TTONANTEOPHI anreOpsl MablieBa, sIBIISIO-
IIMeCs] PeXyKTUBHBIMA, W BBHIITUCHIBAIOTCS Pa3Ies-
OIIMe ToMaTeOphl. 3aTeM permraeTcs 3amada Kirac-
cubUKaIy Hepa3AeIIoNINX JTHHEHHBIX anreOp Jlu
(1+X)x —x y z C JaHHOW pazzersuouiel obonoukoi. C mpumeHe-
HUEM 3THX aJITOPUTMOB OIMHCAHBI C TOYHOCTBHIO IO
0 (1+M)x 0 y compspKeHHOCTH moaanreopsl anredpsl JIu gl(4, C).
0 0 (=14 N)x ¥ ) AJNTOpPUTMBI, TIpUBENICHHBIE B paboOTe, MOTYT OBITh
KOMITBIOTEPHU30BaHbI M UCTIOIb30BAHbI [T PELICHUS
0 0 0 (-1+2A)x AHAIOTWIHBIX 337124 B OOJIBIIAX PAa3MEPHOCTSIX.

Crryqan 4 11 5 paccMaTpuBarOTCS aHAJIOTHYIHO.

OKOHYATENBEHO MONyYaeM, YTO BCE HCKOMBIC
Hepas3IeIsIIoNTIe TTo1anTeOpsl ) COmpsHKEHBI OTHOM
Y TOJILKO OJTHOW U3 CIEeIYFOIIHX IMOoaanreop:

X
0
0

3.1.

S O O =
oS v O
= R <
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DOUSUKA

YIAK 531.19; 538.911

N. . HapkeBuy, E. B. ®apadonroBa, A. A. KyJjemu, A. A. Porau
benopycckuii rocyjapcTBEHHbBIH TEXHOJIOTHYECKUI YHUBEPCUTET

PEHIEHUE MOJIUN®PULNPOBAHHOI'O UHTEI'PAJIBHOI'O YPABHEHUS
JJIs1 HOTEHIUAJIOB CPEJHUX CUJI 1 PACYET ITAPAMETPOB
®A30BbIX IEPEXO/JIOB B TETEPOI'EHHBIX CUCTEMAX,
COAEPKAIUX KPUCTANIMYECKUE HAHOYACTHUILbI

B pabore ucnonb3yercs paHee NoJIydeHHas 3aMKHYTasi CHCTEMa CTaTUCTUYECKUX ypaBHeHH U Qop-
MyJI, ONpEeAeNsIoas CTPYKTyPHbIE U TEPMOAMHAMUYECKUE XapaKTEPUCTUKH HEOJHOPOIHBIX, B UACTHO-
CTH, TETePOTCHHBIX MOJICKYJIPHBIX cricTeM. OHa IMoirydeHa B paMKax ABYXYPOBHEBOTO CTATUCTHYECKOTO
METO/1a, KOTOPBIX SIBIAETCS CHMONO30M METO/1a KOPPEIATUBHBIX (yHKuni boromobosa — bopra — ['pu-
Ha — Kupksyna — MBona (BBI'’KU), MeTosa ycinoBHBIX KOppensaTHBHBIX GyHKIMH PorTa n MeTona tep-
MOJMHAMHYECKUX (YHKIIHOHAIOB IFIOTHOCTH.

B nByXypOBHEBOM CTATUCTHUECKOM METOJIE€ ONMUCAHHE PABHOBECHBIX CBOICTB OCYIECTBISETCA C
TTOMOIIBIO TIOTEHIIHATIOB CPETHUX CHII, KOTOPBIE BCICACTBHE HEOTHOPOJHOCTH MOJECKYIISIPHBIX CHCTEM
SBISIFOTCSL (DYHKIIMOHAIAMH HCKOMOTO TOJISI IFIOTHOCTU. DTO T0JIE 33/1a€TCs [OJIEM YHCeIT 3arOTHeHUS
MOJIEKYJIAMU MUKPOSYCEK, KOTOPBIC IPUHAICKAT KoopauHamoHHbIM cepam ['LIK pemretku, ucmosnb-
3yeMOM IIpH OMHMCAHUU CBOWCTB IMPOCTHIX MOJEKYJISAPHBIX cucTeM. [Ipu cTaTucTHYECKOM ONMUCAHUH Te-
TEPOTEHHBIX CHCTEM, COMIEPKAIINX HAHOYACTHIIBL, IIEHTPHI KOOPINHAIIMOHHBIX c()ep COBIIATAIOT C IICH-
TpoM chepruecKoil KPUCTATHIeCKOH HAHOYACTHIIBI, HAXOSIICHCS B TEPMOIUHAMHYIECKOM PaBHOBE-
CHH C OKpY’Karoliei ee (IIonaHoN cpeoi ()KUIKOoit 1100 ra30BOi).

B nanHO# paboTe ¢ NMOMOIIBIO paHee pa3pabOTaHHOW MOAEPHU3UPOBAHHOI KOMIIBIOTEPHOH IpO-
rpaMMBI pelIeHa MOoIHas CUCTEMa IPeoOpa3o0BaHHBIX HHTETPAJBHBIX U alreOpandecKux ypaBHEHUH 1
TeTePOTCHHOM CHCTEMBI, COACpKallell KPUCTAIUIMYECKYI0 HAHOYACTHILY BHYTPH (DIFOMIHOW Cpembl.
[o pe3ynpTaTraM pacdeToB MOCTPOEHBI H30TEPMBI CBOOOAHON SHEPTHH OJXHOPOTHON MOJEKYJISIPHOU CH-
CTEMBI B IIIUPOKOI 0071aCTH MOJNIEKYIAPHBIX 00HEMOB, BKIFOYAONIEH 007aCTH CyIIeCTBOBAHHS KPUCTAI-
JIMYECKOTO0, JKUJIKOTO ¥ Ta3000pa3HOro coctostuuii BemectBa. C MX MOMOUIBIO YUCIEHHO-TEOMETpHYe-
CKUM METOJIOM pellIeHa 33/1a4a [0 ONPEETICHUI0 TEPMOIMHAMHUECKHX ITapaMeTpoB (a30BbIX IIEPEX0/I0B
KPHUCTAJUT — Ta3, KPUCTAIUT — JKAIKOCTh H KAIKOCTh — ra3 MPH COOTBETCTBYIOIINX TemIiiepaTtypax. [1o-
cTpoeHHas (azoBas AuarpaMma MpOCThIX BEIIECTB MTO3BOJMT MPUCTYIHUTh K pacyeTaM Mo ONpeIeICHHIO
MOJIEH MJIOTHOCTHU B Me)K(l)aSH])lX o6nacmx IrE€TEPOrcHHbIX CUCTEM U B 3a/ladax aﬂcop6uym Ha INIOCKHUX U
chepUIeCKUX MOBEPXHOCTSX.

KuroueBnie cj10Ba: 1ByXypOBHEBBII CTaTUCTUUECKUN METOJ, IOTEHLIUAN CPEJHUX CHUJI, TETePOreH-
Hasl CUCTeMa, HAHOYaCTHIa, (ha30BbIi mepexon, (hazoBas ruarpamma.

I. I. Narkevich, E. V. Farafontova, A. A. Kulesh, A. A. Rogach
Belarusian State Technological University

SOLUTION OF THE MODIFIED INTEGRAL EQUATION
FOR POTENTIALS OF AVERAGE FORCES AND CALCULATION
OF PHASE TRANSITION PARAMETERS IN HETEROGENEOUS SYSTEMS
CONTAINING CRYSTALLINE NANOPARTICLES

The paper uses a closed system of statistical equations and formulas that determines the structural
and thermodynamic characteristics of heterogeneous, in particular, heterogeneous molecular systems.
It has been obtained using the two-level statistical method, which is a symbiosis of the Bogolyubov —
Born — Green — Kirkwood — Ivon (BBGKI) method of correlation, the Rott conditional distribution
method, and the density thermodynamic functionals method.

In the two-level statistical method, the description of equilibrium properties is carried out using po-
tential of average forces, which, due to the heterogeneity of molecular systems, are functionals of the
desired density field. This field is specified by the field of numbers of filling with molecules of microcells
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that belong to the coordination spheres of the FCC lattice used to describe the properties of simple mo-
lecular systems. In the statistical description of heterogeneous systems containing nanoparticles, the cen-
ters of the coordination spheres coincide with the center of a spherical crystalline nanoparticle, which is
in thermodynamic equilibrium with its surrounding fluid medium (liquid or gas).

In this work, we have solved the complete system of transformed integral and algebraic equations for
a heterogeneous system containing a crystalline nanoparticle inside a fluid medium, using the previously
developed modernized computer program. Based on the calculation results, free energy isotherms of a ho-
mogeneous molecular system are constructed in a wide range of molecular volumes, which contain regions
of the existence of crystalline, liquid and gaseous states of matter. With their help, the problem of determi-
ning the thermodynamic parameters of the crystal — gas, crystal — liquid, and liquid — gas phase transitions
at the corresponding temperatures has been solved. The constructed phase diagram of simple substances
will allow us to start the calculations to determine the density fields in the interfacial regions of heterogene-
ous systems and in the problems of adsorption on flat and spherical surfaces.

Key words: two-level statistical method, potential of average forces, heterogeneous system, nano-

particle, phase transition, phase diagram.

Brenenue. Panee B padotax [1, 2] Obuia omy0-
JIMKOBaHa CTaTUCTHUYECKas TEOPHS U METOIUKA pac-
YeTa CTPYKTYPHBIX M TEPMOJAMHAMHUYECKUX Xapak-
TEPUCTUK KPUCTAUTMYECKUX HAHOYACTHI] Pa3HBIX
pa3MepoB C UCTIOIb30BAHUEM JIBYXYPOBHEBOIO CTa-
TUCTHYECKOTO METO/a, MOAPOOHO HM3JI0KEHHOTO B
MoHorpaduu [3]. OH Oa3upyercst Ha MCHOIbB30Ba-
HUU METOJa KOppEeIITHBHBIX (yHKIMI boroimto-
6oBa — bopna — I'puna — KupkByma — HMBona
(BBI'KH), meTona ycnoBHBIX pacipenenenuii Por-
Ta [4] 1 MeTola TEPMOJUHAMUYECKUX MOTEHLIHA-
JIOB, KOTOpBIE B CIIy4ae HEOJAHOPOAHBIX CUCTEM SIB-
TSI0TCA (PYHKIMOHATAMHU TOJSI TIIOTHOCTH CPEefbl.
JIByXypOBHEBBIM  MOJIEKYJISIPHO-CTATUCTUUECKUI
MOJIXOJ] peaTn3yeT y4eT HEOAHOPOAHOT O pacipese-
JICHUSI YU CeJl 3alI0THEHUS 1; MUKpOsdeek 00beMaMu
o (i=1,2,..., M), Ha KOTOpBIEC B COOTBETCTBUU C
OCHOBHOM HJeeil MeToJa YCIOBHBIX pacmperene-
Huii JI. A. PoTTa MBICIIEHHO pa3/iesieH Bech 00beM
CHCTEMBI. DTH SYEHKHU B ciiydae (IIOUAHBIX (TEKy-
YHX) cpell 00pa3yloT TMIOTETHYECKYI0 KPUCTaIU-
YeCKyI0 peleTKy, a ux ¢opma u pa3mepsl B o0a-
CTM KpHCTajula TMpEeTepHeBalOT CYyIIECTBEHHbBIE
M3MEHEHUS BOJM3M TPaHUI] KPUCTAJUIMYSCKUX Ha-
HOYACTHII, T.€. HaONIoJaeTcsi MPOCTPaHCTBEHHAS
penakcanusi pealbHOM KpHUCTaNIM4eCKOM peleT-
ku. JInd omMcaHUsA TakUX CHCTEM HCIOJIb3yeTcs
F11-npubnmxenne, yauThIBaroliee MHOKECTBO HaH-
OoJiee BEPOSATHBIX COCTOSHHH KOHICHCHPOBAHHOM
cUCTEeMBI 3 N MOJIEKy] B 00beMe V, T1e B Kax ol
MHUKpOSTYEHKE MOXKET COICPKaThCsl He 0oJiee OAHOM
gacTulpl. KomudecTBo Mukposueek M mpeBbIIacT
gucio N yacTtuil B 00beMe V, T03TOMy HEKOTOphIE
MUKpPOSTYEHKHU C ONpEeIEHHONH BEPOSITHOCTBIO MO-
T'yT OBITh BaKaHTHBIMU. B pesynpTare mone pacmpe-
JIETIEHUs] YMCeIl 3allOoJIHEHUs sYeeK 1Mo o0beMy Ha-
HOYACTHIIBI U OKPY’KaIOIIeH cpeabl OTpa)kaeT HEO-
HOPOJHOCTH paclpeAesicHUs! INIOTHOCTH B 00beMe
reTepOreHHON CHCTEMBI.

B 1ByXypOBHEBOM CTaTUCTHYECKOM METOJIE TI0-
Jie TUIOTHOCTH B CHCTEME C HaHOYacTUIAMH 3afa-
€TCsl COOTBETCTBYIOIIMM I10JIEM YHCEN 3allOJTHEHUS

s4YeeK, MPUHAIISKAIINX KOOPIMHALMOHHBIM cde-
pam ¢ HOMepamu p (p = 1,2, ..., P), oOpa3yrommx
chepuuecKyr0 KpPHUCTAUIMYECKYI0 HAHOYACTUIY H
OKpY’KaloIlyo ee (QIronaHyo, T. €. KUAKYI0 00
ra3oByto, cpeny. LleHTp xoopAMHAIIMOHHEIX cdep
COBIIAIaET C LEHTPOM Cc(epruIecKOi HAHOUYACTHLIBI.

OcHOBHasl TPyJIHOCTh NMPAKTHYECKOH peanu3a-
UM 3TOTO MOJXO0JA CBA3AaHA C TEM, YTO (PYHKIHO-
HaJl CBOOOJHON 3HEPrUM HEOIHOPOIAHOM CHCTEMBI
3aBUCUT OT MCKOMOTO MPO(MIS TIIOTHOCTH Yepes3
MOTEHIUAJIBI CPEHUX CUIT Q;;, KOTOPBIE MOKHO pac-
CUMTATh TOJBKO YUCIEHHO B pE3yJIbTaTe pEIICHUs
CJIOKHOM CHCTEMBl MHTETPAIBHBIX YpPaBHEHM.
YcpeaHeHne NapHOro MEKMOJIEKYIISIPHOTO IOTEH-
muana Jlennapa-/xonca ®(r) B mommudummpo-
BAaHHOM HHTETPAJIbHOM YPaBHEHUH IIPOBOIUTCS C
MIOMOIIIBI0 BCIIOMOTATEIbHON YHApHOW (QYHKIUH

g
pacipeneneHus F),, Koropas UMEeT YETKO BbIpa-

JKCHHYIO JIOKATHU3aIUI0 B OKPECTHOCTH Y3JIOB pe-
HIETKA B KPUCTAUIMYECKOM COCTOSHUU [5, 6].
B cBsi3u ¢ 3TUM MakpoCTpyKTypa chepudeckoi
KPHCTATMYECKON HAHOYACTHIIBI ¢ HEOTHOPOIHBIM
pamuanbHBIM TPOGHIEM TIOTHOCTH OIMCHIBAETCS
JUCKPETHBIMA HA0OpaMW YHUCeN 3allOoHECHUS 1, U
panuycoB b, chep oObeMaMu V;, BHYTPH KOTOPBIX
BCIIOMOTaTeJIbHBIC YHAPHBIC (DYHKIIUU ﬁ“ pacmpe-

JeNICHHs] CYUTAIOTCS TOCTOSIHHBIME. AHATOTHYHBIN
MPUEM HCTIONB3YETCS M MPU OMUCAHUM CTPYKTYPHI
¢mongHo# cpenpl. [loaTOMy HCKOMBIE TOTCHIHU-
QIIBI CPETHUX CHIT (7 OKA3BIBAIOTCS 3aBUCSIIIMH OT
3HAYeHHUH YHCe 11, U PaninycoB b, cdep B sUeHKax,
HEHTPHl KOTOPBIX IPUHAUICKAT COOTBETCTBYIO-
UM KOOPJHMHAIMOHHBIM cepaM B 00beMe HaHO-
YaCTHIBI U OKpY>Karolei ee cpeanl. B cBs3u ¢ aTum
BCE HMCXOJHBIC CTaTUCTUYECKUE YPaBHEHHS YIIPO-
HIAIOTCS, T. €. MOJU(PHIUPYIOTCS TaK, YTOOBI TO-
SIBIJIACh BO3MO)KHOCTb OCYIIIECTBUTH UX YHCICHHOE
pElIeHHE C HCTIOJIB30BAaHUEM CHCTEMBI KOMITBIOTEP-
HOTO IpoeKkTupoBanus Mathcad.
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OcHoBHasi 4acThb. /{711 OTHOKOMIIOHEHTHOMU
CUCTEMBI C BAaKaHCHAMHU HCXOOHOC HMHTETPAJIBHOC
ypaBHEHHE i1 TOTEHUHUAIOB CPEIHUX CHJI

0,(g;» {n,}) nmeer cnenyrommii Bun [7, 8]:

fy(qla{n;})— . f(“)(q,-a{nz})Jr

av

n;
+;f;'j {n}. (1)
n

i
3nech n)’ — ABYXbAYECUHBIC YMCIA 3ALONHEHHS

BCEBO3MOJKHBIX Map sueeK 00beMaMu ®; U j, KOTO-
pBIE ONpPENENAOT BEPOSTHOCTh HAXOXICHUS 4Ya-
CTHLBI COPTa [l B AYEHKE ®; ¥ YaCTHUIBI COPTA V B
siueiike o; (W, v = a, v; UHAEKC @ UCTIONb3YyeTCs A
pealbHBIX MOJIEKYJI MJIM aTOMOB, a UHAEKC V — IJIs
BaKaHTHBIX SUEEK, B KOTOPHIX HAXOAATCS (PUKTUB-
HbIE€ YaCTUIbl, KOTOpPBbIE HE B3aUMOJEHUCTBYIOT
MeXIy co00ii U ¢ pealTbHBIMK MOJIeKyIamMu). OyHK-

wionan £, (G, 4n}) =exp{-Bg; (g, {n,})}. a xo-
(qla{nl}) u

fij {n,} HaxondTCs B pe3ynbTaTe YCPEAHECHUS, BbI-

MOJTHUTENbHBIE  (PYHKIIMOHAJIBI f

MIOJIHSIEMOI'O € IOMOLIBIO BCIIOMOTaTENbHBIX HOP-
MHUpPOBaHHBIX Ha €IWHUIY YHApPHBIX (QYHKIHUN

ﬁl'*l((}j) u 13’1*1 (g;) coorserctBenno (B=1/6 - 06-

patHas Oe3pa3MepHas reMmneparypa, 0 = k7):

f(a)(éi’ )=
= [expf-Bo (G- )} £ @aa, @)

Sy} = [exp{-Bo, G 0 D} F(G)dd,,  (3)

M
exXp _B z O (éia {nl}) déi
k#i,j

F\(@)= : @
Iexp Bz (pzk (q19 {n]}) dqz

k#i,j

rae @(‘qi —(,j/.‘) — MapHBIA MEXMOJIEKYJISPHBIN I10-

teHuuan Jlennapa-/l»oHca, omuChHIBaIOIINN B3au-
MOJICHCTBHS ABYX PEaNbHBIX YacTull (aTOMOB JINOO
MOJICKYJT), HAXOISIIIUXCS B ABYX Pa3HBIX SUCHKAX C

HOMepaMu i U j (¢, U §; — pajmyCc-BEKTOPbI ITHX

YaCTHII).

B unTerpansHbix ypaBHeHusx (1) uncia 3amon-
HEHUS BCEBO3MOJKHBIX Map SYEEK OIMPEACIISIOTCS
CJIEIYIOLIUMU COOTHOIICHUAMH [7]:
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gy =n =g {n )

=y =4, 1]+

+\/[(nl. —n;)4, —1]2 +4n,(1-n,)4, } (6)

=/;"{n} -1, ()
Sy = j [ nDE(G)dd,. (8)

s (bmnqecxnx c000pakeHu# SICHO, ¥ 3TO MOJ-
TBEpP)KIAeTCcs CTPYKTypoil ypaBHeHuit (1), uto B
CBA3M C KOPOTKOAEMCTBYIOIIMM MEXMOJIEKYJISp-

HBIM IIOTCHIIAAJIOM <I)(|(,},.—qj|) BCE IIOTECHLUAJIBI

CpeIHHX CHJ () B HEOJIHOPOJHOW Cpene JOJDKHBI
HanboJiee CUIIBHO 3aBUCETh OT IUIOTHOCTH B OJTH-
KalIMX —sueikaxX, OKPYKAMOMIUX BbIICICHHYIO
napy s4eeK ; U (. B CBS3M ¢ 3THM JOCTAaTOYHO
YYeCTb 3aBUCHMOCTh MOTEHIMANOB @, (g, {7,})

TOJIBKO OT YHCEIl 3aIlOJTHEHUS B AYeiKax o, (), a B
YHCJIEHHBIX pacdeTax MPH BBHIMOJHEHHH CYMMHPO-
BaHUS 0 k#1i,j B Gopmyne (4) MOXHO OrpaHu-
YUTHCA BKIIAZAMH OT B3aMMOJCHCTBUS C TYeHKaMH,
MIPUHAUICKAIAMH TIEPBEIM TPEM KOHIIEHTpHYE-
CKHM KOOpAWHANMOHHEIM chepam ([ = 1, 2, 3) ¢
LEHTPAMU B IIEHTPE STYCHKH (.

Y4uuTteIBas BBIIIECKa3aHHOE, BBITIUIIIEM BCE CO-
OTHOIIECHUSI W ypaBHEHUs, 00pa3yomue 3aMKHY-
TYI0 CHCTEMY MOIM(UIIMPOBAHHBIX HHTETPATBHBIX
n anreOpamdecknx ypaBHeHHHA. Bce dopmynsr u
ypaBHEHUS J1ajiee 3alricaHbl B 6e3pasMepHOM BUAE,
KOTJIla TEOMETPHUYECKHE pa3Mephl ONperesieHbl B
eMHALIAX JIMHEHHOTO TMapaMerpa © MOTEHIHaa
Jlennapn-JI>xoHca, a Bce BEJIMUMHBI, UMEIOITUE pa3-
MEPHOCTh SHEPTHH, HAWACHBI B €IWHUIIAX DHEpre-
TUYECKOT0 TTapaMeTpa € ITOTO e MOTEeHIHAIIA.

IIpuauMas BO BHHWMaHHWE BBIIICH3IOKEHHOE,
MOAH(UIIMPOBAHHOE WHTETPATbHOE YpaBHEHUE
JUTSL TIOTEHIIMAJIOB CPEIHUX CHJI HEOTHOPOIHON
O/THOKOMITOHEHTHON CHCTEMBI MPHOOpeTaeT cie-
nmyromuid Bug [7]:

fij(pisb/)znjgi/( pl]ab) (a)(pi’bj)+
+(1=n,g; (b, 03N f;" (B, Py b)) (9)

By (pr.b))
3necey f;(p;,b;)=e CtPeh) g 9,(p;,b,) —noren-

LHaJl CPEeIHEH CUJIbL, ACHCTBYIOIUNA HA MOJEKYITY
B siueliKe (); CO CTOPOHBI MOJICKYJIbI, PABHOMEPHO
pacnpeneneHHON BHYTpH cepsl panuyca b; o0be-
MOM V; BHYTpH YK (; P; — Oe3pa3smMepHoe pac-
CTOSTHUE OT MOJEKYJBI B 00beMe V; JI0 IICHTpa
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o0BeMa Vj; gij — aHaJIoT pafuaabHOW (PYHKIHMH IS
reTepOreHHOM CHUCTEMBI, MBICIIEHHO pa3/eIeHHON
Ha MUKpOSYEHKH, oOpasylomiie KpHucTalInde-
CKYI0 pemeTKy (peaqpHyl0o B O0OBbeMe HaHOYA-
CTHI[BI ¥ THIIOTETHYECKYIO B 00bEME OKpYXKaroIIei
ee QIIIOUIHON Cpeibl):

g = L on,=n,—n" (10)

ij i ij>

1
B, =(n, _”‘/)_I’ Ay =

Yy

3 (bspysby) =1, (1)

" =0,58,+0,5/B; +4n,(1-n,) 4", (12)

rae p; — Oe3pasMepHOE PacCTOSIHUE MEXKIy IICH-
TpaMu 0OBEMOB V; H V; B TYEHKaX () U () COOTBET-

CTBEHHO.
DyHKIIMOHAIBI

(a)(pz’b) n (a)(bt’py’b)

OIpEACTAOTCA CICAYIOMMMU BbIPAKCHUAMMU:

£y =— [ ™ ay  (13)
V.

Jv;

f<“>(bl,p,,,b>——f S0 b, (14)

l v;

OyHKUHUOHANBI SHTPOIUU S, BHyTPEHHEN 3HEP-
run U 1 cBoOogHOM 3Hepruu F cpepudeckoit HaHO-
YaCTHULBI M OKpYXKarowlen ee (GparonIHol cpepl pac-
CUUTBHIBAIOTCA 10 CIEAYIOIUM (hopMyam:

,
Stn,}==>"Z,(n,Inn, +(1-n,)In(l—n,)+
p=l1

J
2,
j=1

J#p

U{np}:ZZpZ(n

J#p

n,g,ng,) (15)

gpjll"(bpﬁ VIR bj))3 (16)

Fin,}=U{n,}—05{n,}. (17)

3nech Z, — 4icio y3710B, IPUHAICKAINX KOOPAU-
HAIMOHHOM cdepe ¢ HoMepoM p; J = 42 — 9ucino y3-
JIOB, TNPUHAUIEKAIIMX TPEM KOOPIUHALUOHHBIM
cepaMm ¢ LEHTpaMH, COBHAJAIOIIUMH C LIEHTPOM
STYEHKH (), TIO y371aM KOTOPBIX BBIOJIHAETCS CyM-
MupoBaHue B ypaBHeHUsX (15), (16);

f(p,“)(pl,b)j " gy g,

—Ba
JJe
v,

V(b p,.b) =" (18)

q"*q"‘)dujdui

3mecn

B (7 -4,) o

[@@e™ v,
(19)

(a)(pﬂb )_

J. efﬁq)(‘?ff‘?/‘)du

Vj

g penieHus cuCTeMbl HHTETPAIbHBIX M all-
rebpanveckux ypasHenui (9)—(19) mia rerepo-
T€HHOM CHCTEMBI, COCTOSILIEW HU3 OJHOPOLHOU
KPUCTAIINYECKONH HAaHOYACTHILBI M OKpY’KaloUlei
ee (IIOUAHON cpenbl, MpOBeaeHa MOJEPHU3AIIHS
KOMIIBIOTEPHOH MpOrpaMMBbl, KoTopas paspabo-
TaHa C HUCIOJb30BAaHUEM CHCTEMBI KOMIIBIOTEP-
HOTro mpoekThupoBaHus Mathcad.

B xauecTBe 1epBoro 1mara BEINOJIHEHbI PACUETh
M0 YHCJIIEHHOMY TOCTPOEHHIO W30TEPM CBOOOAHOM
SHEPruU OJHOPOJHONW MOJIEKYJSIPHOW CHUCTEMBI B
HIMPOKOH 00J1aCTH MOJIEKYJISIPHBIX 00bEMOB, BKIIIO-
yarouie 00JIaCTH KPUCTAJUIMYECKOr0, KUAKOTO H
ra3zoo0pa3Horo coctossHuii. C MX MOMOILBIO YHC-
JICHHO-T€OMETPUYECKHM METOJIOM pellleHa 3ajada
MO OMNpEAETICHUI0 TEPMOJNHAMUYECKUX Iapamer-
poB  (a30BBIX MEPEXONOB KpHUCTAI —ra3, Kpu-
CTaJUI — KUJIKOCTb U )HJIKOCTh — ra3 Ipu COOTBET-
CTBYIOLIMX TEMIIEpaTypax.

Ha puc. 1 n3o0paxeHbl y4acTKd U30TEPM CBO-
00aHO HEPTHH, COOTBETCTBYIOLINE KPUCTAIINYE-
ckomy (puc. 1, @) u rereporenHomy (puc. 1, 6) co-
CTOSHUSIM CHCTEMBl B (Da30BBIX IEpexojax Kpu-
cTaul — XuAaKocTs (0 = 1-2) u kpucramn — ras
(6 =0,6). I'eteporenHas 061acTh onpeiecHa ¢ mo-
MOIIBbIO MOCTPOCHMSI OOIIMX KacaTelbHBIX K H30-
TepMaMm, OIpeeNSIoMnX TOYKH ¢ U b (azoBoro me-
pexopa, JJisi KOTOPBIX BBIMOJHSIOTCA TPU YCIOBUS
paBHOBECHSI COCYILECTBYIOIIMX (a3 Al TemIepa-
Typ 0, HaBICHUS p U XUMHUYECKOTO MOTEHIMana [
(80 = b, pa = pp, Ma = Wp).

UzobpakenHas Ha puc. 2 u3o0Tepma cBOOOIHON
sHepruu npu Temmeparype 0 = 0,6 ykaspiBaeT Ha
oTcyTcTBHE ()a30BOTO Mepexoja KpUCTAIIT — KU
KOCTb U HaJIW4HE TOJBKO (Pa30BOro mepexoia Kpu-
cTaJl — ra3 Mexnay toukamu a (V.= 0,84) u d
(Va= 1,35 - 10%), 4TO COOTBETCTBYET TEMIEPATYE,
KOTOpasi HAXOAMUTCS HUKE TPOUHON TOUKH.

Y4acTki U30TE€pM CBOOOIHOW SHEpPruu, Npea-
CTaBJICHHBIE Ha pUC. 3—0, OTHOCATCS K TeMIIeparTyp-
HOMY MHTEpPBAILy MEXIYy KPUTUYECKOU U TPOMHOMI
TOYKAMH M OIPEHeNsIOT T'eTePOTeHHbIE YYaCTKU
MEXIY TOYKaMu ¢ U d, COOTBETCTBYyIomue (azo-
BOMY IIepeX0.ly JKUAKOCTD — r'a3. Temreparypa Kpu-
TUYECKOW TOYKH HECKOJBKO BBIIIC 3HAUYCHHS, PaB-
Horo 3 (opueHTHpOBOYHO O = 3,1).

Ha puc. 7 uzobpaxena ¢aszoBas auarpamma
0 —v B obOmactu ¢a3oBoro mepexona >KUAKOCTb —
ra3 ¢ COOTBETCTBYIOIIMMHE NPHOIMKESHHBIMH 3HaUe-
HUSIMH [IaPAMETPOB TPOMHOM U KPUTUUECKOU TOUEK
JUTSL IPOCTBIX BELIECTB.
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Puc. 3. 3otepma cBOOOHOM SHEPTHUH
ipu Temreparype 0 = 1,0
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npu Temreparype 0 = 3,0
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Puc. 7. ®a3oBas auarpamma Jyist IPOCTHIX BELIECTB

3akaouenne. C moMompl0 pa3paboTaHHOMN
MOJIEPHU3UPOBAHHON KOMITBIOTEPHOI MPOTPaMMBI
peleHa 3aMKHyTas cucTeMa MOAU(QHINPOBaHHBIX
WHTETpabHBIX U aNre0pandecKiX ypaBHEHUH IS
reTepOreHHON CUCTEMBI, COIEepIKalllel KpucTallu-
YEeCKYI0 HAaHOYACTHUILy BHYTPH (DIIOMAHOHN cpenbl.
Ilo pe3ynpTaTaM pacueToB MOCTPOEHBI U30TEPMBI
CBOOOTHO DHEPTUH OJHOPOIHON MOJEKYISIPHOM
CHUCTEMBbl B IIMPOKOH OOJACTH MOJEKYJISIPHBIX
00bEMOB, BKJIIOYAONIEH 00JaCTH CyIECTBOBAHUS
KPHCTAIITMYECKOT0, XKHUIKOTO U ra3000pa3Horo co

crosiHUi BemectBa. C WX TIOMOIIBIO YUCIEHHO-
TeOMETPUYECKUM METOJIOM peIlleHa 3ajada I10
OTIPEJICIICHUIO TEPMOJAMHAMHYCCKUX MapaMeTpOB
(ha30BBIX MEPEXOJ0B KPUCTAIUT — a3, KPUCTALT —
JKUIKOCTh M JKHJKOCTh — ra3 MPU COOTBETCTBYIO-
mux Temneparypax. Iloctpoennas ¢azoBas mua-
rpaMMa MPOCTHIX BEMIECTB MO3BOJIUT MPHUCTYITUTh
K pacueTaM 1o ONpeelIeHHIO MMOJIei TUIOTHOCTH B
Mex(pa3HBIX 00JIACTAX TETEPOTrCHHBIX CUCTEM U B
3ajayax ajcopOlMM Ha IUIOCKUX U CPEPUUYSCKUX
MOBEPXHOCTSIX.
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KOMIIO3UIMOHHBIN COCTAB U JE®EKTOOEPA30OBAHUE B KPEMHUU
C UMIIVTIAHTUPOBAHHBIM MAPKEPOM Xe [IPU HAHECEHUU TUTAHA
B YCJIOBUAX HOHHOI'O ACCUCTUPOBAHMUA

IIpu u3ydyeHnn B3aMMONPOHUKHOBEHUS 3JIEMEHTOB MOAJIO0KKH U TOHKOH IUIEHKH, IOTy4aeMOU Me-
TOJJAMH MOHHO-aCCHCTHPYEMOT'0 HaHECEHHMs TOKPBITHH, HEOOX0IMMO yCTaHABJIMBATh IPAHUILY pasjerna
(a3 B CTPYKType IUIeHKa — MOUI0KKa. C 3TOH 1eNbI0 BBIIIOJIHEHBI SKCIEPHUMEHTHI ¢ MapKEPHBIMH CJIO-
SIMU KCEHOHA, KOTOPBII MMIUIAHTUPOBAJICA B KpeMHHUEBBIE 00pa3ibl ¢ sHepruei 10 n 40 kaB n no3zamu
or 1 - 10" 10 27 - 10'* cm~2. OGpas1ibl KPEMHHUS ¢ UMILIAHTHPOBAHHBIM MapKEPOM KCEHOHA MOU(H-
[UPOBAIIK OCAXKEHUEM TUTAHA B YCIOBHSAX HOHHOTO Ti* aCCHCTUPOBAHMS MIPU YCKOPSIOIIEM HAIIPsIKe-
Hun 7 xB. IloxrorosienHsle ¥ MOANGHUINPOBAHHBIE TAKUM 00pa3oM 00paslbl UCCIIEN0BAINCH METO-
oM pe3epdopaoBCKOro 00paTHOrO paccessHUus B codetanuu ¢ kananuposanueM (POP/K) moHoB renus
¢ aHeprueil 2 MaB, a Taxke NpUMEHSIOCh KOMIBIOTEPHOE MOAEIUPOBAHUE C MOMOLIBIO MPOrPaMMBbI
RUMP. Anannz cnekrpoB POP n koMnbroTepHOE MOAEINPOBaHUE ITO3BOJIMIN OOHAPY)KUTH BCTPEUHbBIE
MIOTOKU 3JIEMEHTOB MAaTpUIlbl B MOKPBITUH. Hapsay ¢ comyTcTBYOIUME MIPUMECSIMH BOAOPOAA, yIie-
poJia ¥ KUCIOpOJa B COCTAB IUIEHKU Ha OCHOBE MeTaina BXxogut 10—15 ar. % kpemHus.

Knrouesble ciaoBa: xpemuuii, Ti-mokpsiTue, Xe-Mapkep, gedhexkrooOpa3oBaHUe, HOHHO-ACCUCTH-
pyeMO€e HaHECEHUE MOKPBITHUSI.

O. G. Bobrovich
Belarusian State Technological University

COMPOSITION AND DAMAGE OF SILICON WITH AN IMPLANTED MARKER Xe
AT DEPOSITION OF TITANIUM IN THE CONDITIONS OF ION ASSISTANCE

Ion-beam mixing at the Ti — Si interface has been investigated with 7 keV Ti" ions. The irradiations
have been carried out at room temperature during self-ion-assisted deposition of Ti-coatings on silicon.
Xe-marker layers have been prepared by embedding of Xe using ion implantation of 10 and 40 keV Xe*
ions, the doses ranging from 1 - 10'* to 27 - 10" cm2. Atomic intermixing has been determined by
means of Rutherford backscattering spectrometry. RBS data for concentration against depth have been
compared with data from the RUMP and the RBS codes simulation data. Elemental analysis of the
coatings shows a high content of oxygen, carbon, hydrogen and silicon. The structures Ti — Si are found
to have a deep penetrated Ti, O, C into silicon and a high concentration of Si (up to 10-15 at. %) in the
coatings. The observation of an enhanced mixing efficiency with a Xe" dose possibly indicates that the
radiation-enhanced diffusion contributes to the mixing process.

Key words: silicon, Ti-coating, Xe-marker, damage, self-ion-assisted deposition of coating.

BBenenue. BakyymHble MeTonsl Moauduka-
LMY TIOBEPXHOCTH PA3IUYHBIX MaTEpHUasoB SBIS-
I0TCS HEOTHEMJIEMOM YacThIO TEXHOJIOTUH MHUKpPO-
3NEKTPOHUKH. OTH METOJbI UCMONb3YIOTCA B HeEp-
BYIO OdYepeAb AN HaHECeHMs Pa3IMYHOIo poja
TOHKOIIJICHOYHBIX IMOKPBITHH: KOHTaKTHBIE ILIO-
IIaJIKK; TUIEHOYHBIE PE3UCTOPHI U KOHJEHCATOPBI;
IUIEHKU U 3JIEMEHTHI CXEM Ha OCHOBE MaTepHaJIOB
co cnenr(pUIecKUMH 3IEKTPOPU3NIESCKUMH CBO-
CTBaMH; 3auiuTHbIe OKpbITHA [1]. Cpenn Bakyym-
HBIX METOJI0B MOJM(UKALUKN TOBEPXHOCTH TpeN-
CTaBJIIET HMHTEpPEC HOHHO-aCCUCTHPYEMOE HaHe-
CEHME IOKPBITUH Ha MOBEPXHOCTh H3ICIUN HU3
JIPYTUX MaTepHalioB, IPU KOTOPOM OCaKJEHHUE Me-
TAIJIMYECKOTO TOKPBITUSL COMPOBOXKIAETCS 00Iy-
YEeHHUEM HOHAMU Toro ke Mertamia [2]. Ilpu stom
W3BECTHO, YTO CBOICTBa MOIU(HUIMPOBAHHOHN TO-
BEPXHOCTH BO MHOT'OM OMPEAEIISIOTCS psAAoM (ak-
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TOPOB, CPEIIU KOTOPBIX, TAKHE KaK: DIIEMEHTHBIN U
(ha30BBI COCTaB MOKPBITUH, WX CTPYKTypa, ajre-
3us K oAoxke, Tonorpadus u ap. [3]. [ostomy
MpH TPOBEJACHUM WCCICAOBAHUN 10 HAHECECHUIO
MOKPBITHI HEOOXO0IUMa IHArHOCTUKA IOBEPXHO-
CTH KOHCTPYKIIUU MOKPBITUE — MTOITIOKKA.,
HonHo-accuctupyeMoe HAaHECEHHE TOHKHX
TUICHOK Ha TMOJJIOXKKY CONPOBOXKIAETCS pajraiiu-
OHHBIM TIOBPEXKJICHUEM IOBEPXHOCTU H3-32 TOP-
MOJKEHUS aCCHCTUPYIOLINX HOHOB ¢ 00pa30BaHUEM
B TIOJJIO’KKE KaCKaJlOB aTOMHBIX CTOJIKHOBEHUH Ha
HayaJIbHOM CTaAuM Tpolecca ocaxacHus [4, 5.
Takum 00pa3oM, aKTyaJIbHBIM IMPEICTABISICTCS HC-
CJIeJIOBaHNE PAJHALMOHHBIX 1e()EKTOB B KPEMHUH,
MOBEPXHOCTh KOTOPOTO MOAU(DUIIMPOBAIACE OCa-
JKICHUEM METAJTMYECKOTO MOKPBITHS B YCIOBHSX
MOHHOTO acCHCTUpOBaHMs. B 3kcrmepuMeHTax wuc-
MOJIL3YIOTCS METKU KCCHOHA JUISL OTIPEJICIICHUS HC-
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XOJTHOW TIOBEPXHOCTH IMOJAJOXKKH KPEMHHUS U HU3Y-
YeHHUs TOBPEXJEHUS KpUCTAJUIa KpPEMHHA IIpU
HAaHECEHWU METAJUIMYECKUX MOKphITHA. HoHHas
O6omOaparpoBKa B MPOLIECCE HAHECEHUS! TOKPBITHHA
YCUJIMBAET B3aUMHOE NEpEeMEIIMBAHHE Ha MEX-
¢da3HOH TpaHHWLE MOKPHITHE — TMOJIOKKA. JTOT
nporecc W psn OpyruX, HampuMmep oOpa3oBaHHE
CIJIMIUJOB, SIBISIOTCA MPEIMETOM MHOTOYHUCIIEH-
HBIX M3YYEHHHM H3-3a2 IIMPOKOrO NPUMEHEHHS B
HOBBIX 3JICKTPOHHBIX Mpubopax [6].

B nacrosimeli pabote o6cyxaaroTcsi pe3yibTa-
Thl U3Y4YEHHsS KOMIIO3UIIMOHHOI'O COCTaBa, MOBpe-
KIEHHUS CTPYKTYPBl KPEMHUS, MOAU(UIIMPOBAHHO-
IO MOHHO-aCCUCTHPYEMBbIM HAaHECEHHEM METaJUIH-
YECKOTO MOKPBITHSL.

OcHoBHast 4acThb. [loI0XKKM TIpeaCcTaBIsUIIN
co6oii mractunel kpuctamia (100) Si. ITomoBuna
IUTaCTUHBI 3alllMINAnach Mackod, BO BTOPYIO IOJIO-
BHHY MMIIJIAHTUPOBAIM METKH KCEHOHA C 3HEpruen
10 wm 40 k3B 1 nHTEerpanbHBIMU MOTOKaMU HOHOB
(1-27) - 10" cm. Tlocne MMMIAHTAUMH METKH Xe
MacKa ¢ OHOW MOJOBHHBI INTACTUHBI Si CHUMAach,
W 3aTeM Ha 00e MOJIOBHHBEI 00pa3la KpeMHHs oca-
XJand TUTAHOBOE IOKPBITHE MpPU YCKOPSIOIIEM
Hanpsbkenun 7 kB 11 accuctupyrommx uoHos Ti™
IpU KOMHaTHOW Temmeparype. CpeaHsas CKOpoCTh
HaHECeHMs] MOKPBITUI Haxoaunach B Ipenenax
0,4-0,5 um/muH. [laBneHne B BaKyyMHOW Kamepe
Tpu MMIIaHTauK HoHoB Xe' 6110 4 - 107 Ia, a
JIaBJICHUE B IPOIIECCE OCAXKIACHUSA METAITHUECKOrO
TIOKpHITHS cocTapsuio ~1072 ITa. Takum oGpasom, B
JaHHOH paboTe M3yyaluch IBE CepuH 00pas3LoB
KpeMHHs ¢ TOKpeITHAMHU. OnHa cepust 00pa3uoB
KpEMHHUS MMeJa UMIUIaHTHPOBaHHbIE METKH Xe, a
Jpyrasi — HeT.

[MoxpeiTus Ti HaHOCHINCH HA KPEMHUH C UC-
MOJIb30BAHMEM PE30HAHCHOTO HOHHOTO MCTOY-
HHUKA BaKyyMHOH 3JIEKTPOAYTOBOM Ina3msbl. [laH-
HBIIl MCTOYHUK CO3JaeT IJa3My BaKyyMHOTO
3JEKTPOAYTOBOTO pa3psiia, B KOTOPOH OJHOBpeE-
MEHHO TE€HEpPUPYIOTCS TNMOJOKUTEIbHbIE HOHBI U
HeHTpanbHas (pakuus U3 MaTepuaia 3JIEeKTpo-
JI0OB MCTOYHHMKA MOHOB. B kadecTBe Martepuana
3J€KTPOAOB HCIIONB30BANICA TUTAH TEXHUYECKOUH
99,9% YHCTOTEHI.

OJeMEHTHBIH COCTaB, TMOBPEXKIECHHE HCXOM-
HBIX 00pa3loB KPEeMHHUS M O00pa3loB KPEMHUS C
MMIIJIAaHTUPOBAHHON METKOI KCEHOHa /10 U Mocie
MOAU(HUIHPOBAHUS M3ydadd METOIOM pe3ep-
(OpIOBCKOTO OOpPAaTHOTO paccesHUS HOHOB Te-
nmusi B coueTannu ¢ kanaiaupoBanueM (POP/K) c
sHeprueil 2 MsB wu reomerpueil paccesHus
0:=0° 6,=12° 0 =168°. Pa3pemecHue nerek-
Topa ObuTO 25 k3B. /032 UMIIIaHTaMKM KCEHOHA
YTOUHSAJIaCh HETMOCPEJCTBEHHO M3 JKCIEPUMEH-
TOB NyTE€M H3MEPEHUs CIO0EBOH KOHIEHTpaluu
MMIJTaHTHpOBaHHOTO Xe. BemuuuHbl cpenHero
MPOCKTHUBHOTO Mpo0era 3JIEMEHTOB B MaTpHIIC

OBLITM pacCYUTaHBl MIPH MOMOIIU KOMIBIOTEPHOU
nporpammMsl TRIM-89 [7].

Ha puc. 1 mpencraBieHbl CieKTpsl 0OpaTHOTO
paccestHisl MOHOB TeJIid OT KPEMHHUS C KCEHOHO-
BBIM MapKepoM JI0 U IOCJI€ OCaXKJI€HUS TUTAaHOBO-
TO TOKPBITHS B YCIOBUAX aCCUCTHUPOBAHUS HMOHA-
mu Ti". Bux cniektpoB POP 0T CTPYKTYpBI TTOKpPBI-
tus Ti — (100) Si + Xe mo3BossieT cenarh BHIBO
0 TOM, UTO B MOKPBITUH, KPOME aTOMOB OCaXJae-
MOTO MeTajljla TUTaHa, COEeP)KATCA aTOMBI KHCJIO-
pola u yriaepoja, KOTOpbIe SBISIOTCA TEXHOJIOTH-
YEeCKUMH MPUMECSIMHU BaKyyMa, CO3JJaHHOTO IMapo-
MaclsHbIM AU} (Yy3MOHHEIM HACOCOM, M BBOISTCA
B MTOKPBITHE B MPOLIECCE OCAKICHMS.

C
\ 0

12 000 J
-

10 000
8000
6000

Y, umi.

Ti
4000 J Xe

2000 A ]

e

100 150 200 250 300 350

Howmep xanana

Puc. 1. Cnextpst POP noHOB renust oT 00pasma
KPEMHHS C UMIUTAaHTHPOBaHHBIM Xe 110 (/) u mocie
OCaXKJICHUS THTAHOBOTO TIOKPBITHUS (2)

Ha puc. 2 nokazansl npoduin TiayOMHHOTO
pacnpeneneHusl 3JIEMEHTOB B IMOKPBITHM M MOJI-
JIOKKE MPH HAaHECEHWH TUTAHOBOM IJIEHKU Ha Si
0e3 BBEICHHOTO KCEHOHOBOT'O MapKepa MpH MoO-
nenupoBanuu crnektpoB POP mo mnporpamme
RUMP.
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Puc. 2. Pacipenenenue 31eMeHTOB 1O TiTyOuHe
B cTpyKType nokpbitust Ti— (100) Si,
c(OpMUPOBAHHOI OCaXKJCHUEM THTaHA B YCIOBHUIX
uonHoro Ti* accucTupoBanms
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IMpodune Ti xapakTepusyercss KOHLIEHTPALHU-
el, cHKaroIelca ot 9 ar. % Ha MOBEPXHOCTH 10
1,5 at. % B obmactu Mexda3zHOW T'paHHULBI CH-
crembl. bonee Toro, aromer Ti upeHTHULIUDPY-
torcs B Si Ha TiiyouHe 105 HM ¢ KOHIIGHTpaIuei
~0,03 art. %, 4TO cBHIETENLCTBYET 00 UX paaua-
HUOHHO-CTUMYJIUPOBaHHONH 1uddy3un Briyob
B MpOIIECCE€ HapacTaHMs MOKPBITHS TOJA pajua-
LHOHHBIM  BO3JEHCTBHEM  aCCHCTHPYIOLINUX
nonoB Ti'. Ilpoduns atoMoB BOJOpPOAA B TIO-
KpPBITUM KadyeCTBEHHO COTJIacyeTcs ¢ MPOCTpaH-
CTBEHHBIM pacIpeielleHHeM TUTaHa, OJHAKO X
KOHIEHTpalUHs Ha TOPSAOK BBIIIC U paBHA HYIIIO
B KPEMHUU.

Kucnopon pacnpeneneH B MOKPHITUM HEPaBHO-
MEpHO: ero KOHIeHTpalus Bo3pactaeT ¢ 10 ar. % Ha
MOBEPXHOCTH MOKPHITUS 10 25 aT. % BOIM3M TpaHH-
1B TJICHKA — TIO/IIOKKA, a B KPEMHHH, XOTS €T0 KOH-
LIEHTpaLMs CHI)KAETCS] B HECKOJIBKO pa3, HO OCTaeTcs
BBIIIE, YeM KOHIEeHTpanwms Ti, — MpUMepHO Ha Mmops-
nok. [Tpoduns yriepona Ka4eCTBEHHO TOJ00EH Mpo-
CTPAHCTBEHHOMY PACHpENENICHUIO KUCIOpOJa B U3y-
4aeMOM CHCTEME, OJHAKO HMX KOHLEHTpalus Mpu-
MEPHO B 2 pa3a BhILIE B OKPHITHU U B 2 pa3a HIKE B
kpemHuH. [losiBieHHMEe B W3y4aeMbIX TOKPBITHSIX
atromoB O, C u H cBs3aHO ¢ ocaXJieHueM Ha IIOBEpPX-
HOCTb MOKPBITHSA B MPOLIECCE €r0 POCTa COBMECTHO C
aromamu Ti yriieBomopoIHOH (pakuuy U KHCIOpoaa
M3 OCTaTOYHOTO BaKyyMa B MMIIEHHOH Kamepe, OT-
KaunBaeMoi 11U dy3nOHHBIM MACIISTHBIM HACOCOM.

Ucnonszys meroa POP, HEBO3MOKHO HanpsMyto
YCTaHOBUTH IPUCYTCTBHE BOJOPOJA B IOKPBHITUH.
Hanmuuue Bomopoaa m ero pacmpeneneHue 1o Tily-
OuHe B MOKPBHITHH ONpPEAeNsuiocs paHee [8] B mps-
MBIX 3KCIEPHUMEHTaX C NMPUMEHEHHEM PE30HAHCHON
(1,86 k3B) simepHOI peakuyu NpU B3aUMOJEHCTBUN
MoHOB a30Ta ¢ BogoponoM 'H(*N,ay)*C nytem am-
CEJIEBCKOTO CKAHMPOBAHMS DHEPIMU HOHOB N’ B MH-
Tepaie 6,38—7,00 MaB.

Ha puc. 3 moxa3aHbsl KaHaJUpOBaHHBIE CIEK-
Tpel POP ot xpuctannos (100) Si, moanudunmpo-
BaHHBIX HMOHHO-aCCUCTHPYEMBIM HaHeceHueM Ti.
Brixon Ha KaHANMPOBaHHBIX CHEKTpax B 00macTw
205-230 kaHajOB, CBA3aHHBIM C MOBPEXKACHUEM B
KpHCTaljle, yBeIUIUBaeTCs B ciiyyae oOpasua Si ¢
UMIUIAaHTUPOBaHHBIM Xe (cmektp 2, puc. 3) mo
cpaBHeHUIO ¢ oOpasiom Si 0e3 Xe (cmektp 3,
puc. 3), 4TO CBUIETENLCTBYET O AONOIHUTEIHLHOM
BHECEHUH TOBPEKACHUH B KPUCTAIUT KPEMHHS MPH
OCaX/IEHUU THUTAHOBOTO TMOKpPHITHS. Bmecte ¢ Tem
UK (crekTpbl 2 U 3) MOBPEKACHUI cMeIIaeTcs B
INIyOWHY OTHOCHUTEIBHO IMOBEPXHOCTH HCXOIHOTO
KpEMHHS, OTMEUCHHOW CTpenKoi (cmekTp 4) Ha
pHuC. 3, UTO COOTBETCTBYET POCTY MOKpBHITHS Ha
MOBEPXHOCTH KpUCTaJIIa KPEMHHUS.

Pacuer cnoeBeIX KOHIEHTpauuii nepeKTOB,
BHIMONTHEHHBIH o cniektpam POP/K, mokaseiBaer,
YTO, KaK M 0XXMJAJIOCh, C YBEIMUEHHEM J103bl M-
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TIIAHTUPYEMBIX B KpeMmHuii nonoB Xe* or 1 - 10
10 27 - 10 em? ¢ MOCJIEYIONIUM HaHECEHUEM
nokpeiTii Ti Ha KpeMmHHUIl cloeBoe conepKaHue
Ie(QEeKTOB B KPEMHHU TaKKe YBEJIUYHMBACTCA OT
9,5- 10" 10 18,3 - 10" cm 2.

10 000 : ; ; :
S -1

8000 { T —e—2/|1
E al Si 3
2 L]
£ 6000 ‘,\\ —v—4 |
3 /s
¥ 4000 /o 1
Q [ \m
[aa) / \

2000 uppeene® .

ony
(R it SI—

200 210 220 230 240 250

Howmep xanana

Puc. 3. Cnekrpst POP/K ot kpucramios (100) Si,
MOAN(HIMPOBAHHBIX OCAKICHUEM IOKPBITHS TUTAHA
B yCIIoBUsIX MOHHOTO Ti" accucrupoBanust
C UMIDIAaHTHPOBAHHEIM Xe-TI0TOKOM 9 - 10 e 2:

1 — cy4aiiHbIi; 2 — KaHATMPOBaHHEI; 3 — 0e3 Xe;
4 — OT UCXOTHOTO KpHUCTaJlIa KPEMHUS

XapakTep moBpexaeHus Ha crekrpax POP
(puc. 3) KaHaJIMPOBAHHBIX HMOHOB OTPaXKaeT TOT
(daxT, 4TO KpEeMHH IMOBPEXKAAETCS JUIIb B Ha-
YaJbHBI MOMEHT BPEMEHH MOIU(GHUIIMPOBAHHS 00-
pasiia. JlelcTBUTENIbHO, €Clid OBl 3TO OBLIO HE TakK,
TO HAMHOTO paHbIlle, YeM IMPHU HUCIOIB3YEMBIX J10-
3ax tTTana 1 - 10'® cm™?, momkHa Gblma OBl HACTY-
MUTH aMop@u3alus MOBEPXHOCTHOTO CJIOSI KpeM-
HUS, a 3TOr0 He HaOmonaercs. Tak BBIXOJ KaHAIH-
poBaHHBIX criekTpoB POP Ha puc. 3 He mocturaer
BbIXo/a ciydaiiHoro crektpa POP, 1. e. mosa ac-
CHUCTHPYIOIIMX MOHOB THTaHa, NaJaOMUX Ha
KpEMHHI, MEHbIIIE T103bI aMopdu3anuu.

Ha puc. 4 npuBeneHo pacnpeseneHue KOHIeH-
TpallMd paJWallMOHHBIX Je(PEeKTOB B KPEMHHUHU
o rIyOWHEe, PacCYUTaHHOE HAa OCHOBE CIEKTPOB
POP/K ot oOpa3ioB Si, ¢ uUMIUIaHTalMeld MeET-
ki Xe u 0e3, MOJU(PHUIMPOBAHHBIX WOHHO-ACCHUC-
THPYEMBIM HAaHECEHHEM METAITIMYECKUX THUTaHO-
BBIX MOKpBITUH. [myOuHHBIE mpodumu aedekTos
HOPMHUPOBAHBI Ha MOBEPXHOCTh MCXOIHOTO KPEM-
HUS, KOTOpasi YCTaHAaBIMBAETCS COTIACHO METO/U-
Ke, OIMMCaHHOM paHee B cTaThe [§].

OcaxaeHne TOKPHITUI Ha KPEMHUIl ¢ UMIUIaH-
THUPOBAaHHOM METKOH Xe& NPHUBOJUT K PA3MBITHIO
npoduisl TOBPEXKACHUA W MUTpanuu Je(ekTos
B KPEMHUM Ha TIYOWHBI, MPEBBIIIAIONIUE MPOCK-
tuBHBIA Ipober (12,9 um) nonos Ti', cBumeTEND-
CTBYSI O TOM, YTO TIPOLIECCHI SBISIOTCS pajHalu-
OHHO aKTHBHPYEMBIMHU B pe3yJIbTaTe YIpaBsieMO-
ro sHeproeeinenenus (0,22 sB/atom) B Kackaje
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aTOMHBIX CTOJIKHOBCHHUI Ipru HAHCCECHUU IIOKPLI-
TUA B YCIOBUAX ACCUCTHPOBAHUSA HWOHAMU Tl+
MakcumainbHas KOHIOCHTpalusd CMCIICHHBIX U3 Y3-
JIOB aTOMOB KpEMHUS, IMOJYUYCHHAA IMPU HMIIJIAH-
Talluy HOHOB XC+, YMCHBIIACTCA MPU TMOCICAYIO-
IIeM HAaHCCCHHU TOKPLITUA B YCJIOBUAX ACCUCTHU-
poOBaHusd HOHaAMH Ti+, YTO TaKXC CBA3BIBACTCA C
aKTHUBaIMCH MUTPAUOHHBIX MPOIECCOB BI‘J'IY6L
KpEeMHUS ITPU MMOBBINICHHOM SHEPTOBLIACIICHUN.
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Puc. 4. Pactipenenerne KoHIEHTpau Ae(GeKToB
1o rryOnHe B KPEMHHH TIOCIIE:
1 — ummranTanmy HoHoB Xe' ¢ E = 40 k3B u mozamu
®=9-10"cm2(q) u ®=27- 10" cm2 (6);
2 — HOHHO-aCCUCTHPYEMOTO OCAXKIEHHS Ti-TIOKPHITHS
Ha KPEMHUI ¢ UMIUIAHTUPOBAHHBIM X€;
3 — HOHHO-accHCTHPYEMOro HaHeceHust Ti

O xapakTepe paJualMOHHOTO TMOBPEXACHUSA
KpeMHus Tipu 00ayuenun nonamu Xe', Ti® cBu-
JETENbCTBYIOT JAHHBIE O 3aBHCHUMOCTH CJIOEBOM
KOHIEHTpauuu NIe(eKTOB B IMOAJIONKKE OT JO3bI
noHoB Mmapkepa (Xe') ¢ smeprueir 10 u 40 x>B
MIpY MOHHO-aCCUCTHPYEMOM HAHECEHUH IOKPBI-
tuii Ti mpu yckopsoomeMm HanpsokeHun 7 KB
(puc. 5). U3 puc. 5 BUIHO, YTO TPHU OOIYUCHUU
vnoHaMu Xe' MPOUCXOJMT HACHIEHUE KPEMHUS
paauanrvoHHBIMU Ae]eKTamMH.

E(Xe) =40 x»B

E(Xe)=10x3B

10 | *//Z’

(naz), 106 cm?
X

0 5 10 15 20 25 30
@, 10" Xe/cm?

Puc. 5. Jlo3oBasi 3aBUCUMOCTD CII0€BOM KOHIIEHTPALIUU
CMEIIEHHBIX U3 Y3JIOB aTOMOB KPEMHHS:
1 — ¢ ummaaTupoBanHbsM Xe B (100) Si;
2 — ¢ ummutantupoBanibM Xe B (100) Si
U TIPH MOCJIEAYIOIIEM OCAXICHUN TOKPBITHS TUTaHA

OpHako TmpH MOCHeAyIomEeM O0NydeHUH
vonamu Ti" cnoeBas KOHIEHTpauus AepeKTOB,
CO3aHHBIX B KPEMHHU BO BpEMs HMMIUIAHTAL[UH
vonamu Xe' ¢ sueprueit 10 u 40 k3B, ymenbuia-
ercs. [lo-Bunumomy, mox neHCTBHEM HOHOB TH-
TaHa, ACCHUCTHUPYIOLUIMX HaHECEHHE MOKPBITHH, B
pe3ynbTaTe pagHaluOHHOTO ycuieHus nudysu-
OHHBIX TPOIIECCOB IMPOUCXOIUT YACTHYHOE BOC-
CTaHOBJICHHE KOHIEHTPAllMd pPaJualOHHBIX IIO-
BpEXKICHHI KpeMHHsI (puc. 5).

3axiouenne. Metogom POP/K u kommblo-
TEPHOTO MOJEIHPOBAHHS CIEKTPOB IO MPOrpam-
Me RUMP ycranoBieHno, 4ro mpu oOmydeHun Si
voHaMu Xe' KOHIIEHTPAIMs CMEIEHHBIX U3 Y3JI0B
KPUCTAJUIMYECKOW DPELISTKH palualliOHHO-UHIY-
OUPOBAaHHBIX MEXIOY3ENbHBIX aTOMOB pacTeT
C YBENTMYEHUEM J103bl HMMILIAHTHPOBAaHHBIX aTo-
MOB Xe, UTpalolliiX poiib Mapkepa. MakcuMaib-
Hasl KOHLEHTpAIUs MEXIOY3eIbHBIX aTOMOB Si,
00pasyromuxcs Npy UMIUIAHTAlUH HOHOB Xe',
yYMEHBIIaeTCs B Mpoliecce MOHHO-aCCUCTHPYEMO-
ro ocaxaeHus Ti-TIOKPBITUH, YTO MPHUBOIAUT K
CHIDKEHHUIO CIIOCBOH KOHLEHTpPALMH palualioH-
HbIX nedekroB. HaOmromaembie 3¢ ekThl 00bsc-
HSIIOTCSl PaJUalliOHHBIM yCHUJICHHEM TUQQPY3HH B
nporecce 00MyUYeHHs] CUCTEMBI OKPBITHE — MO~
JIOKKa aCCUCTHPYIOIIUMH HMOHAaMH, MPUBOASIICH
K B3aMMHOM MUTpAliKl aTOMOB KOMIIOHEHTOB I10-
KpBITUSL B Si-TIOJUIOKKY U aTOMOB Si U3 MOAJIOXK-
KM B MOKpBITHE. YCTAaHOBJIEHO, YTO B IIpoOIEcce
MOHHO-aCCUCTHPYEMOTO HaHECEHUS TOHKHX Iie-
HOK Ti Ha Si-MOAJOXKY B COCTaBE MOKPBITUS 00-
Hapy KMBAIOTCS aTOMBI yTIIepoJa, KHCIOpOoaa, BO-
Jopojna u KpeMmHus. [IpeaBaputensHbie pe3ynbTa-
Tl CBHICTENBCTBYIOT O BIUSHUM YOPYTHX
HaNpsOKEHUH, BBI3BAHHBIX BBEJCHHEM B Si KCEHO-
Ha, Ha (OpMUPOBaHUE OCAKIAEMBIX MOKPBITUH H
MUTpAIMOHHBIE TIpoLecch B 00JacTH TPaHHLEI
paszena MOKPBITHE — TIOIOXKKA.
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. A. I'puniok, U. I'. Cyxopykosa, H. M. Oaudeposuy, U. O. Opobeii
Bbenopycckuii rocyjapcTBEHHbIH TEXHOJIOTHYECKUN YHUBEPCUTET

HCIOJIb30BAHUE HEJIUHENHBIX PETYJISITOPOB
B KACKAJHbIX CUCTEMAX PEI'YJIMPOBAHUS
P OJHOBPEMEHHOU HACTPOUKE YETBIPEX IAPAMETPOB

B crarbe paccMoTpeHBI MpoOJIeMBbl CHHTE3a KAaCKaJHBIX CHCTEM PETYIMPOBAHMS C MPUMEHEHHEM
HenuHeinbix [TU]]-perynaropos.

BBuy yBenmmueHUs! BHIYMCIUTEILHON MOIIHOCTH MHKPOIIPOIIECCOPHBIX CHCTEM U COBEPIICHCTBO-
BaHMS METOJMK HACTPOMKH MOSBUIIACH BO3MOKHOCTh TIOBCEMECTHO HCIIOIB30BATh HENMMHEHHbIE PETyIIs-
topsl. Hemmaettnpie [T /I-perymsiTopsl moka3ani cBoo d((GEKTHBHOCTE U YK€ IPUMEHSIOTCS B OTICIh-
HBIX TPHUKIAJHBIX pereHusx. ORHON W3 MOMYIAPHBIX MOAW(HKAIMNA NaHHBIX PETYIATOPOB SBIISETCS
BapUaHT, OCHOBaHHBII Ha HEJIMHEHHBIX IPe0Opa30BaHMAX CUTHAJIA OIIMOKU U CUTHaNa ynpasieHus. He-
CMOTpsI Ha UCIIOJIb30BAHUE PA3INYHBIX MATEMAaTHYECKHX (DYyHKIMH 111 HEIMHEHHBIX MPeoOpa3oBaHUH,
OHHU HMEIOT MOJ00HBIE 3aBUCUMOCTH, KOTOPbIE MOTYT OBITh OJIM3KO alNpOKCHUMHPOBAHbI APYT IPYroM.
3aBUCHMOCTH C UCIIOJIb30BaHUEM JIOTApHU(MUYECKON (QYHKINH PEUTU3YIOTCS M HACTPAUBAIOTCS TIPOILLIE B
TEXHUYECKHX CUCTEMaX, YeM C UCIIOJIb30BAHUEM CTETIEHHOW MJIM TUIEpOOINUECKOiL.

INocne npeABapUTEILHOTO aHATIN3A UL IECTH CIIOCO00B MOCTPOEHUS PETyIATOPOB ObLIa IPOU3BEICHA
HACTpOWKa IUIs IATH BAapUAaHTOB JMHAMHYECKHX XapaKTEPUCTHK KACKAIHON CHCTEMBI PEryJHpOBAHUSL
HacTpoiika BBINONHIACE YUCICHHBIM METO/IOM C NPUMEHEHHEM HMHTEerpalbHOro Kpurepus. Jlanee Obum
ONpe/IeNIeHbl HEKOTOpBIE TIOKA3aTelIM KauecTBa U MPOBEAEH MX CPAaBHUTEIBHBIN aHamu3. Takxke NpoaHasv-
3MPOBAHO ITOBEJICHNE CHCTEM MPH OrPaHWYCHHN YIPABIIOMIETO BO3JACHCTBHSA. V3 BceX BapHaHTOB Ui
TIPOMBIIIIEHHBIX TEXHMYECKUX CHCTEM MOKET OBITh PEKOMEHIOBAaH BAapHAHT MCIIOIb30BaHUS PETyIsTOpa ¢
HEITMHEHHBIM MIPe0Opa30BaHUeM OITHOKH I BCEX €T0 COCTABILIOMNX. VITOroBBIe TaOUIIEl ¥ rpaduKu mo-
Ka3bIBalOT, YTO HCIIOJIb30BaHNE HEJIMHEHHBIX (YHKIMI MpeoOpa3oBaHus OIIMOKM M CHTHAJIA yHPaBICHUS
JUTsL BHYTPEHHETO PETYIsTOpa SIBISETCS HEelenecooOpas3HbIM, 10 KpaiHeil Mepe, A7 pacCMOTPEHHOTO Kilac-
ca IMHaMHYECKUX 00beKTOB. IIpn HamMumy B 00BEKTE HEJIMHEHHBIX CBOMCTB MPEUIAracTCs UCIONb30BATh
aHTUHEJIMHEMHbIE HpeOGpaBOBaHI/IH JUT yITYYHICHHS Ka4eCTBa pa60T1>1 KaCKa/IHbIX CUCTEM PETYJIMPOBAHMA.

KuroueBnie cioBa: HenuueiHbI [IN]I-perynsTop, KackaJHble CHCTEMBI yIIPaBICHHS.

D. A. Hryniuk, I. G. Suhorukova, N. M. Oliferovich, I. O. Orobei
Belarusian State Technological University

USE OF NONLINEAR CONTROLLERS IN CASCADE REGULATION SYSTEMS
AT SIMULTANEOUS SETTING OF FOUR PARAMETERS

The article discusses the problems of synthesis of cascade control systems using nonlinear PID controllers.

In view of the increase in the computing power of microprocessor systems and the improvement of
tuning techniques, it became possible to use nonlinear regulators everywhere. Nonlinear PID controllers
have been shown to be effective and are already used in individual application solutions. One of the
popular modifications of the controller data is the option based on nonlinear transformations of the er-
ror signal and the control signal. Despite the use of various mathematical functions for nonlinear
transformations, they have similar dependencies that can be closely approximated by each other.
Dependencies using a logarithmic function are implemented and configured easier in technical systems
than using a power or hyperbolic function.
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62 McnoAb3oBaHWE HEAMHENHbIX PErYAATOPOB B KACKAAHbBIX CUCTEMAX PETYAUPOBAHMSA

After a preliminary analysis for six ways of constructing regulators, tuning was made for five
variants of the dynamic characteristics of a cascade control system. The adjustment was carried out
numerically using integral criteria. Then some quality indicators were determined and their comparative
analysis was carried out. Also, an analysis of the behavior of systems with a limitation of the control
action was performed. Of all the options for industrial technical systems, the option of using a controller
with nonlinear error conversions for all its components can be recommended. The resulting tables and
graphs show that the use of nonlinear error conversion functions and a control signal for the internal con-
troller is not advisable, at least for the considered class of dynamic objects. If the object has nonlinear
properties, it is proposed to use antilinear transformations to improve the quality of cascade control systems.

Key words: nonlinear PID controller, cascade control systems.

Beenenne. IIpu cuHTE3€ COBPEMEHHBIX CH-
CTEM aBTOMAaTHYECKOTO YIIPABIECHHS HCIIOJIb3Y-
I0TCSl pa3MYyHbIe MOAXOABl — OT Hambosee Mmpo-
CTBIX YHHBEpCAIbHBIX MPOMOPIUOHAIBEHO-UHTET-
panbHo-mudPepenmansueix (ITM) anropurmos
JI0 MOJAJIBHOTO YIIPABJIECHUS, AHAJIUTUYECKOIO
KOHCTPYUPOBAHUS PETYIATOPOB U T. A. Jlo Henas-
HEr0 BPEMEHU HEJIMHEHHBIE CBOWCTBA CHCTEMBI
paccMaTpUBalIUCh KaK HEXKEJATEIbHBIE DIIEMEH-
TbI, KOTOPBIE YCIOKHSIOT €€ IOBEACHUE U aHAIIN3.
Haubonee THOWYHBIM pelICHUEM SIBISETCS MpH-
MEHEHHE pPa3lIMYHbIX BHJOB JIMHEApU3alLlUU, OJI-
HAaKO JJI1 MHOTHX TUIIOB CHUCTEM HTOT MOAXOJ HE
IIpUeMJIEM. Y HUBEPCAIbHBIE METO/bI aHAJIN3a yC-
TOMUMBOCTH, Takue Kak (pyHkuus JlamyHoBa, BO
MHOTHX CIydasx CJIOXKHBI U Tpylnoemku. Kpowme
TOTO, JAaHHBI METOJ HE TrapaHTHPYeT KauecTBa
MEPEXOAHBIX NPOLIECCOB.

B 10 ke BpeMsi HeJIMHENHbIE KOPPEKTUPYIOIINE
ycTpoiicTBa 007a1aloT OOJIBIIMM MOTEHIHATIOM.
TeM He MeHee HUCCIIEOBaHUS IOKA3ald, 4TO BO
MHOTHUX CIy4asX HCIOJb30BaHHE HEIMHEWHBIX 3a-
KOHOB YIIPaBJICHUSI MOXKET 3HAUUTEIBHO YIYUIINTh
mapaMeTpsl Ipoektupyemoi cucremsl [1-4]. Ot-
JETBbHO CTOUT YIMOMSHYTh 00 yAa4HBIX MOIBITKAX
WCIOJIB30BaHMs MpPHU YIPABICHUH TEXHOJIOTHYE-
CKUMH TpOIleCCaMU HEYETKHUX, HEHPOHHBIX M TH-
OpHIHBIX ANTOPUTMOB, KOTOPBIC, MO0 CYTH, TAKXKE
SIBIIIOTCS HEJIMHEMHBIMU cucTeMamH [S].

HNHTepec K NPUMEHEHUIO HEJIMHEHHBIX CH-
CTEM YyIPaBIEHUS YBEIUYMBAJICA [0 MEPE pOCTa
BBIYUCIUTEIBHBIX MOIIHOCTEH KOMIBIOTEPHBIX
CHUCTEM U pPa3BUTH BBIYMCIUTEIBHBIX METOOB
MoJenupoBaHus. HemanoBaXHbIM OKa3alloCh H
Pa3BUTUE HEUYETKUX, HEHPOHHBIX, T€HETUYECKUX
METOJI0B ONTHUMU3ALUHA, METOLOB BEPOATHOCTHO-
ro nporpaMMmupoBanus. Celuac B Toj BBIXOIAT
JECATKH CTaTed 10 Pa3sBUTHUIO0 U UCIOJIb30BAHUIO
HenmHeHbIX TN ]T-perynsaTopos.

OnHMM U3 CTapbIX HaNpaBIeHWH HCCIE0Ba-
HUsl HEIUHEUHBIX CUCTEM SIBIIIETCS HCIIONb30Ba-
HUE CUCTEM YIPABJICHUS C NIEPEMEHHOU CTPYKTY-
poii. Mmeercss mmpokuil Kpyr MyOJMKanuid Kak
o0Iero xapakrepa, Tak ¥ npuMeHuMbIx g [T /-
3aKOHA PEryJIUPOBAHHUS.

AHanu3 myOonuKanuii B 001acTH HEMTUHEHHBIX
cucreM c¢ wucnoas3zosanueM IIM]/[-perynasatopos
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MO3BOJSET PA3fEIUTh HMX HAa PsSIX  OTHCIBHBIX
HaIIpaBJICHUN:

— HOBBIE€ PEIIEHUS U Pa3BUTUE HEIMHEHHBIX
I[N /I-perynaropos;

—ajgantauus W OpPHUMEHEHHE HEITMHEWHBIX
I[N /I-perynaropoB B KOHKPETHBIX TEXHUYECKUX
pEIIeHUAX U AEMOHCTpAIMsI X MPEUMYIIecTB [5];

— Pa3BUTHE MHOIOIAPaMETPUUYECKON ONTUMHU3A-
LUK 11 HacTporiky HenmmHeHbIX 1IN [-perynsaTopos;

— pa3BUTUE METOJOB ABTONOJCTPOMKH JIUHEH-
HbIX U HenuHeHbIX [I][-perynsTtopos.

OdeHb MIUPOKO HCCIEAYIOTCS HEJINHEHHbIe
KOMIIEHCATOPBI JJI 3aMKHYTBIX KOHTYPOB YIIpaB-
JIeHUs, KOTOpble (POPMUPYIOT OTAENbHOE HAaIpaB-
JIEHUE Pa3BUTHs CUCTEM yImpasieHus. [laHHoe pe-
HIEHUE CKopee SBIAeTcsl OOMMM CTPYKTYPHBIM
yIIy4dllIeHHEeM JAWHAMUKA paboThl 3aMKHYTBHIX He-
JIMHEHHBIX CUCTEM, KOTOpBIE IIPUMEHUMBI IIPU UC-
nosib3oBanuu 1T /J[-perynstopos.

Taxoke U3yvaroTcs HeJlMHEHbIe QYHKINUU AJIS
YCTPAaHEHHsI HENOCTaTKOB, KOTOpBbIE IPHUCYLIU
HenocpeacTtBeHHO [IM/[-3ak0HY peryiaupoBaHHs
[1, 2]. ABTOpHI mBITAtOTCA 3a cueT moadopa HelIH-
HEHHBIX (QYHKOMHA OMMOKK WM YIPaBISIOLIETO
BO3/ICHCTBHS PEIIUTH MPOOJIEMY YIIyUIICHHs Kade-
CTBa MEPEXOAHOrO IMpolecca, YCTPAHUTb HUHTE-
IrpaJIbHOE HACBILICHUE, MTOBBICUTH 3alac yCTOWYU-
BOCTU U T. [.

CTOUT OTMETHUTB, YTO OONBIIMHCTBO HPHUKIIAJI-
HBIX PEryJATOPOB Al TEXHOJIOIMYECKUX IIPOLEC-
COB B OOJIBIIIMHCTBE CBOEM COJIEPKAIN HEIMHEHHbIC
JJIEMEHTBL. Benencreue Hanuuus OrpaHUYEHMs HA
YIPABISIOLIEE BO3JAECHCTBHE, KOTOPOE BCErAA Xa-
PAKTEpHO Ul TAKUX HCIIONHHUTENBHBIX MEXaHU3-
MOB, KaK KJIallaHbl ¥ HACOCHI T. JI., BOSHUKAJIO UHTE-
rpanbHOE HachleHue. I 3aluThl OT JaHHOI'O SIB-
JIeHUs AABHO NMPHUMEHSETCS alrOPUTM OTKIIIOUECHUS
VMHTETPAIbHOM  COCTABILAIOLIEH PpEryssropa IpU
BXOXKJCHHUU CUCTEMBI B OTPaHUUYECHUE.

[lo mepe pa3BUTHS NAHHOTO peIICHHS OBUIN
IIPENJIOKEHBl BApUAHTBI UCIIONb30BAaHUS HEIUHEH-
HBIX QYHKIMIA mpeoOpa3oBaHus omunoOku. B mure-
paType NpUCYTCTBYIOT BAPUAHTHI KAK HCIIONb30Ba-
HUSI O0ILEro HEIMHEHHOTO MpeoOpa3oBaHusl, Tak U
noa00op MHAMBHIYAJIbHBIX HEJIMHEHHBIX Ipeodpa-
30BaHUN sl KaxaodW w3 coctapistonux [TA]]-
peryisropa.
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BoiGop HeauHeiinoii ¢ynxuum. Haubonee
4acTO B JIMTEPAType BCTPEYAIOTCS HEJIUHEUHBIE
(GyHKIIMY BHIA

exp(oce) + exp(— OLe)

K (e,0.) = sinh(owe) = > , (D

|e|asign(e), eciu |e| >0

K(e,0,8)= -~y

2

eciu |e| c 0.

B [1, 3] Obuta mokazana 3QQeKTUBHOCTh HC-
MOJIE30BaHUS (QYHKITHN

ln(l + (x|e|)

K(e, OC) = sign(e)w . (3)

OHa Hamuta ynaqaoe npumenenue u s 1A ]1-
PETYIISATOPOB C IBYMS CTENEHSIMH cBOOOIbI 2DoF
[4, 6].

B menom pganHple HenmuHEHHBIE (YHKIHH
ommOku (1)—(3) momo6HBEL. OHU MMEIOT HEOOh-
e OTIWYUS B CTAaTHYECKUX XapaKTePUCTHKAX
(puc. 1, 2) pu ompeneNeHHBIX MOICTPOYHBIX KO-
s¢dunrenTax o 1 O B 001acTH HEGOIBIINX 3HAYE-
Hu ommOKu e. Ha puc. 1 mpencraBieHs! craTnde-
ckue xapakrepuctuku (1)—(3) mma BapmaHTOB,
KOTOpBIE HMMEIOT OJMHAKOBOE KBaIPAaTUYHOE OT-
KJIOHEHHE B Juana3oHe +2.5.

I'pagueHTHBIE XapaKTEPUCTUKKA HETUHEUHBIX
GyHKIMH Mpy Tex ke Kod(pUIMeHTax o U O HMEIOT
Ooompmme  ormmumsa  (puc. 3).  XapakTepuUCTHKA
dK / de nns (2) mmeeT ToUKH pa3pbeiBa, TOTaa Kak (3)
obecrieunBaeT OOJBITYIO pasHUIly B dK / de ipu mMa-
JIOM ¥ OOJIBIIIOM OTJIMIHH TIPOU3BOAHEIX. B 00macTu
OOJBITNX 3HAYCHUN PACcCOTIACOBAHMS B 3aMKHYTOM
cucteMe HaOmMOMArOTCA ONM3KUE 3HAYEHWS JUIS
dK / de ynxmmii (1) u (3). O6e 3TH QUKITHH TEMOH-
CTPUPYIOT CYIIECTBEHHBIE OTIINIHS OT (2).

————— g ————

|
[\
of-————-

Puc. 1. Cratnueckas XxapakTepUCTHKA HETUHEHHBIX
(GhyHKIHN 11 MaJIbIX 3HAYCHUH e:
1 —mpu o.=1,196; 2 — ipu o0 = 0,6597, & = 1,006;
3—mpuo=1
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Puc. 2. Cratndeckas XxapakTepUCTHKa HETMHEWHBIX
(dyHKIWMIA 17151 GONBUINX 3HAYSHUH e:
1 —npu o =1,196; 2 — mpu o. = 0,6597, & = 1,006;
3—mpuo=1

MOoKHO TpenanonoxuTh, uto QyHkuuu (1) u
(3) B mpuKIagHBIX 3ama4ax OyAyT AEMOHCTPHPO-
BaTh Onm3kue pe3ynpTarbl. OHM OJWHAKOBO pe-
HIaI0T MpOOJIEeMYy MHTErPalbHOTO HACHIILECHUS,
JUIS 4eTOo B TEpBYIO ovepeab Oblia MpeasokeHa
¢ysaknms (3) [1]. B 3aMKHYTBIX KOHTypax pery-
JTUpOBaHUs C 3ama3abiBanueM s (1) mpu yBenu-
YeHHU KOd(QQHUIHEHTa YCHIEeHUs 00beKTa OymyT
BO3HUKATh aBTOKOJeOaHUs, KOTOpble HalIona-
rores s (3) [2].

1,5

dK
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e
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Puc. 3. 'paarieHTHAs XapaKTePUCTHKA HETMHEHHBIX
(dyHKIWMIA 17151 GONBUINX 3HAYSHUH e:
1 —mpu o= 1,196; 2 — ipu o = 0,6597, & = 1,0006;
3—mpuo=1

Craenyer OTMETHTh HEKOTOpBIE MPOOIEMBI pe-
anu3aliy HeMMHEHHBIX QyHKuui. Oynkoun (1) u
(2) OynyT UMETh CIOKHOCTH NMPH TEXHUYECKOH pe-
ammzanuu. B crangapte IEC 61131-3 oTcyTcTByIoT
BCTPOEHHBIE PELICHHUS [0 Peanr3aliy Tunepoou-
YeCKUX M CTeNeHHBIX (yHKUMA. B mpunoxeHnn
SIMULINK mporpammet MATLAB Takske HaGto-
JAroTCsl MPOOIeMbl BEIYUCICHHS THIIEPOOIMYECKUX
GYHKUMI TpH MajbIX 3HAYCHUSX apryMeHTa Ui
coxpaHeHusi TouHocTH. Ho 3TO He mpeomonumele
TpyAHOCTH. /)il BCTPOGHHBIX CUCTEM 3TO HE OyAeT
COCTaBIIATH IPOOIEMY.
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Opnako I1M/]-perynsTopsl HCIONB3yIOTCA U B
Oonee CIOXKHBIX cHUcTeMax peryiupoBanus. K Ta-
KAM MOXKHO OTHECTH KacKaJlHble CUCTEMBI peryJu-
poBaHus (B aBTOMaTU3UPOBAHHOM 3JICKTPOIPHBOJIE
WX Ha3bIBaIOT MOTYMHEHHBIMK). Camast mpocTeimast
KacKkaJgHasl cucremMa TpeOyeT HaCTPpOWKU JBYX pery-
JSATOPOB. BHEmHMIA perynsrop mpenHasHaueH st
obecrieyeHus] Ka4ecTBa M yCTOHYMBOCTU CHUCTEMBI,
BHYTPEHHUH — 11 oOecrieueHnst ObICTPOACHCTBHS.
B kadecTBe BHEIIHET0 PeryisTopa 0ObIYHO HCIOJb-
3ytoT 1I1- mnu ITIM/I-3aK0HBIL, @ B KaueCTBE BHYT-
pennero — 06b1uHo I1-, mroraa [1J]-perymsatop [7].

B [7] Obu10 MOKa3aHO, YTO KACKAIHBIE CHCTEMBI
YAy4IIAIOT AUHAMHKY OOBEKTa YIPAaBIEHHUS B CIIy-
Yae, KOTJa JMHAMHUKa BHYTPEHHEro KaHalla COCTaB-
et 50-70% ot oOmed auHamuku. B peanbHbIX
YCIIOBUSIX YIIPABJICHUS] TEXHOJIOTHYECKHM 000pYIO-
BaHHEM PEIKO MUMEETCSl BO3SMOXXHOCTD BBHIOMpATH Ta-
Koe cooTHouleHue. Ho ucnomnb3oBaHue JaHHOTO CO-
OTHOIICHHS TO3BOJISIET 0OECTIEYUTh XOPOIIYIO UyB-
CTBUTEIILHOCTD IIPH PELIEHUH MTOCTABICHHOM 3a/IauH.

O0BeKkT HccienoBanusa. 3ajada CTosja oOLe-
HUTB 3QPEKTUBHOCTD UCTIOJIL30BAHUS HENUHEHHBIX
PETYISTOPOB AJIsl KACKAJHBIX CHCTEM YIIPaBICHHUS.

B xauectBe oObekTa Obula BBHIOpaHA CTPYKTY-
pa, npuBeIeHHas Ha puc. 4.

SP —~¢1 e
—>®* Wro Whri —LL) Woi Wor Y

|

Puc. 4. CtpykTypa KacKaJHOW CUCTEMBI
aBToMaTmueckoro perymuposanus (CAP):
SP — cUrHai 3aJlaHusl; e — CUTHAJI OLIHOKH,

[l — CHTHAJI YIIPaBJIEHUSL; ¥ — BBIXOJHOM CUTHAI;
Wr1, Wgo — iepeaTounbie GyHKIUN BHYTPEHHETO
(BCITOMOTaTEILHOT0) U BHEITHETO (OCHOBHOTO)
peryisTopa COOTBETCTBEHHO;

Woi, Wo, — nepenaTodsble (pyHKIHH BHYTPEHHETO
1 BHEIIHETO 0OBEKTa COOTBETCTBEHHO

Jna mepenatouynpix QyHKIUE oObekTa OBLIH
NPUHATHI CIEAYIOINE 3HAUYCHUS:

Wouls )Zmexp(— Ts), 4
1
Wor )= 10 308) ©®)

Benuuvna 3ama3ibiBaHUs CYIIECTBEHHO BIIHS-
€T Ha JMHAMHYECKHME XapaKTePUCTHUKH, 3amac
ycTolH4uBOCTH U T. 1. [103TOMY KackagHbie CHCTe-
MBI C Pa3HBIMH PETYIATOPAMU TECTUPOBAIKCH TIPU
3HaYeHun 3anaszapiBanus T=[0,1 1 5 10 50].
Jyis HaXOXKJIeHUS HACTPOEK 3HaveHue k = 1.
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IToBeneHue cucreM CII0KHO IPOTHO3ZUPYETCS,
0CcOOEHHO eciM B KOHTYpe HaOIrolaeTcss HeCKOJIb-
KO HEJIMHEUHOCTEN.

ITo 3T0i1 mpuyurHe Uccaea0BaHUS IPOBOIUINCH
Il OOBEKTOB C pa3HOW BEIMYMHOW 3ama3IbIBaHUs
BO BHYTPEHHEM KOHTYDE.

B xauecTBe kpuTepusi HACTPOUWKU OB BEIOpaH
VHTErpajabHbIA

Tt2|e(t)|dt — min, (6)
0

XOpOUIO 3apEeKOMEHIOBABIINN ce0s B pAae MPebl-
nymux pador [1, 3, 5].

Kax Obuto mokazaHo BbIIIE, BaApUAHTOB HEJH-
HelHbIX mpeobpazoBanuit ansa I[IW]I-perynstopa
oueHb MHOro [8—12]. B nanHO# paboTe ObLIH BbI-
OpaHbBI HECKOJIBKO BAPHAHTOB C YETHIPbMS HACTpa-
MBaeMBIMU TTapaMeTpamMHu.

CpaBHeHHE NPOW3BENEHO JUISl CIEAYIONINX Ba-
PHAHTOB TIOCTPOEHHS KACKaJHON CHCTEMBI pery-
JUPOBAHUS:

1) PID + P — nuHeiHbIN BHEMIHUN pETyIsTOp
TN/, BryTpeHHuii — II-perymnsarop;

2) NPID + P — II- u U-koMIOHEHTHI ¢ (QyHK-
nueit (3) nmus e BHemHero [IM-perynsaropa,
Jl-koMIIOHeHTa ¢ JTHMHEHHOW (yHKIUeH OmuoOKH,
HO BHYTpPEHHUH — nuHeiHbll [1-perynsrop;

3) NPID + NP — II- u M-xkoMmoHEHTHI ¢ (yHK-
mueit (3) mist ey BHemmHero I[IWJI-perymsropa,
Jl-koMITOHEeHTa ¢ TMHEHHOW (YHKIHEH OIIIOKH U e;
BHyTpeHHero II-perynsaTopa ¢ ucnons3oBanueM (3);

4) NPID + PN — BHemHHWil peryasTop Kak B
IIpeblIyIEM BapuaHTe, a BHyTpeHHUi — Il-pery-
nsitop ¢ GpyHkumeid (3) 11 CUrHANA YIpaBIeHUs LL;

5) PID + NP — nuHeiHbIi BHEIIHUI perysTop
IIN/[1, BHyTpeHHui — HenuHelHbl [I-perymnsaTop ¢
¢bynkumei (3) s ez;

6) NPID2 + P — dynkuus (3) ajst e; BHEIIHETO
IIN/I-perynaropa, HO BHYTPEHHMM — JIMHEHHBIN
II-perymnsTop.

OnTuMH3anMsi HAaCTPOEK MPOU3BOJIMIACH IIy-
TEM YHCJIeHHOTo MoaenupoBanus B MATLAB.

IloBeaeHue cucTeM NP OTCYTCTBMHM OTPAHM-
YeHHil Ha ynpasJjsiioniee Bo3aecreue. Pesynbra-
Tl ONTUMHU3AINK 0€3 OrpaHUYEeHHUs YIPABIISIOLIETO
BO3JICHCTBHS TpEACTaBJIIeHbl B Tabna. 1-5 u Ha
puc. 5-8. Bpems mepexomgHoro mporiecca ormpene-
JISUIOCH TI0 TIOCIIEAHEMY MOMEHTY HaXOXKIEHHUS 3a
pamkamu 3% (tabut. 1). 3HaueHus B Tabi. 3 BBIUKC-
JSUTMCh TIyTeM JeJIeHHWs WHTErpaibHOM OUIMOKH
pa3HBIX BapUaHTOB KaCKaJHOW CHCTEMBI Perysupo-
BaHMsl HAa MHTETPANbHYIO OMIMOKY JUIS JIMHEWHOTO
BapuaHTa. B Tabn. 4 abconmoTHOE 3HAUSHUE H OTHO-
CUTEJIbHOE 3HAYEHHE YIIPABIISIOIIEro BO3IEHCTBUSA
Ll paccUMTBhIBaIMCh TaK e, KaK HHTerpajbHas
omuOka B Ta0y. 3. 3HaueHus B Tabj. 5 ompenens-
JIMCh TyTeM OTPaHWYEeHHS YIPABIIAIONIET0 BO3EH-
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cTBUS Ha ypoBHE 60% 0T MakCHUMaJIbHOTO 3HAYCHUS
JUISL JIMHEHHOW CHUCTEMBI U MOJACTUPOBAHUS KacKa/l-
HBIX CHUCTEM JUIS BCEX BapHUaHTOB U JCIICHHUEM Ha
3HAYEHUE HHTETPAIILHOTO KPUTEPUSI TMPH OTCYT-
CTBUM OrpaHuueHuil. /i nepexo HbIX MPOLECCOB C
OTpaHUYCHUEM YIIPABILIOIIETO BO3ACUCTBUS HC-
MOJIb30BaHa ITPUXOBas TuHUS. J[J1s1 BApHaHTOB He-
JIMHEMHBIX KacCKaJHBIX CHUCTEM OHH IIOJIHOCTBIO
COBIIAJIAIOT C CUCTEMOM 0€3 OrpaHUYCHHS.

Tabmuua 5
OTHOCHTEIbHOE 3HAYEHHE HHTErPAJILHOI0
OTKJIOHEHUS B cJIydyae nmonagaHus cucreMmsbl B 60%
OrpaHuYeHus yNPaBJISIONIEro Bo3AeiicTBUSI

Tun T
CHCTEMBI 0,1 1 5 10 50
PID + P 4,293 | 15,33 | 5,790 | 2,987 | 3,668
NPID + P 1,728 | 14,51 | 5,060 | 2,711 | 3,663
NPID + NP | 1,000 | 1,000 | 1,000 | 1,618 | 2,137
NPID + PN | 1,000 | 1,000 | 1,000 | 1,000 | 3,866
PID + NP 1,000 | 1,000 | 1,000 | 1,202 | 3,425
NPID2 +P | 1,166 | 8,438 | 3,004 | 2,234 | 3,176

Tabmuna 1
Bpemsi nepexoaHoro npouecca
Tun T
CHUCTEMBI 0,1 1 5 10 50
PID + P 1,956 | 7,130 | 30,68 | 54,76 | 212,0
NPID + P 2,142 | 13,67 | 43,70 | 73,29 | 221,2
NPID + NP | 8,689 | 13,25 | 47,60 | 78,56 | 377,4
NPID + PN | 38,91 | 26,80 | 68,54 | 90,02 | 2229
PID + NP 5,940 | 16,90 | 77,10 | 61,89 | 2422
NPID2 +P | 2,237 | 12,15 | 33,86 | 70,35 | 222,9
Tabnwuia 2
IlepeperyupoBanue
Tun T
CHCTEMBI 0,1 1 5 10 50
PID + P 49,73 | 2,478 | 1,741 | 2,185 | 1,667
NPID +P | 45,19 | 4,587 | 7,794 | 6,047 | 0,6783
NPID + NP| 69,21 |0,0487 | 3,491 | 4,572 | 6,884
NPID + PN| 0,0269 | 0,2402 | 1,661 |0,5492| 0,3973
PID + NP | 8,644 |6,8817]0,3691 | 2,056 | 0,1599
NPID2 +P | 47,64 | 0,3552| 1,091 | 3,587 | 1,628
Tabmuma 3
OTHOCHTEJIbHOE 3HAYEeHH e
HHTErpajbHOI0 OTKJIOHEHUS
Tun T
CHCTEMEI 0,1 1 5 10 50
PID + P 1 1 1 1 1
NPID +P |0,7647 | 1,207 | 0,9941 | 0,9720 | 1,001
NPID + NP| 86,94 | 4,398 | 1,564 | 1,196 | 1,716
NPID + PN| 3680 | 52,74 | 8,410 | 3,451 | 0,9488
PID + NP 18,30 | 5,171 | 3,969 | 1,333 | 1,071
NPID2 +P | 0,7667 | 2,396 | 1,126 | 1,006 | 1,157
Tab6muua 4
MakcumMaibHOe 3HAUeHHe
YIpaBJsSIIOLIEro Bo31eicTBUsI
Tun T
CHCTEMBI 0,1 1 5 10 50
PID + P 37299 677| 2595 | 49,96 | 13,27 | 1,684
NPID +P (36 387 670| 2 535 | 56,64 | 15,39 | 1,642
NPID + NP| 8646 3777 | 28,22 | 10,89 | 1,333
NPID + PN| 48,39 36,98 | 4,965 | 3,550 | 1,587
PID + NP 9 049 3969 | 16,83 | 9,114 | 1,397
NPID2 +P | 3115407 | 2050 | 45,86 | 14,12 | 1,529

IIpencraBpneHHble pe3yabTaThl IMOKA3bIBAIOT HE
OITHO3HAYHOCTH BEIOOpa. B kakmom u3 KpuTepres
€CTh CBOU JIMJEPHI, KOTOPBIE COCTABIISIIOT KOHKYPEH-
o kinaccudeckoMy TN I-perynsropy. OnHako Ha-
OnrosaeTcst OIHO3HAYHAS TEHASHIUSI 10 MUHUMH3a-
[N WCTIONTE30BAHMS HEITMHEWHBIX IPEoOpa3oBaHMit
BO BHYTpEHHEW 3aMKHYTOM cucteme. Bo Bcex ciyya-
SIX TO BBI3BIBAJIO CYLIECTBEHHOE YXYIIIEHUE OCHOB-
HBIX MapaMEeTpoB KauecTBa HacTpoilku. Ha mpensa-
pUTETBHOM 3Tarne ObUIM HCIIONb30BaHBI elle He-
CKOJIbKO BapUaHTOB HENWHEHHBIX (QYHKIUHA IS
BHYTPEHHETO PEryJIATOPa, HO OHU IPUBOJIWIN K €IIE
Ooree 3aTSIHYTOMY TIEPEXOAHOMY TIPOIIECCY.

———PID+P~1 1 1 |
16 AT
1.4 o/ //NPID + NPy} __|
4 ! | | | | |
12|~ 774/ TPID + NP~ T\
1’0 \ o _ k

0.8
0.6
04|ttt

|
|
N
|
|
4 5 6 7 8 9 10

Puc. 5. Ilepexonnsie mponeccel mpu T = 0,1 ¢
(IITpuxoBast TMHUS COOTBETCTBYET BApHAHTY
OTPaHWYEHUS YIPABISIIOMIETO BO3ICHCTBHS. )

Puc. 6. Ilepexonubie npouecchl pu T= 1 ¢
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Puc. 7. Ilepexoanbie npouecchl npu T=15 ¢

50 100 150 200 250 300 350 400 450 500
t,c

Puc. 8. Ilepexonnsie nmponeccsl mpu T = 50 ¢

s Bcex BapuaHTOB HaOJrOAAeTCS OYEHb HH3-
KU ypOBEHb YIPABISIONIEr0 BO3JIEUCTBUS U 3aTs-
HyTble nepexonHble mporecchl. C TOYKH 3peHus
OBICTPOJICIICTBHS JTydIlIe PE3yIbTaThl IEMOHCTPH-
pPYIOT  BapuaHTBl KJIACCHMUYECKOTO  PETyJsTopa
PID + P u HenuneiiHoro perynsitopa NPID+P ¢
HEJTMHEWHBIM TIpeoOpa30BaHUEM OIMTHOKH JJIS TIPO-
HNOPLUHOHAIIBHON M MHTETPAJIBHOM COCTaBIAIOLIEH.
[Ipu sTOM moCIeaHW BapHaHT TOKa3all MPeuMy-
mecTBo 1no cpaBHenuto ¢ PID +P mo uHTerpais-
HOMY KPUTEpHIO MOUTH I BCEX PAacCCMOTPEHHBIX
BapHaHTOB MUHAMUKHA. OIHAKO TPH TOMAJaHUU B
OTpaHMYEHHE Ha YIIPABISIOIIEE BO3JEHCTBHE 3TH
BapMaHThl TIOCTPOEHUS KAacKaJHOW CHCTEMBI INpO-
SIBIISTIOT CYIIIECTBEHHOE YXY/AILICHHE KauyecTBa pery-
JTUPOBAHMUS.

IloBeneHue cucTeM MPH OrPaHUYEHHU HA
ynpagsJjsolinee Bo3aeiictBue. BTopoii sTam Bbi-
0opa HACTPOEK MyTeM YHMCICHHOW ONTUMHU3ALNUU
MPOBOAMIICS I OOBEKTOB, Y KOTOPHIX (DHUKCH-
POBAaHHBIN YpOBEHb OIPaHHYCHHUS HAa YPOBHE B
10 pa3 BhbIlIe, 4YEM 3HAUEHHUE MPHU CTALUOHAPHOM
COCTOSTHUH.

Pe3YJ]I>TaTI>I OIITUMU3AITUHN 663 OrpaHUYCHUA
YIPAaBISIONIET0 BO3ICHCTBUS TIPEACTABICHBl B
Tabm1. 6, 7 1 Ha puc. 9.
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Tabmuma 6
Bpemsi nepexoaHoro mpouecca
Tun T
CHCTCMBI 0,1 1 5 10 50
PID +P 42,75 | 56,45 | 114,1 | 1454 | 226,6
NPID + P 63,76 | 55,61 | 58,21 | 77,72 | 226,8
NPID + NP | 58,53 | 43,93 | 51,74 | 79,59 | 223,0
NPID + PN | 61,01 | 44,17 | 68,53 | 90,02 | 2229
PID + NP 42,38 | 42,78 | 64,54 | 59,31 | 2413
NPID2 +P | 67,27 | 43,20 | 60,86 | 58,01 | 2225
Tabmuua 7
OTHOCHTEJIbHOE 3HAYEHHE
HHTErpajbHOr0 OTKJIOHEHHS
Tun T
CHCTEMBI 0,1 1 5 10 50
PID +P 1,0000 | 1,0000 | 1,0000 | 1,0000 | 1,0000

NPID+P |1,2543]1,0002|0,4546 | 0,3312 | 1,0100

NPID + NP | 1,2594 | 0,9281 | 0,3958 | 0,3494 | 0,9575

NPID + PN | 1,2832 10,9931 | 0,9764 | 0,9864 | 0,9571

PID+ NP |1,0419]0,95370,4038 | 0,3469 | 1,0758

NPID2 +P | 1,454510,8806 | 0,4125 | 0,3281 | 1,1678

I[J'DI NEPEXOAHBIX IMMPOLECCOB 0e3 OrpaHUYCHUA
Ha YHpaBJIAIOMICE BO3I[€ﬁCTBHC, HO C mapameTpa-
MH, KOTOpPbIC ObLIH HaflI[CHLI n3 yCJIOBUs OrpaHu-
YCHUS YIPABJIAIOMICTO BO3).ICI71CTBH$I, HUCIIOJIB30Ba-
Ha WITpUXOBAs JIMHHUA.

== : .
Z=NPID+PN
INPID+P |
A |,
NPID +NP |
,,,,, 1,,,,,;,,,,,L,,,,,
| |
| |
I | |
***** I e I
| | |
I I I

Puc. 9. TlepexoHbie mpolecchl Mpu T=5 ¢

I'paduxu Ui ocTanpHBIX 3HAYEHUH T UMEIOT
€Ille MEHbIIE BHU3YAIbHBIX OTIMYMHA. DTO Xapak-
TEPHO W JUIsS BEJUYMHBI NlepeperynupoBanus. laH-
HBII TECT HUBETUPOBAJ OOJIBIINE OTIMYMS B IIOBE-
neHnu cucrteM. Heckonbko myumie ce0si mokasai
BapuaHT NPID2 + P, a 3atrem NPID + P, PID + NP.

BapuanT PID + NP, xoTtopsiii He nposiBri cedsi B
NpeIpIIyILIEM TECTE, B 3TOM IIPOJEMOHCTPUPOBAI CTa-
OWIBHOCTB TIOKa3aTesell KauecTBa peryIrpOBaHHs.

3akouenne. Pe3ynabpTaTel MOAEIUPOBAHUS 110-
Kazany, uro HenuHelHsld [TW/I-perynsaTop nanHoro
THINA CJIEAYET WCIOJIb30BaTh OCTOPOXKHO C yYETOM
CBOICTB M yCIOBHI pabOThl 0OBEKTa YIpaBICHHUS.
ViydmeHue KadecTBa MEPEXOAHOro Ipolecca Mpu



A. A. Tpuriok, M. T. Cyxopykosa, H. M. Oandpeposuu, M. O. Opobei 67

OTpabOTKe CHTHANa 3aJaHusl HAOJFONACTCS TOIBKO
npu npuMeHeHuu HenuHenoro IIWJI-perymnstopa
JUIsl BHELIHET0 KOHTypa. Mcrmosb3oBaHue craruye-
CKUX HEJIMHEHHBIX (DYHKIWU JUIi BHYTPEHHETO pe-
TyJIATOpa MPUBOJWIO K YXYIUIEHUIO IMOKa3zaTeneu
KauecTBa. Pe3ynbraTel MPUMEHEHUS HEJTUHENHOIO
BHewHero [IW/I-perynsropa ¢ BHyTpeHHUM II-pe-
TYJIATOPOM IIPU KAYECTBEHHOM HACTPOMKE NAr0T CO-
HU3MEPUMBII PE3YJIbTaT C pPealM3alyed BHEIIHErO

kiaccuyeckoro [IM/I-perynsitopa ¢ BHYTpPEHHUM
II-perynstopom. IIpu nocrpoeHun KackaiHOU cu-
CTEMBI PEryIUpPOBaHMS I OOBEKTOB C OrpaHHYe-
HUEM Ha YNpPaBIEIOLIEE BO3JIEHUCTBHE, YTO Xapak-
TEPHO Ul TEXHOJIOTMYECKMX M MHOTUX TEXHUYE-
CKHX CHUCTEM, ONTHUMAIbHBIMU SIBISIFOTCS ApPYTue
peweHus. Ilo pesynbraram NpPOBEICHHBIX TECTOB
BapuanT NPID2 + P nponemMoHCTprpoBail HECKOIb-
KO JIy4IlIH€ TI0KA3aTENH, YEM OCTAIIbHBIE.
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. A. I'punrok, H. M. Onndeposuy, U. I'. Cyxopykosa
benopycckuii rocyjapcTBEHHBIA TEXHOJIOTHYECKU YHUBEPCUTET

OBULIEE PEINEHHUE JJI5s1 CUHTE3A DEADBEAT-PET'YJISITOPA
HA IMTPOU3BOJIBHOE KOJIMYECTBO IWAT'OB

B craree paccmorpens! npobnembl cuHte3a Deadbeat Controller with a Prescribed Controlled.
Deadbeat Controller siBisieTcsi OTACNBHBIM KIIACCOM aITOPUTMOB YIPABJICHHS B CHCTEMax ¢ 00paTHOM
CBSI3bI0. DTOT QNTOPUTM MOXET ObITh HCIOJb30BAH HEMOCPEACTBEHHO AJIS YIpaBJICHHsS OOBEKTaMHU,
6o st cuatesa [T ]-perynsaropos.

st obecriedeHnss HEOOXOMUMOW THOKOCTH B 3a/jayax yMpPaBJICHUs B YCIOBHAX OIPaHHYCHUN VIS
peaNbHBIX TEXHOJOTHYECKUX MPOLIECCOB, NPH Mony4eHuH napamerpos [1H/I-perynsitopa ¢ pa3nudHbI-
MH MMOKa3aTesIMH KauyecTBa MEPEXOJHOr0 mpolecca TpedyeTcs afalTUBHAs cXeMa MepeHACTPOUKH B
3aBHCHMOCTH OT CBOMCTB 00BEKTA YIIPaBICHHS.

Panee ObUTH MOJYYeHBI OTACIBHBIC PELICHHUS U1 BO3MOXXHOCTH YAJIMHEHHS EPEXOIHOTO MpoLec-
ca Ha 1, 2 u 3 mara. OgHako eciu nepeaaTtovHas GyHKUHs 00beKTa UMeeT Oosiee BHICOKHH MOPSIOK,
100 yBEIMYCHUE MOPsIIKA OOYCIOBICHO OTIHYUEM CTPYKTYphI OT MOCIECIOBATEIBHOIO COCTUHCHUS
3BEHBEB, JAHHBIX PEIICHUI MOXKET ObITh HEJOCTATOYHO. B mocienHeM ciiydae NpH MOIyYeHUH OOIei
nepeJaToyHoN (PYyHKIHMH C UCTOJIb30BAHHEM Z-PeOOpa30BaHUil MPOUCXOAUT PE3KOE YBEIHUCHHUE IO-
psinka pesyJprata npeoOpa3oBaHuil.

[Monyyenue pacyeTHBIX (HOPMYJI CHHTE3a OCYIIECCTBICHO HA OCHOBAHHHU MOJAX0/a, KOTOPBIHA MO3BO-
JSIET PeryasTopy (GOpMHUPOBATh OAMHAKOBOE 3HAUCHHE YIPABILSIIOLICIO BO3ACHCTBHS HA 3aJaHHOM KO-
JIMYECTBE LIAaroB. [Ipy 3TOM MOKHO MOJNYYHTh OCHOBHBIC HEPABEHCTBA Ul CHHTE3a IyTeM OIpeese-
HUS alepHOTUYECKOr0 XapaKTepa MePEeX0HOro MPoLecca CHHTE3UPYEMOT0 PEryIIsATopa.

AJIeKBaTHOCTH MOJYYCHHBIX BBIPAXKEHHUI OblIa MPOBEPEHA IyTEeM MOCTPOCHHS MEPEXOIHBIX XapaK-
TEPHUCTHK PETYISATOPA U 3AMKHYTBIX CHCTEM YIIPABICHUS AJIs1 00BEKTa LIECTOrO MOPSIIKa.

KaroueBsie ciioBa: deadbeat-perynsrop, HaCTpoOWKa PerymsaTopa, IMepexoIHbIH MpoIecc.

D. A. Hryniuk, N. M. Oliferovich, I. G. Suhorukova
Belarusian State Technological University

GENERAL SOLUTION FOR SYNTHESIS OF DEADBEAT REGULATOR
FOR ARBITRARY NUMBER OF STEPS

This article discusses the synthesis problems of Deadbeat Controller with a Prescribed Controlled.
Deadbeat Controllers are a separate class of control algorithms in feedback systems. This algorithm can
be used directly for controlling objects, or for the synthesis of PID controllers.

To provide the necessary flexibility in control tasks under restrictions for real technological pro-
cesses, when receiving PID controller parameters with different transient quality indicators, an adaptive
reconfiguration scheme is required depending on the properties of the control object.

Separate solutions have been previously obtained for the possibility of lengthening the transition
process by 1, 2 and 3 steps. However, if the transfer function of the object has a higher order, or the in-
crease in the order is due to distinguish the structure from the serial connection of the links, these solu-
tions may not be enough. In the latter case, upon obtaining the general transfer function using z-trans-
formation, a sharp increase in order of the result of the transformations occurs.

Obtaining calculation formulas for the synthesis has been carried out using an approach that allows
the regulator to generate the same value of the control action for given number of steps. Moreover, it is
possible to obtain the main inequalities for the synthesis by determining the aperiodic nature of the
transition process of the synthesized controller.

The adequacy of obtained expressions has been verified by constructing the transient characteristics
of the regulator and closed control systems for an object of the sixth order.

Key words: deadbeat regulator, regulator tuning, transition process.

Beenenue. Teopusi HENPEPHIBHBIX CUCTEM YII-
paBlieHHA IIOCTOSHHO DPAa3BHBAETCS, HO TEXHHUYE-
CKasl peasn3alysl MPOUCXOIUT Ha HU(POBBIX IUIAT-
¢dopmax. HMcnonp3oBaHHe HampsAMyr0 LUGPOBBIX
MOJXOMOB K CHHTE3Y CHCTEM YyNpaBliCHHS IMO3BO-

JSI€T TIOJyYHTH JIydIllee COBIAJICHHUE TP TPAKTH-
YECKOH pean3alyu.

Deadbeat-peryiastopsl  SBISIOTCS OIHUM U3
HampaBIeHUH  Pa3BUTHA LUQPPOBBIX  CHCTEM
[1-3]. Anroputmsl deadbeat-koHTpoILTIEpa ITUPOKO
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MIPUMEHSIOTCA B yIpaBlieHUM jaBurareneMm [4-8], B
MOJyJISIIMK OaTaHCUPOBKHM HamnpsikeHus [9]. B [1]
OBUIO MOKAa3aHO, YTO JAaHHBIC BHIBI PEryJSTOPOB
OYEHb XOPOLIO MPUCTIOCOOICHBI ISl UCTIOIb30Ba-
HUSl B YCJIOBUSIX OTPaHMUYCHHs Ha YIPaBIISIOLICe
Bo3JeiicTBue. B aToii ke pabore, B JOMOTHEHHE
K [2], ObUIM MOJTydeHBl pacueTHble (HOPMYIIBI IS
pacTsaruBaHUs MEPEXOJHOTO Mpolecca Ha ABa U
TpH TakTa. [lony4eHHbIe pe3yIbTaThl HALLTA CBOE
MpUMEHEHHE B pa3pab0TKe HOBOTO METO/a CHHTE-
3a Hactpoek I[IW/[-perymsropa [3]. Moxno mo-
OUTBCS COOTBETCTBUSI KOHTPOJUIEPAa TEXHOJOTH-
YeCcKUM HOpPMaM 3a CYET YBEJIWYCHHS BpPEMEHH
maroBbix oTBeTOB [10].

IIpennoxennslit Meron cuntesa 1M /[-peryis-
Topa uepe3 deadbeat-perynsTopbl TOKazad, dYTO
IUIT BO3MOXKHOCTH BBIOOpa Pa3HBIX IOKa3aTelel
KadecTBa Ipolecca MoTpedyeTcsi HaTuuue pacyer-
HBIX (OpMyJ 111 MAKCUMAaJbHOTO YAJUHEHUS Tie-
PEXOAHOTO Mpolecca.

CrnenyeT OTMETUTD, YTO CYLIECTBYIOT U ApyTHE
MeToAbl mpoekTupoBaHusi deadbeat-KoHTpoILIEpa
[11-13]. OgHako B MPHUKIATHBIX PEUICHUAX HaXo-
IUT OoJbIliee MpUMEHeHHe oaxo us3 [1].

Pacuernbie popmyasl. Cunres deadbeat mpo-
W3BOIUTCS Ha OCHOBaHWMHU (PyHKIMHU z-TIpeoOpaso-
BaHUsI 3JIEMEHTOB cucTeM ynpasieHus. CTpyKTypa
CHCTEMBI YIpaBJICHUs MTOKa3aHa Ha puc. 1.

YTy Gi(e) 1= Grz) |~

Puc. 1. Ctpykrypa deadbeat-perynsropa:
W — CHUTHAJ 3aIaHHsI; € — CUTHAJT OIINOKH;
u — yIpaBJsIoliee BO3eHCTBHIE;
 — BBIXOJI CUCTEMBI

Ilepenatounas ¢ynkuus perynsropa Gr(z) u
o0BekTa Gp(z) MOKET OBIThH 3alMcaHa CIEAYIOIUM
obpaszom [1]:

__9() _A(2)
GR(Z)_l—P(z)’ GP(Z)_B(Z)’ (1
rane ((z), P(z) — MHOro4IeHbl meperaToOYHON

¢byHkumu perymsropa; A(z), B(z) — MHOTOWICHBI
nepeaaToyHol GpyHKIMKU 00beKTa.

Koaddummentsr muorownenos Q(z), P(z) ans
knaccuueckoro deadbeat-perynisitopa MOTyT OBITH
HaWJIEHBI ¢ UCIIOJIL30BAaHNEM YpaBHEHUH [2]:

1

o=7""7"" >
b+b,+..+b
1 2 m (2)
qd; =404,
DPi =4qob;,
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rae ai, bi — kKo3pPUIUEHTB MHOTOUJICHOB (YHK-
WY z-TIepefiadu HEeNpPepPhIBHOTO 00bekTa A(z2), B(z)
COOTBETCTBEHHO; M — TIOPAJOK IeperaTOYHOM
¢$yHKUMHN 00BEKTA.

Koaddurmentsr maorowieHa (J(z) MOXHO BbI-
PasuTh Kak:

9o :”(0)’

qo=u(i)-u(i-1), i=L..., m ®)

Urak, HauanpHOE 3HAYCHHWE YNPABIAEMOU IIe-
pemenHoit u(0) 3aBUCUT TOILKO OT CyMMHI (2) Ko-
s duIMeHToB GYHKINH z-Tiepefadn 00beKTa b;.

B [2] mosy4deHsl BbIpaXXeHUs 17151 BO3MOKHOCTH
BBIOOpa MEPBUYHOTO MMITyJibca. Pacmmpum ero Ha
OoJibIIee KOJTMYECTBO TAKTOB:

w(k)=1ma k=0, 1, 2,.... 4)

Hns ciyuast by =0 z-npeoOpa3zoBaHus 3aaaro-
HIed, PerynupyeMoOd U YIPaBISIOLICH NEepeMEH-
HBIX UMEIOT CJIEIYIOIUN BUA:

W(Z): e 6))

y(z) zy(l)z_1 +y(2)z_2 +...+
+1[z—m 270 +} (6)

u(z) = u(O) +u(1)z_1 +..+
+u(m)[z”” 470 +] (7)

Paznenus ypaBaenus (6) u (7) Ha (5), momy4um:

y(2)
w(z)

u(z)
w(z)
YciioBue NOCTPOEHUS aepuoAndecKoro pery-

JIATOpa HE3aBUCUMO OT KOJIMYECCTBA 3alaHHbIX TaK-
TOB HC MCHSCTCA:

=plz_l +p22_2 +.otp,z"=P(z), 8)

=q, +qlz_1 +..+q,z" =Q(Z). ©)

—(m+1)

bz '+..+b,z" _ pz +otp, 2 —(10)

l+az"'+. . +a,z" q,+qz ' +..+q,z

YcnoBue Ui mosydeHHs 3HaueHUH Kodpdu-
[UCHTOB 3alUILIEM B BUJIC

(pl,z_1 +...+pmz_’")(0c1 —Z_l)(OCZ —z_l)

L X
0 (q(’)+...+q'm Z_m)(otl—z_l)(ocz—z_l)
(o =")
X(OCN——Z_I)‘ (11)
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CokpallleHHe OJMHAKOBBIX MHOXKHTEIICH MpH- g B ’
BOJIUT K €IMHOMY pPe3yJIbTaTy: Py = APy =Pyt = Ay,
bz '+..+b 2" poz o4 p 2" P = APy = Ay Doy + Doy (17)
-1 -m = ’ ’ : (12) / /
1+a12 +...+amZ q0+‘”+qmz_m perN—l:_AanZerm—l:
pm+N = pm >

ComnocraBjieHne KO3(pGUIIMEHTOB C OJUHAKO-
BBIMU CTETICHSMH JIaeT

’

q,=a49,, D=
q9 =a2q0, b=

bl qO 5

szIo, (13)

qm _aqu’ pm _bm
B obmem cnyvae cuctema npu yAJHHEHHUH Tie-
PEXOAHOTO Mmpolecca Ha N MOXKeET ObITh IIPEACTaB-
JIEHA KaK:
— 1y gyeTHoro N
7
CIO = Al qo:
’ ’
q, = 419, — 4,4,
’ ’ ’
9, = A9, — Aq, + 49,

dy = Alq;\f - A2q;\7—1 +.o.t Aqu’ —C](’), (14)
_q:n—Z’

qm—l >

Gmin-2 =~ Ay 19y +,ANqn,1—l
= Aqu -

qm+N = _qm 5

9 N-1

P =4p,
Dy =4p, — 4,
Dy =4p;— Azpz + 4p,

:Alp;\/ - 2PN e +ANP]: (15)

m = Ay lpm + ANpm D pm—Z’
- ANpm - pmfl’
P>

pm+N—1

pm+N =
— JUIs1 He4eTHOro N
90 = 49>
9, = 449, — 4,9,,
9, = Aq, — A, + 49,

gy =Aqgy — gy +.— Ayg + g0, (16)
Guin-2 = Ay 1qm — 1‘}qu7’1 tqm2>
_Aqu +qm—1’

qm+N = qm 5

qm+N71 =

D =4p,
Dy =4p, —4p,
Dy =4ps —A,p, + 4y,

rae
(Oc1 —z_l)(oc2 —z_l)...(ocm —z_1>=
=A - A,z + 4,27

Bynem uckarp pacuernbie GOpMYJIIBI UCXOIS U3
paBeHCTBa NMEPBBIX YIPABIAIOIINX BO3AEHCTBUM [7],
TOT/AA

q_(,) =4,
90
0= Aq, - 4,
0= Aq, — Ayq, + Ay, (18)
0=Aqs — Ayqs + Ay, — Ay,
win ¢ yaetoM (13)
D— 4,
‘)
0= Alalq; - Azqf),
0= Aargy = Ayagy + Asgy, (19)

0= Aa,q, — A,a,9, + 40,9, — 4,9,

CymmupoBanuem ypasHeHuid (15) u (17) u ¢
Y4ETOM

l=p +py+et Py

MOJXHO ITOJTYYUTh:
1) ansg wetnoro N

m

1—Zb(m g ot Ayl = Ay + 4, J; (20)

2) ans HeueTHOTO N

m

1—Zb(m A = Ayl + Ayl — g ). 21)

[ocne Beipakenus A1, Az, ... u3 (18) u (19) n
noactaHoBkH B (20) u (21) cOOTBETCTBEHHO MOX-
HO TOJYYHTh:

— JuIg yetHoro N

1

——=q,D+qy; (22)
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— JJ11 HeueTHoro NV

1 ,
T =49%D—q,, (23)

)

=1
rie
D=l-ay,—ay,(1-a)-ay;(1-a,-
—a(l-a))—ay ,(I-a;—a,(1-a)) -
—a(l-a, —a;(1-a))))—....

Ucnons3ys seipaxkenue u3 (18) u (19)
1) st getHoro N

0=Aqy — Aygy y +..+ Ay, —qo;  (24)
2) st HedeTHOoro N
0=Aqy — Aygy , +..— Ayq + g, (25)

MOJKHO TIOJTYYHTh:
— JUIA yeTHOrO N

1=2o g, (26)
4o

— JUII HeYeTHOTO N

o g, 27)

’

dy

1=—

rae
H=(a, - -~ —a’)-
=S\dy —aya@ — Ay o\ G
— — — — 2 —
ay_s\a;—aya —a,|a, —q

Torua BCJIIMUMHY YIIPABJIAIOLICTO BOSHeﬁCTBHH
Ha IICPBOM TAKTC AJI CO6J'I}O,Z[€HI/IH YCII0BU

ugp =u(0)=u(l)=..=u(N)  (28)
MOKHO pacCUUTATh KaK

Ugp =4, =;m. (29)
(D-H)3h

i=1

C yuetoM Toro, uto kK03pduuueHTs! 41, Ao, ...
MOXHO TONy4nTh 13 (18) mpm m3BEeCTHOM 3Haue-
HUH Usp:

’

Ugp =qo4;,
4, = Aay,
A, =—Aa, + Aa, (30)

- 3
A, = Aa, — Aa,a, — Aaya, + Aa;,
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WA
Ugp = qE)Al,
q;Az SUgpty,
Gy ds = tigp (—a2 +a12), (€29

’ 3
qo Ay = tgp (az —2aa, +a; ),

qo =Ugp>
g, =0,
q, =Y,
QN=03

dyn = Q(’)AIGNH - Q(’)Azazvﬂ +..+ 014(,)’ (32)

7 7 7
Gmin-2 =9oAn19, — oAyt + 24>
’ ’
Gmin-1 = 9o Ana, + a4, 1905

qm+N = amq(,)’
b= Q(’)Albla
P2 =qAb, —qyAyb;,
D3 =4904b; —qy4,b, +big,,
Py =q0Aby —qoAyby_ +...—vAyb + g4, (33)

pm = qOAN—lbm - qOAme—l + bm—ZqO’
Puin-1 =~ AyDy, + 4y

Pmin =b,405
qo =Ugp,
¢, =0,

g, =0,
gy =0,

Iy = Goday — Qo+ —a1qy,  (34)

’ ’ ’
Gin-2 =—9oAy 14, + 9o Aya,, | —a, 14,
’ ’
Qm+N—1 - QOANam - amflqo >

’
AN = ~4p405

P =4q04b,
P> =4qp4b, — qyAyb;,
D3 =q0A4ibs —qyA,b, +bigq,

Py =qodiby —qodby_ + ...+ gy Ayb — g, (35)

pm = _q(,)AN—lbm + q(,)Ame—l - bm—ZQ(,)’
Puin-1 = 904D, —b,2190,
pm+N = _bqu‘
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Hns pacuera xodddunmenros deadbeat-pery-
JSITOpa MCHOJb3yeM cUcTeMbl ypaBHenuit (32), (33)
w (34), (35). Bemuuuny wusp momyuaem uz (25),
3HaYeHHs: KodpUUUEeHTOB ¢o'A1, qo'A2, ... ompe-
nemsiem u3 (31) u, HAKOHeIl, ¢o” MOYKHO PACCUUTATD
v 1o (22)/(23), wium o (26)/(27).

MopeaupoBanue. B kadecTBe NPUIIOKEHUS
METOAMKHU pacueTa peryyisiTopoB BHIOpaH OOBEKT C
nepeaaToyHol GpyHKIuen

WO(S):

(—0,5s+1)
(10s+1)(7s +1)(3s +1)°

exp (—Zs ) . (36)

JanHoro Buza nepeaaroyHble (PyHKIIMA MOTYT
OBITH HMCIOJIB30BAHBI NPH AINMPOKCHMAIMHA Tepe-
XOJHBIX MPOLECCOB OOBEKTOB C pactpeleIeHHBIMH
napamMeTpamu.

MakcuManbHOe yhpaBisollee BoO3JeHcTBHE
usp Tpu simple time ts=4, Npu OJUHAKOBBIX
YIPaBISIIOLIMX BO3JAEUCTBUSX MEPBBIX TAKTOB N =
=10, 1, 2, 3, 4, 5, 6] yObIBaeT B CleAyIOIICH IO-
caenoBaTeabHoCTH [23,6960 7,2037 3,6834 2,4141
1,8267 1,4646 1,2871]. IlepexoaHyto XapaxTepH-
CTHKY PEryJisiTOpa MOXHO BHJETH Ha pHC. 2.

Pesynpratsl pacuera (puc. 3) u MoAEIUPO-
BaHMS 3aMKHYTOH CUCTEMBI TpEICTAaBJICHBI Ha

Bpewms, ¢

Puc. 2. IlepexoqHas XapaKTEPUCTHKA
deadbeat-perynstopa g N = [0, 2, 4, 6]

1

T
(o))

I [ R

N
SF——-

50

Puc. 3. PacueTHblil nieanbHBIN MEPEeXOIHBINA MTPOLECC
st N=1[0, 2, 4, 6]

I'paduku MOCTPOSHBI C UCIIOIL30BAHUEM Z-TIPE-
o0pa3oBaHMid U COOTBETCTBYIOT OOIICH KOHIIETI-
mun deadbeat. MogenupoBaHue NpPOU3BOAMIOCH B
MATLAB c nomomipto SIMULINK. [Ins peanuza-
mun deadbeat-perymsitopa ucnonb3oBaics Discrete
filter. 3mecr nmpu yBenmuueHnu BpeMeHH simple time
JIo 8 KpHBBIE MMPHOOPETAIOT OOJIee alepHOANICCKUN
xapaxTtep (puc. 5).

T
I
I
I
.
I
I
I
-
I
I
I
L
I
I
I
L
I
I
I
0

Bpewms, ¢

Puc. 4. [lepexoqHbIii Mporiece Mo CUTHAITY 3aIaHHs.
Pesynerat MmonenupoBanust B MATLAB
st N=1[0,2,4, 6] upu ts =4

LOf——i-o =2
0.8~
0.6/~

|
(Y
I..'

0417
|3
|

i e e m e

|
i
I
I
I
1
I
I
I
; I
0,273 i 4
I I
I I
I I
! !
40 60 80 100 120 140

Puc. 5. [lepexoanslil npouecc Mo OTKIOHEHUIO.
Pesynbrat MmonenupoBanus B MATLAB
s N=1[0,2,4, 6] npu ts =8

08—~ T e
|
|

0,6 -~ Ao
|

y I

04r-——-- i
I
|

02—t O i
|

0 —
20 40 60 80 100
Bpewms, ¢

Puc. 6. IlepexonHblii poiiecc MO0 BO3MYIIEHHUIO.
Pesynbrat Monenuposanus B MATLAB
s N=[0, 2,4, 6]
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30 j BrusiHue BpemeHu auckperwzanvu fs 1 N Ha
—1,N= MaKCHUMAaJIbHOE YTPABISIIONICE BO3JEHCTBHE NpU
20 ] MEePEXOAHOM Ipoliecce MOKHO BUIETh Ha puc. 9.
10 ~— NF4 N=6 1
s e e SR OO 14_,_ a— usp =0
u0 P S S |
10 7L AR AR ATIANH T
N=2 NV =
20 R\
10! Q: )
30 = .
0 5 10 15 20 25 30 35 40 45 50 N=3 N 1 N
N=4 \ N
. N . 1N NN
Puc. 7. I3meHeHune curnaia ynpasjieHUs N=5 NN N N TR N
IIPY UBMEHEHHHU CUIHAJIA 3a1aHus. N=6 S T H LT
Pesynbrat mogenupoBanus 8 MATLAB 100 e e i i an
s N =[0, 2, 4, 6] 4 8 10 12 141618
b 2 2 tS
o Fs T Puc. 9. 3aBMCHMOCTB NIEPBOTO MAKCHMAJILHOTO
i"l N=6 YIPaBIISIONIEr0 BO3JICHCTBHS Usp OT Simple time 75
05 : II N= 3akmiouenne. B ommume ot [1, 8], pazpabo-
e e TaHHAs! METO/IMKA TTO3BOJIMIIA TTONYYHUTH (DOPMYITHI B
u~-1.0 ol IL J——_'=-—1:""" obmiem BHIE, 4TO objerdaer mpuMmeHneHne deadbeat
I“‘“ _4 controllers st pasznmuanbix 3aga4. OHE MOTYT OBITH
1,5 T JIETKO aJITOPUTMU3HUPOBAHBI JIJISI IPUKIIAIHBIX 33124
J ' (manpumep, ripu uctons3zopanun deadbeat controller
90 N =0, B YCJIOBUSIX OTPaHHYEHHS Ha YIPABIIIOIIES BO3/IEH-
0 20 40 60 80 100 crBue; At HacTpoiiku [T I-perymnsaropa).

CJ'IG,Z[yeT OTMCTUTD, YTO, HECCMOTPA HA OIr'paHU-

Puc. 8. smeHenue curnana
YIPaBICHUS MIPU BO3MYIICHHUH.
Pesynerat MmonenupoBanus B MATLAB
s N=1[0, 2, 4, 6]

YUCHHUC YIPABJIAIOLICTO BOS,HefICTBHﬂ Ha Ha4YaJIbHbBIX
JTanax, MOTryT INpPOsABIIATHCA OOJIBIIIME OTKIIOHEHHUS
B IMNOCJICAYIOLIUX TAKTaX, 4YTO TpeGyeT MMPOBCACHUA
OLICHKU IIPpU CUHTE3C PCTYJIATOPOB.
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SEMANTIC INFORMATION CENTRIC NETWORK MODEL EVALUATION

The article describes the evaluation result of SICN (Semantic Information Centric Network) model
scheme. First, it describes the abstract levels of contents. It divides data and request classification into
four types based on the number of subscriptions and frequency of data object use. These scenarios of data
flow are described for SICN model illustrating. Time Delay, Flooding or traffic and Efficiency reuse
factor of data are used as parameters for evaluation. The paper represents a simple network example with
quantitative results. In addition, a simulation model for IP, DONA, PURSUIT, CBCB, KBN, and SICN
has been created to understand their performance with some assumptions. Four different scenarios have
been applied. Each scenario represents a certain abstract content level knowing that the scenarios
represent the data types and request types. The relevant results are shown and they proof the SICN good
performance for searching information from different sources and downloading files.

Key words: scenario, information centric networks, semantic, model, performance, routers,

subscriber, publisher, node, data type, time delay.

Introduction. The series of articles [1-5]
introduced the architecture of Information Centric
Network (ICN) named Semantic Information Centric
Network (SICN). We detailed its naming, caching
and routing designs [4, 5]. SICN naming scheme
depends on three addresses: semantic address,
geographic and publisher ID address. Furthermore,
we designed the names in SICN header format.

SICN could solve the major problems in the
current ICN field [5]:

— reduce brokers between information and end-
users by compensating search engine;

—reduce redundancy, traffic and overflow of
network;

— access semantically, which is better than using
brokers as search engines;

— propose a one new scheme that could deal
with all data connection types.

An important contribution of the SICN work is
the classification of data into the four types based
on the number of subscriptions and frequency of
data object use [4, 5].

Type A: one subscription and one usage.
A subscriber interested in the type A data will
select specific unique publisher address from any
semantic and any geographic location. Since the
subscriber is interested in a specific publisher data
source regardless of the content semantic,
publisher monitors the mobility of the user in the
network. This select query will use the Geo ID
routing table [2].

Type B: one subscription and many usages.
A subscriber interested in the type B data will select
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specific semantic from a specific publisher, thus the
Semantic ID routing table is suitable to match the
subscriber interest to the published data and to
locate the publisher.

Type C: many subscriptions and one usage.
A subscriber interested in the type C data will select
a specific semantic from any publisher where the
Semantic ID routing table is suitable for such
selection.

Type D: many subscriptions and many usages.
A subscriber selects any semantic from any
geographic location. The type D in the network is
most important that ICN can deal with.

Besides, SICN also classifies subscribers’ re-
quests into types. Subscribers’ requests may be of
four types as shown in table 1.

Table 1
Subscribers’ request types

Class

Rql |Requesting any data con-|Voice call
tent from specific public-
sher

Description Example

Rq2 |Requesting specific data|Cloud storage
content from a specific
publisher

Rq3 |Requesting specific data|Downloading a file
content from any public-
sher

Rg4 |Requesting information |Searching information
with any data content|with Google search
from any publisher
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To compare and analyze the work of the
proposed SINC scheme, it is necessary to build a
model of the semantic information network and
compare its work with analogs naturally taking into
account the type of information and requests.

Theoretical base. According to the classes and da-
ta types we can define four communication scenarios.

Scenario 1 (type A). The communication com-
ponents are publisher and two subscribers who
contact each other. Publisher has two addresses, for
example Pub ID: Viber; Geo ID: 2B::01:2C.
The first subscriber is the calling node and the second
one is the called node. Subscriber sends /RM (Interest
Request Message) having the following 3D-address:
Pub ID: Viber; Geo ID: none; Semantic ID: none.

IRM propagates (broadcasts) to the routers and
searches in each Geo ID table till it reaches the
publisher “Viber”. Matching will occur between
IRM and the Pub ID. /RM will be updated by the
new IP at each router. The publisher router will send
ARM (Address Reply Message) with the following
3D-address: Pub ID: Viber; Geo ID: 2B::01:2C;
Semantic ID: none. ARM will propagate on the
same path as IRM but in an inverse direction until
reaching the source of /RM. The Geo ID table of
each router passed by 4RM will be added by a new
record. The calling subscriber router will send CRM
(Content Reply Message) to the called subscriber
router passing through the publisher router. CRM
will have the following 3D-address: Pub ID: Viber:
Private ID: +375 171234567; Geo ID: 2B::01:2C,
Semantic ID: none.

Scenario 2 (type B). Suppose there is a subscri-
ber phone/computer that needs certain information
access in the cloud. The publisher router will send
IRM to find the information with the following
3D-address: Pub ID: drive.google; Geo ID: none;
Semantic ID: none. IRM will propagate until it
reaches the publisher. The publisher router will

drive.google; Geo ID: 2B::02:2C; Semantic ID:
none. The publisher router will send CRM for the
subscriber with the requested file.

Scenario 3 (type C). Let’s take a case of a video
stream where Facebook is a publisher and a certain
phone is a subscriber. The subscriber will send /RM
with these addresses: Pub ID: Facebook/channel/
videol; Geo ID: 32::2C:1A4; Semantic ID: none. IRM
will reach publisher router where the latest will send
ARM. When the publisher router sends ARM in all
scenarios, Time To Live (77L) in router tables will be
increased and tables will be updated. If T7L reaches
threshold, then the addresses will be sent to cache.

Scenario 4 (type D). Let’s take a case of a certain
subscriber who needs to search the following
information in the network: “diameter of the moon”,
as an example on the type D scenario and suppose
that only two publishers have this information.
The subscriber will send /RM having the following
3D-address: Pub ID: none; Geo ID: none; Seman-
tic ID: atb (moon, diameter). IRM propagates to
reach publishers where matching will occur. Each
publisher router will send back ARM in an inverse
direction of /RM. Each router will be learnt by the
three addresses. ARM will reach the subscriber.
Subscriber will send the second /RM2 having
addresses: Pub ID: Libgen; Geo ID: 2B::01:2C;
Semantic ID: atb (moon, diameter). IRM2 will reach
the needed publisher with a previously known path
since the first /[RM saved all routers IPs needed along
the path. The publisher will send CRM having the
data and the 3D-address.

Comparative analysis. The results of SINC com-
pare with DONA (Data-Oriented Network Archi-
tecture), PURSUIT (Publish-Subscribe Internet
Technology), CBCB (Combined Broadcast and Con-
tent-Based), KBN (Knowledge-Based Networking)
schemas according to many criteria including the
routing approach, naming structure, caching, and

send ARM with the addresses: Pub ID: backward comparability shown in table 2.
Table 2
ICN project analysis
ICN Routing approach Naming structure | Routing Caching A?:\EE“ Cfg;l;g&rliy
DONA |Name resolution Flat naming self-|Pull On-path; off path | Data Yes, work over IP
certifying caching
CBCB |Name based routing |Set of paired attribute | Pull- On-path; off path | Information |No
value; don’t ensure|push caching
uniqueness
PURSUIT | Name resolution Flat naming Pull On-path; off path | Data No
caching
KBN [Name based routing |Set of keywords; onto- | Pull- On-path; off path | Knowledge |No
logical categorization |push caching
SICN  |Name based routing |Human friendly; hiera- | Pull On path caching |Knowledge |Yes, work over IP
rchal (Geo address as-
sociated with IP)
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Three different metrics over this ICN schemas
have been computed: Time Delay (TD) — minimum
numbers of hops; Flooding or traffic (F)— total
number of links occupied starting from the data
requested to the data received; Efficiency reuse
factor of data (ER) — ratio of the interest numbers of
a certain data to the data travel distance.

In order to compare different schemas (table 2),
we have built six simulation models in Python
programming language composed of: not fully
connected routers (R;); three network subscribers
(NS)); network publisher (NP)).

The main content source is connected with
private cache (PC). Resolution server (DNS) is
needed for some of the schemas to find data source
IP. A search engine is needed for some of the ICN
schemes to translate the data from an informal form
to a formal one.

Let’s consider as a work model example the
content transmission in Scenario 1 with no caching
data. It is the type A data request where subscribers
ask for any data but from a specific publisher (voice
call). In SICN scheme, the message will be passed
as follows from the subscriber NS to the publisher
as follows:

NS1 —)R6—)R4—>R1%NP1.

Then back from the publisher to the subscriber
as follows:

NP1 %R1 —)R4—)R6%NS1.

The message transmitted from the subscriber
NS, as follows:

NS> — R7— R4— Ry — NP;.
Then back:
NP, — R, —)R4%R7%NSQ.

The message transmitted from the subscriber
NS; as follows:

NS3 - Rs— Ry— Ry %Npl,
then
NPy — Ri— R4 = Rg %NS}

TD that represents the number of links from the
subscriber to the publisher then from the publisher
to the subscriber have 8 links (fig. 1).

Fig. 1. SICN message flow in Scenario I
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F is the total links occupied from requesting
data by the subscriber to receiving it. In SICN model
it is the number of subscribers multiplied by 7D. In
our scenario, F = 3-TD = 24. The ER factor
represents the number of reusing data compared to
data travel distance. ER in SICN is Y4 for each
subscriber, thus totaling ER = %.

The content transmitted in Scenario 2 is the
type B cashed data. Subscribers ask for specific
data from specific publisher. We suppose that
in this model users send enough requests for the
file to reach the threshold and cache in R4, and Rs.
Each subscriber sends his request by an IRM
carrying Pub ID the semantic addresses and also
the Geo ID address as it is supposed that all tables
are converged. It means that the request has been
made before.

The data sources are cached and they send CRM
to the subscribers, thus the message flow in SICN
will be as follows (fig. 2). From the subscriber 1 to
data source in Rs:

NS1 — Ré— Rs,
then, from data source Rs to the subscriber 1:
Rs — Rs— NSi.
From the subscriber 2 to data source Ra:
NS> = R7 = Ra,
then
R4 — R7 — NS».
From the subscriber 3 to data source R:
NS3 — Rs — Ra,
then
R4s— R3— NS;.

Fig. 2. SICN message flow in Scenario 2

The content transmitted in Scenario 3 is infor-
mation. It is the type C transmission where sub-
scribers ask for specific information but from any
publisher. The content transmitted in Scenario 4 is
knowledge.

Table 3 shows the values of three metrics in
each ICN schemes and each scenarios.

For further modeling let’s do the following
assumptions:
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Table 3
ICN projects evaluations
ICN Scenario 1 Scenario 2 Scenario 3 Scenario 4
projects TD F ER TD F ER TD F ER TD F ER
1P 16 48 75 16 48 0.3 32 96 25 32 96 25
SICN 8 24 75 4 12 100 4 12 100 4 12 100

DONA 16 48 75 12 36

100 24 72 100 24 72 100

PURSUIT 16 48 75 12 36

100 24 72 100 24 72 100

CBCB 8 47 75 4 16

90 4 16 90 12 36 90

KBN 8 47 75 4 16

90 4 16 90 4 16 90

u: number of users (u = 10);

n: publisher depth (defined as number of ex-
tended branches from a subscriber to data source;
n is variable);

e: search engine depth (defined as number of bran-
ches from a subscriber to search engine; lets e = n);

d: DNS depth (defined as number of branches
from a subscriber to DNS; lets d =n / 2);

c: cache depth (number of branches from a
subscriber to cache, we supposed that c =n / 2);

s: sharing coefficient (defined as the ratio of
shared links by subscribers to total links, lets s = 0.25);

r: sharing factor (defined as the utilization factor
from sharing paths between subscribers, r=1 + s
(u—1);

L: total number of extended branches for each
subscriber to data source, L = 2D — 2 it is
supposed that each node has two branches.

We have modeled the work of six schemes in
Scenario 1. Fig. 3 illustrates time delay (7D) versus
the number of links to the data source in six schemes.
As shown in the fig. 3, in case when the content
schemas use name resolution routing (SICN, CBCB
and KBN) outperforms schemas using name-based
routing (IP, DONA, PURSUIT). This is obviously
shown as 7D for the first group is less than 7D for
the second group. The results are justified as schema
needs DNS in the second group whilst the first group
has connection to the publisher.

400
300
200

100

0 20 40 60 80 100 120 140

Fig. 3. Time delay versus number of links
to the data source

Fig. 4 illustrates that SICN obtains much better
performance of SICN compared to other schemas in
terms of flooding parameter. This is clarified by a
lower F for SICN.

The name resolution routing schema (CBCB
and KBN) shows high values of F (i. e. a lot of
flooding) leading to high traffic as they need NRS
and make extraction for a tree to find the publisher.
This extraction occupies a big part of a tree in case
of voice call. The named based routing schema (IP,
DONA, and PURSUIT) does a lot of flooding as
well. Therefore, SICN might be suited to reduce
network traffic in case of Scenario 1.

2.0
)r —@—IP
s SICN
DONA
#2— PURSUIT
1.0 —a—CBCB
——KBN
0.5

A
0 :::gﬂnnn
0 20 40 60 80 100 120 140

Fig. 4. Flooding versus number of links
in the data source

Reuse efficiency fig. 5 shows the data, where all
the schemas have the same performance in
Scenario 1.

0.12
—o—1P
010 i— SICN
0.08 f—— DONA
#— PURSUIT
0.06 L ----- CBCB
—o—KBN

0.04 \
0.02 l'I..

0 20 40 60 80 100 120 140

Fig. 5. Efficiency of data versus number of links
to the data source

Conclusion. However, none of ICN proposal
solutions fit perfectly to all types of requests [6].
For example, Combined Broadcast and Content-
Based (CBCB) project can route requests to the
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content to solve Rg4 requests, but it consumes a lot
of processing at the node to serve Rg/ and Rq2
requests.

A main difference between considered in
current modeling six different schemes is the me-
thod or level each of them deals with the different
levels of content concerning their abstract form.
Thus, we start up from differentiating between
three levels of contents: data, information and
knowledge. Thus, empirical results were tested
over four scenarios: Scenario 1 (S1), where the
content transmitted is from non-cached data level;
Scenario 2 (S2), where the content transmitted is
from cached data level; Scenario 3 (S3), where the
content transmitted is from information level;

Scenario 4 (S4), where the content transmitted is
from knowledge level.

According to modeling results SICN, CBCB
and KBN outperform IP, DONA and PURSUIT in
Scenario 1 and 2 in terms of TD. In terms of F,
SICN shows the lowest flooding in Scenario I and
2 equals 4 and 12 respectively.

IP shows the highest F as it cannot benefit from
caching. SICN, DONA and PURSUIT have the
highest efficiency in data shown by their efficiency
reuse factor (ER = 100) for Rg2, Rq3 and Rg4.
The low ER factor in IP is justified as there is no
cached data used.

SICN benefits from the absence of DNS and
search engine in minimizing the 7D and F.
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KPATKUE COOBLUEHUA

VJIK 537.633.2

B. P. MaabsipoB
benopycckuii rocygapcTBEHHBIA TEXHOJIOTHYECKUI YHUBEPCUTET

IMPUMEHEHUE D®PEKTA MATHUTONVIASBMEHHOT'O OTPAKEHUA
JJIA OTPEAEJIEHU S CKOPOCTHU ITIOBEPXHOCTHOU PEKOMBUHALIMN
B HOJYITPOBOJHUKAX

B nanHO#i paboTte mpejaraeTcs oreHUBaTh CKOPOCTh TOBEPXHOCTHON peKOMOWHANNH B 1-Si B
CTallMOHAPHOM PEXHME 110 U3MEPEHHBIM 3HAaYE€HUSIM HHTEHCHUBHOCTH (POTOBO30YKIAIOLIETO UCTOY-
HUKa U KOHIICHTPAINH N30BITOYHBIX HOCUTENEH 3apsia B MIPUIIOBEPXHOCTHOW 00JIACTH MOTYTIPOBOA-
HUKOBOTO ciosi. /1y poToBO30YXI€HUsI KPEMHUEBOH TUIaCTUHBL 1-Si TOJMIMHONW 0,5 MM NpUMEHS-
JI0Ch M3Iy4YeHHe Ja3epHOTo Anona. KoHIeHTpaus HOCUTeNed B MPUIIOBEPXHOCTHON 00IydaeMoit
00JlacTH MOJYNPOBOJHUKOBOW TUIACTHUHBI OIpENessiach 10 PE30HAHCHOW 4acTOTe MarHMTOIIA3-
MEHHOTO IIOTJIOIEHHUS! 30HAMPYIOIIEro H3JIyYeHUS MWLIMMETPOBOTO JAMana3oHa, IpU KOTOPOH
Ha0rogaeTcss MUHUMalIbHOE Tporyckanue. [lokazano, 4To maHHAs 9acTOTa BKIIOYAET B ce0s miaz-
MEHHYIO U IUKJIOTPOHHYIO COCTaBIIsItoIne. Pe3oHanc qocturaics myTeM U3MEHEeHHs] HHIYKIIH 110-
MePEeYHOT0 MarHUTHOTO TOJIs B 001acTH oOpasmna Ha (UKCUPOBAHHON YaCTOTE 30HANPOBAHM. 3HA-
YEHHE CKOPOCTH MOBEPXHOCTHOW PEKOMOMHALIMU, PACCUUTAHHOE C HMCIOJIb30BAHUEM PE30HAHCHBIX
3HAYCHHUI YacTOTHl M MarHUTHOM WMHAYKIMH, COCTABISAET 25 M/C, YTO HaXOIUTCS B YIOBIETBOPH-
TEITFHOM COOTBETCTBHH C M3BECTHBIMHU AaHHBIMHU. [Ipemnmaraemas mMetoamnka He TpeOyeT HaHHBIX O
ko3 dunuenTe nuddy3un u 00beMHOM BPEMEHHU KU3HU HOCHTENCH U MOXET OBITh IMOJIC3HON s
OTpeeTeHUs] CKOPOCTH MMOBEPXHOCTHON PEKOMOMHAIINH C MCIIOJIB30BaHUEM H3ITyYCHHH MIUIITUMET-
pOBOTO quamna3oHa.

KuroueBbie c10Ba: BOIHBI MUJIMMETPOBOrO JHMANa30HA, MarHUTOILUIA3MEHHOE OTPa)KEHHUE, KOH-
LEHTpalys HOCUTEeNeH, TOBEPXHOCTHAsI PEKOMOHHAITHS.

V. R. Mad’yarov
Belarusian State Technological University

MEASUREMENT OF SURFACE RECOMBINATION VELOCITY
IN SEMICONDUCTORS USING MAGNETOPLASMA
REFLECTION EFFECT

In this paper the method is proposed to estimate surface recombination velocity in n-Si in terms of
the measured values of the intensity of the photoexciting light and the charge carrier concentration in the
near-surface region of the semiconductor wafer. Laser diode radiation is used to excite an 0.5 mm n-Si
silicon wafer. The carrier concentration in the near-surface irradiated region of the semiconductor wafer
is determined by the magnetoplasma absorption resonant frequency of the millimeter-range probing ra-
diation, at which the minimum transmission is observed. It is shown that this frequency includes magne-
toplasma and cyclotron components. The resonance was achieved by changing the induction of the trans-
verse magnetic field in the sample region at a fixed probing frequency. The value of the calculated surface
recombination velocity, based on resonant frequency and magnetic induction values, was found to be
25 m/s, which is in satisfactory agreement with the known data. The proposed method does not require
the use of data on the diffusion coefficient and volume carrier lifetime and can be useful to determine
surface recombination velocity using millimeter-range radiation.

Key words: millimeter waves, magnetoplasmic reflection, carrier concentration, surface recombina-
tion velocity.

BBenenne. OmpeneneHne HWHTEHCUBHOCTH MUKpPO- ¥ HaHOCTPYKTYp. s u3ydeHus mopepx-
MPOLIeCCOB peKOMOMHAIINY Ha TOBEPXHOCTH MOy~ HOCTHOH pEKOMOHMHAIMK OOBIYHO MPHUMEHSETCS
POBOAHUKA SIBJISIETCS OJHOW M3 OCHOBHBIX 3aJa4 UMITYJIbCHAsl MOHU3aLUs IOJyIIPOBOJHUKA MOHO-
TP CO3/IaHUHU 3JEKTPOHHBIX IPUOOPOB HA OCHOBE XPOMAaTU4YECKUM H3JIYYEHHEM C MOCIEAYIOIIEH
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perucTpauueil OTpaXeHHON OT 3TOM MOBEPXHOCTH
CBUY-BonHbl. PasneneHue 00bEMHOTO M TOBEPX-
HOCTHOTO IIPOIECCOB PEKOMOUHAIIMH 00ecIIeunBa-
€TCs Ha OCHOBE 3HAYUTEIBHOTO Pa3INUUsl UX CKO-
pocreii [1, 2]. Pa3zpaboTan Tak:xe OECKOHTAKTHBIH,
Hepa3pyaIuil METol U3MEPSHU peKoMOUHa-
IIMOHHBIX MMAPaMETPOB B IJIACTHHAX Si HA OCHOBE
aHaJIM3a KUHETHKH PETaKCaIluu U30BITOYHOTO TETl-
JIOBOTO W3ITyYCHHUS TUTACTUHBI IO KUHETUKE U30bI-
TOYHOI'O TEIUIOBOTO W3JyYCeHUS 3a KpaeMm Cco0-
CTBEHHOro morjoiineHus Si [3].

Jns uwHTEpnpeTanyu pe3ysbTaToB H3MEPEeHUi
TpeOyeTcs KCIOIE30BaHUE IOTIOTHUTEIIEHBIX TAHHBIX
0 k03((uIMeHTax nepeHoca HOCUTENCH U JMHAMUKE
pekomOuHaIu. B nanHOM paboTte npeiaraercs one-
HUBATh CKOPOCTh MOBEPXHOCTHON PEKOMOMHAIINY S B
CTALIMOHAPHOM PEXKHUME 10 U3MEPEHHBIM 3HAYCHUSIM
WHTEHCUBHOCTU (JOTOBO30YKIAIONIETO UCTOYHUKA U
KOHIICHTPAIIUX HEPAaBHOBECHBIX HOCUTEIICH.

OcHoBHasi YacTh. Eciu n3BecTHa n30BITOUHAS
KOHILICHTpAIIUS 7, HOCUTENEH 3apsaia B MPUIIOBEPX-
HOCTHOU obyactu 00pasiia, TO CKOPOCTh HOBEPX-
HOCTHOUM pEKOMOMHAIIUU S MOXHO paccyuTarh 1o

bopmyne

g _q, 1 (1-R)
n hvAn,

N

; (1

rZie ¢s — HOBEPXHOCTHAS IUIOTHOCTh M30BITOYHBIX
HoOcuTeNe 3apsaa, oopasyromuxcs 3a 1 ¢ B pe3yiib-
Tate GOTOBO3OYXKIEHUS, M > - ¢ '; I, — HHTEHCHB-
HOCTb MCTOYHHUKA; R — K03()(UIHMEHT OTpaskeHHs
(hoTOBO30YKIAtOIIero M3IIydeHus: OT o0pasia; v —
€ro 4acrora.

ITpu 06ayuenun oOpasa U3Ty4yeHHeM OT BHELI-
HEro MCTOYHMKA BO3PACTalOT MPOBOIUMOCTb M AU-
3NIEKTpUYECKas NPOHULAEMOCTh B IPUIIOBEPXHOCT-
HOM oOsiacté 00pasua, KOTOpbIe 3aBUCAT OT KOH-
LEeHTpauuu Hocuteneld. B pesymnbrare u3MeHstoTCS
KO3(GHULMEHTHI OTPAXKEHUS U, COOTBETCTBEHHO, IIPO-
MYCKaHUs 30HIUPYIOILEero u3nydeHus. s onpene-
JICHUsI TPUIIOBEPXHOCTHOM KOHLEHTpPALUH #y HC-
MOJIB30BAIACH 3aBHCUMOCTh KO3 (HULMEHTa Mpo-
MyCKaHUsl OT 4acToThl. Ha wacrore 30HAMpOBaHMS,
paBHOM IIa3MEHHOH ), HPOIYCKaHHE IOCTUTacT
MHUHUMYMa. [Ipy KOHIEHTpanMsX HepaBHOBECHBIX
nocuteneit ~10"“-10' mM° mnasmenHas uacToTa
HaxoAuTcs B Auanazone 3oHaupoBanust 10—100 I'To.
KonnenTpauuto Hocuteneil 3apsiia B NPHIIOBEPX-
HOCTHOM oOmactu o00pasna MOXKHO ONpelesIuTh
IO YacTOTEe, COOTBETCTBYIOILEH MUHUMAILHOMY IPO-
myckanuto 3ouaupyomero CBU-uznyuyennsa. Opnna-
KO IIJIABHOE M3MEHEHHE YacTOThl 30HIUPOBAHUS B
LIMPOKOM AWANa3oHe AJIsl JOCTHKEHHS IIa3MEHHOT0
pe30HaHca SBIISETCS] TEXHUUYECKU CIIOXKHOMN 3a/1auei.
[IpumeHeHne BCIIOMOIaTENbHOIO MArHUTHOTO IO-
751, B KOTOpOE ToMeIaeTcst obpasel, MPUBOAUT K
MAarHuTOIJIa3MEHHOMY PE30HAHCY, KOTOPBIH MOXKET
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JIOCTUTaThCsl IPH U3MEHEHUH MarHUTHOW MHIYKIMU
U, CJIEI0BATENILHO, HUKJIOTPOHHOM YacCTOTHI (.

st u3mepenuii Obu1a BeIOpaHa KOHQUTypanus
C TIOCTOSSHHBIM MarHUTHBIM IIOJIEM, HAIIPABJIECHHBIM
MIOTIEPEK HAIIPaBJIEHUS paCIPOCTPaHEHUS 30HAUPY-
rouieil BoaHsl. [Ipu ncrnonbp30BaHUMN Takoi reoMeT-
pun B oOmacTu oOpasla MOXKET CO3laBaTbCsl Io-
pa3zo Oojee CHIBHOE MarHUTHOE IOJie, YeM IpHU
napasuieIbHOM HalpaBJIeHUH IO U BOJIHBL.

PaccmoTpuM crHYyCOHANIBHYIO BOJIHY C 4acTO-
TOM ®, KOTOpas pacnpocTpaHseTcs BIOJb OCH Z B
MIpO3pavHoOi nmpoBofsIel cpere. MarHuTHOE nose
HaMpaBJIeHO NepHEeHAUKYIsIpHO 3ToH ocu. Torma
yYpaBHEHUS Ui NMPOEKUHUH HANpPSHKEHHOCTH JJIEK-
TPUYECKOr0 MOJIA 30HAMPYIOWEN BOnHBI £, u E,
npuMyT B [4]:

2

, . B
k —e— |E, +ily0(o, E, +06,,E,)=0,

2)

2
(O .
ec—z—zuowcxx E, +in 00 E, =0,

r/ie kK — MOJIyJIb BOTHOBOT'O BEKTOPA; € — TUDIICKTPH-
YyecKasi IPOHUIIAEMOCTD MOJIYIPOBOJHUKA; € — CKO-
POCTb BIEKTPOMAarHUTHOM BOJIHBI B BAKYYME; Llo—
MarHuTHas MOCTOSIHHAS; Gy, — IPOBOJIUMOCTh, 00Y-
CJIOBJICHHAsI JIpei(oM HOCUTENel Mo JeHCTBUEM
3JIEKTPUUECKOTO IOJIS 30HIUPYIOILEH BOJHBL; Cyy —
XOJUIOBCKas MPOBOAUMOCTE MOJIYITPOBOJAHUKOBOIO
oOpa3iia, BEI3BaHHAS B3aWMOJICHCTBUEM TOKa IPO-
BOJMMOCTH C TNOCTOSIHHBIM MAarHUTHBIM IIOJIEM C
WHIOYKLIUEN B.

BeIpaxkeHus 111 KOMIIOHEHT O, U Oy, B IIpU-
OnmxeHUN CPepUIeCKUX IHEPreTHUSCKUX TTOBEPX-
HOCTEH UMEIOT BHJ [5]:

5 6 —or! T +io
xx »w 0 (’571 +i(0)2 +w§ ? (3)
_ _ -1 @,
G, =—G, =0,T

-1 . N2 2
(T +iw)” +w;

re Go — YAeTIbHas 3JICKTPOIPOBOTIHOCTh B TIOCTO-
SIHHOM JJICKTPUYECKOM IIOJIe; T — BpPeMsl peJlakca-
MM MMITYIIbCa; M, = eB / m" — UKIOTpOHHAs Ya-
crota; m’ —3(hdeKTHBHAS Macca HOCHTENEH 3apsa.
B nanHOM mpHONIMKEHUH C UCTIOIB30BAaHUEM YPaB-
HeHwuii (2) u (3) B [4] monyueHO BBIpasKEHUE IS JTU-
3NEKTPUYECKON MPOHUIIAEMOCTH TOJIyIPOBOTHUKA
4yepe3 XapaKTePHbIC YaCTOTHI:
o, 2
Lo 22 s @
€, ® o —o
/1€ € — MUDIIEKTPUIECKast IPOHUIIAEMOCTh B TIOCTO-
AHHOM TIOTIE; ), = (nse” / €oem’)"? — mnasmenHas
4acToTa.
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U3 (4) cnenyer, 4TO Ha YacTOTE

Wy =/, + 0, 5)

3HAMEHAaTeNb BTOPOTO CJIaraeMoro B CKOOKax pa-
BEH HYJIIO H, CIIeIOBaTeIbHO, €=oo. Takum oOpa-
30M, 4aCTOTa ) COOTBETCTBYET ITOJIHOMY OTpaKe-
HHU0. Ha 3aBHCHMOCTH MPOMYyCKaHHUS OT 4acTOTHI
WIIM OT MarHUTHOW MHAYKIIMH Oy1eT HaOIr0IaThCs
MHUHHMYM.

U3 ypaBHenus (5) cnexyeT Gopmyra uist onpe-
JeJIeHHs KOHIICHTPAIMU B IPUITIOBEPXHOCTHOH (00-
IydaeMoit) obnacTtu obpasna:

2
2 _ 2 nse
0, =0, +—F

) (6)

:
gg)M

rie . = eBo / m" — IMKIOTpOHHAs 4acToTa; By —
WHAYKIWAS MarHATHOTO TOJISI, IPH KOTOPOH HaOII0-
JaeTcs MUHIMAaIIbHOE TIPOITyCKaHue.

Cxema yCTaHOBKH IIPeCTaBlIeHa Ha puc. 1.

Puc. 1. DxciepuMeHTaNBHAS YCTAaHOBKA:
1 — CBY-reneparop (I'4-142); 2 — BomHOBO;
3 — nazepHsbIi muon; 4 — obpaszert;
5 — 0OMOTKH U CEpACYHUK JICKTPOMATHUTA;
6 — MOJTyTIPOBOTHUKOBAS TEPMOTIAPa;
7 — MUKPOBOJIbTMETP

OO0paszer B Buie KBaAPaTHOH TUTACTHHKHY #1-Si CO
CTOpOHOW 8 MM IMoOMelIajcs B 3a30p 3JEKTpOMar-
Huta. TommwmHa mnacTuHKU coctaBisia 0,5 M.
Hist GoTOBO3OYKICHMSI IUIACTUHBI IMPUMEHSIOCH
W3TyYeHHEe JIa3epHOr0 AMONa C IJIMHOM BOJIHBI
0,96 MkM (MOIIIHOCTE ~ 4 MBT).

MarnuTHOe noje B o0sacTu oOpasia, Hanpas-
JICHHOE TEPHEHIUKYIAPHO BO30YXKAAIOLIEMY |
30HANPYIOLIEMY H3IYUYCHHSIM, CO3aBaJIoCh JJICK-
TPOMAarHuTOM, OOMOTKa KOTOPOTO IUTalach OT
PETyIUpyeMOro HMCTOYHUKA TOCTOSHHOI'O TOKA.
WHaykuns MarHuTHOTO MOJS MOIJIA U3MEHSTHCS
1m0 0,9 To.

s 30HOMPOBaHUS HCHOJIB30BANOCH H3Iyde-
Hue ot rereparopa 1'4-142. Curnan, nponopuuo-
HaJIbHBI MOLIHOCTHU IMPOILEALIETO yepe3 obpasen
30HIUPYIOILETO M3JIyYeHHS, PETHCTPUPOBAJICS TO-
JyIPOBOAHUKOBOM TEPMOIAPOM, TOIKIIOUEHHON K
MukpoBonbTMeTpy ®136 ¢ npenenbHON 4YyBCTBH-
TenpHOCTHI0 100 HB/nei.

N3MepeHus: curHana npoBOAWIMCH B JHamna-
30He yactoT 65—75 ['Tu. Ha kaxxnoit u3 3o05aupy-
IONUX YaCTOT MHIYKIHS MarHUTHOTO TOJIs B 00-
nmactu oOpasia u3MeHsIach B npenenax ot 0,4 1o
0,9 Tn. MarauTomia3MeHHBIA PE30HAHC JOCTHU-
rajcs IryTeM U3MEHCHUS MarHUTHOW MHIYKITUH C
marom 0,05 T Ha pUKCHPOBAHHOM YacTOTE TeHe-
paropa.

Ha puc. 2 npencraBieHa xapakTepHas 3aBU-
CUMOCTBH KO3(pPUIIMEeHTa MPOIYCKaHUI 30HIUPY-
IOIIETO U3JIYUYCHHS OT MAarHUTHOW MHIYKIIMU Ha
yactore 67 I'Tu. MuHumanbHOE 3HaYE€HHUE MPO-
MyCKaHUs 30HIUPYIOIIETO H3MYyYCHUS I HaH-
HOTO oOpasina HabmogaeTcss B 00JIaCTH YacTOT
65-69 I'T'm (pabounii AMama3oH YacTOT reHepa-
Topa paseH 5479 I'Tn).

r
0,5
0,4 -
0,3 -
0,2 -
B, Tn

0,1 ; ; ‘ ‘ ‘

0 0,2 0,4 0,6 0,8 1,0

Puc. 2. Tunuanas 3aBUCUMOCTD KO3PPUITEHTA
MPOITYCKaHKsI OTYIPOBOTHUKOBOM IIACTHHBI
OT MarHUTHOW UHAYKIIUU
HA YaCTOTE 30HAUPYIOIIETO U3TYICHUS
67 I'Tn

Ha puc. 3 mokaszaHa 3aBUCUMOCTB KBajpaTa
qacTOTHI 0> OT Bo*. HabmroaaeTcs nuHeiHas 3aBH-
CUMOCTh, YTO COOTBETCTBYET PacUeTHOH 3aBUCH-
MOCTH (6). DKCTpamnosAus 3TOH 3aBUCUMOCTH Ha
3HaueHne By = 0 maeT 3HAUEGHHE YaCTOTHI Mo =
=65,4ITu. C ucnonp3oBaHUEM dTUX JAHHBIX H
3HaueHus 3¢ exTuBHoi Maccsl mist Si 1,08my mo-
Jy4eHO 3HAYCHHE KOHIICHTPAIIMH HOCUTENel B 00-
pasue, pasaoe 7 - 107 m°.

1,85 1 o2, 1023 ¢2 L
1,80 - . ‘,—"
0"'
1,75 - /,x"
0”"
1,70 1 ¥
Boz, TJ'I2
1,65 ' T ' . . : .

02 03 04 05 06 0,7

Puc. 3. 3aBucHUMOCTb KBaJIpaTa 9acTOTHI M,
COOTBETCTBYIOIICH MUHUMAIILHOMY MPOITYCKaHUIO
30HIUPYIOLIETO M3IY4YeHHsI, OT KBapaTa
MarHUTHON MHIIyKIIUU
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OneHka KOHLIEHTpaLUUU HOoCcUTeNel 3apsaaa oo-
JTy4yaeMoi o0nacTu ¢ yueToM KoddduuueHTa mo-
rnomenus kpemuus 107 M' Ha qmuHe BomHBI (Bo-
ToBO30OYXnatomero u3nyuenus (0,96 Mxm) naet
3HaYeHHE, KOTOPOE MOKET OTIMYAThCS OT IOIY-
YEeHHOTO M3 PACCMOTPEHHBIX BBIIIE YACTOTHBIX H3-
MepeHuil npuMepHo Ha 2%. 3HauY€HHE CKOPOCTH
MOBEPXHOCTHOH PEKOMOMHALIUY S, paCCUUTAHHOE
no dopmyne (1) mpu I, = 40 Br/™?, cocraBnser
25 m/c. [Ipu pacuerax mojaraiock, YTO U3TyUeHHUE

(h0oTOBO30YKIAIOLIETO JIA3ePHOT0 JUOA B IIIOCKO-
CTH oOpasua o0pa3yeT KOHYC C IIOMIagbI0 OCHO-
BaHHs 0kono 1 cM>,

[Ipennaraemast MeToMKa He TPEOYET UCTIOIb-
30BaHUs JaHHBIX O Kod(hduiuente auddy3uu
Y BpEMEHH KH3HU HOCUTENel B 00beMe oIy npo-
BOJHHKA M MOXET OBITH MOJIE3HON AJIs OTpeere-
HUS CKOPOCTH MOBEPXHOCTHOH PEKOMOMHALNH
C UCTIOJIb30BAHUEM H3Iy4YeHUH MUILIUMETPOBOIO
JMara3oHa.
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BJIUAHUE HOHHO-ACCUCTHUPYEMOI'O OCAKJIEHUSA
METAJUICOAEPKAIIIUX ITOKPBITUU HA COAEP)KAHUE BOJIOPOJA
B Cr/Si-, Ti/Si- U Zr/Si-CTPYKTYPAX

B nanHO# pabore 00CyXAal0TCsS SKCIEPUMEHTAIBHBIE PE3YJIbTAThI [0 U3YYECHUIO pacIpeiesIeHuUs
BOJIOPOZA B IIPUIIOBEPXHOCTHBIX ciosix Cr/Si-, Ti/Si- n Zr/Si-cTpyKkTyp, chOpMHUPOBaHHBIX HOHHO-ACCH-
CTHPYEMBIM OCAKJICHHEM B BaKyyMe. DTOT METO[ 3aK/II0YaeTCA B OCAXKICHUHU TIOKPBITUS HA MOUIOKKY
IPY O/IHOBPEMEHHOM 00JIy4eHUH (POPMHUPYEMOH CTPYKTYPbl YCKOPEHHBIMU HOHAMH MaTepualla MoKphbI-
tust. OcaykAeHUE NOKPBITUI OCYILECTBIIIOCH IPU yCKopsitomux HanpsbkeHusx U = 5—10 kB, nnotocTH
HOHHOTO TOKa ~6—20 MKA/CM?, BpeMs 0Ca)IEHHUS MOKPBITHI COCTABIIANO 112 1, 9TO COOTBETCTBOBAIIO
MHTETPATBLHBIM OTOKAM aCCHCTHPYIOIUX HOHOB ~(1—12) - 10'7 non/cm?. B paGoueii kamepe B IpoIecce
OCaK/IEHHs IOKPBITHI MOUIEPKUBANICA BaKyyM npu aasiennu ~1072 Tla. Coctas u pacnpejiesieHue 3Jie-
MEHTOB 10 TTyOnMHE B c(hOPMUPOBAHHBIX MOKPBITHAX U3yYAINCh METOIOM pe3epdopaoBckoro odopat-
HOT'O paccesiHUsI HOHOB TeJIMs B COUETaHUU C KOMIbIOTEpHBIM MojienupoBanreM RUMP, a pacnipenene-
HHE BOJIOPO/Ia 10 TIIyOHHE — METOZI0OM PE30HAHCHBIX SJEPHBIX pPEaKIuii.

YcTaHOBIIEHO, YTO NIPU MOHHO-acCHUCTUpyeMOM HaHeceHnu Metauicoaepxaumx (Cr, Ti u Zr) no-
KpBITHI Ha KPeMHUH (POPMHUPYIOTCS TIOBEPXHOCTHBIE CTPYKTYpHI TOMIUHOH ~100—400 HM B 3aBHCHMO-
CTH OT BPEMEHH OCaKACHUSL. B cocTaB MOKPBITHS BXOISIT aTOMBI 0C2KJAEMOTI0 METaJlIa, aTOMbI U3 IO/~
JI0XKKH (S1), aTOMBI TEXHOJIOTHYECKHX ITPUMeECEl KHCiIopoa, yriiepona u Bogoponaa. ChopmupoBanHbie
MIOKPBITHA copepxar ~1-20 at. % BomopoAa B 3aBUCHMOCTH OT ITApaMETPOB OCAXKICHHS MTOKPHITHH. Hc-
toynnkoM atoMoB npumecei (H, C u O) B MOKPBITHSX SIBISIETCS JieTy4dasi (ppakiiys yriieBoJOPOIOB Ba-
KyYMHOT0 Macia Au(pdy3noHHOT0 IapoMacisiHOroO Hacoca.

YcTaHOBIIEHO TaKXkKe, YTO HanOOJIbIIee KOJIMYECTBO BOOPOAa coiepxutcs B crpykrype Ti/Si. Kon-
LEHTPAIMs BOAOPOa YMEHbIIaeTcs B ~1,5-2 pa3a Ipu MOBTOPHBIX CKAHMPOBAHHUAX 00Pa3IOB MYYKOM
AHATM3UPYIONMX HOHOB N, 4TO CBSI3aHO C jerasamneil aTOMOB BOJOPO/Id, KOTOPbIE XUMHUYECKH ClIabo
CBSI3aHbI C AaTOMaMH TTOKPBITHSL.

KioueBble c10Ba: HOHHO-aCCHCTHPYEMOE OCaKACHHUE, KPEMHHH, XpOM, THTaH, INPKOHHH, BOJO-
POA, METOJ] PE30HAHCHBIX AJEPHBIX PEAKLIUH.

V.V.Tul’ev
Belarusian State Technological University

INFLUENCE OF ION-ASSISTED DEPOSITION
OF METAL-CONTAINING COATINGS FOR HYDROGEN CONTENT
IN Cr/Si, Ti/Si AND Zr/Si STRUCTURES

In this paper, we discuss experimental results on the hydrogen distribution in the surface layers of Cr/Si,
Ti/Si and Zr/Si structures formed by ion-assisted vacuum deposition. This method consists in depositing a
coating on a substrate while irradiating the formed structure with accelerated ions of the coating material.
Coatings were deposited at accelerating voltages U= 5-10 kV, ion current density 6-20 uA/cm?, and coating
deposition time was 1-12 hours, which corresponded to integral fluxes of assisting ions (1-12) - 107 ion/cm?.
The deposition of the covering has occurred in a vacuum at a pressure ~10-2 Pa in the working chamber.

The composition and depth distribution of elements in the formed coatings were studied by the Ru-
therford helium ion back scattering method in combination with computer simulation of RUMP, and the
hydrogen depth distribution by the method of resonant nuclear reaction. It has been established that upon
ion-assisted deposition of metal-containing (Cr, Ti, Zr) coatings on silicon, surface structures are formed
with a thickness, depending on the deposition time 100—400 nm. The composition of the coating includes
atoms of the deposited metal, atoms from the substrate (Si), atoms of technological impurities of oxygen,
carbon and hydrogen. The formed coatings contain ~1-20 at. % hydrogen, depending on the deposition
parameters of the coatings. The source of impurity atoms (H, C and O) in the coatings is the volatile
fraction of the hydrocarbon vacuum oil of a diffusion steam-oil pump.

It was also established that the largest amount of hydrogen is contained in the Ti/Si structure. The hy-
drogen concentration decreases 1.5-2 times during repeated scans of the samples by a beam of analyzing
ions, which is associated with the degassing of hydrogen atoms, which are chemically weakly bound to
the coating atoms.

Key words: ion-assisted deposition, silicon, chromium, titanium, zirconium, hydrogen, resonant nu-
clear reaction method.
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Beenenue. MoHHO-TyueBble TEXHOJIOTUU OCa-
KICHUS TIOKPBITUH SIBIAIOTCA NEPCHEKTUBHBIMU
METOAaMH MOJU(QHULIMPOBAHUS COCTAaBa U CBOWCTB
MIOBEPXHOCTHU MaTepuasioB u uzgenui [ 1-3]. Ogaum
M3 TaKUX METO/OB CUMTAETCS METOJl MOHHO-acCH-
CTHUPYEMOI'0 OCaX/IEHUs, IJie B MpOLECcCce Ocaxe-
HUS TIOKPBITHS IPOUCXOANUT OJHOBPEMEHHOE 00Ty~
YeHHUE TOBEPXHOCTH (OPMHUPYEMOH CTPYKTYDBHI
YCKOPEHHBIMU HOHaMH MaTepuaia MokpeITus [1].

Jna peann3anyu 3TOro MeToJ1a UCIOIb30BAJICS
BAKYYMHBII 3JIEKTPOAYIOBOM HOHHBIA HCTOYHUK,
CO3JaI0LINI MIa3My, B KOTOPOH cofep)karcs HOHU-
3UpOBaHHAs U HEUTpaibHas Pppakuu u3 MaTepuaia
anextponos [ 1]. HeitrpansHas gppaxnus, ncnapssico
BO BCEX HAaNpaBJICHUAX, OCAXJAETCS U Ha TOJA-
JIO)KKe. A moJ AeiicTBHEM YCKOpPSIOUIeH pa3HOCTH
MOoTeHIMaI0B U MEXAy MOJI0KKOW U UCTOYHUKOM
VOHBI BBITSATUBAIOTCS U3 Pa3psiAHOTO MPOMEXYTKA U
MOJ JEMCTBUEM 3JIEKTPOCTATHUECKOTO MOJS BHEA-
PAIOTCS B MOBEPXHOCTH MOUIOKKH. [Ipu 3TOM TIpo-
HUCXOAMUT MEpEeMEUIMBaHUE aTOMOB OCaXKIaeMOI0
MOKPBITHSI C aTOMaMHU TOAJIOKKH, B pe3yjbTare
4ero (hopMHUpyeTCs TOKPBITHE C BRICOKOH CTETIEHBIO
aAre3uu K OCHOBE.

B mporecce MOHHO-aCCUCTHPYEMOTO OCaXae-
HUS B IPUIIOBEPXHOCTHHIX CIIOSX 00pasla Mpowmc-
XOAAT CIIOKHBIE (PU3MKO-XUMHYECKHE MPOLECCHI,
CIOCOOHBIE CYIIECTBEHHO HM3MEHHTBH pacipesese-
HUE DIIEMEHTOB OKPBITHA O TITyOrHE, BCIIEACTBUE
4ero MOTYT U3MEHSATHCS CTPYKTYpa U CBOMCTBA €ro
noBepxHoctH [1-3].

B nactosimieli paboTe MpeAnpHHATA MOMBITKA
OTIpENETUTh XapaKkTep pacrpeeeHsl aTOMOB BO-
JI0pOJia B IOBEPXHOCTHBIX CIOSIX KPEMHUS NIPH OCa-
YJI€HUHU TOKPBITUH Ha ocHOBe MeTauioB: Me = Cr,
Ti, Zr, a Takxe yCTAaHOBUTh OCOOCHHOCTH 1 3aKOHO-
MEpPHOCTH Tpoliecca MPOHUKHOBEHUS aTOMOB BOJIO-
poJia B MOKPBITUE U MOJUIOKKY IPU HOHHO-ACCUCTH-
PYEMOM OCaKJICHHUH.

OcHoBHasA 4yacTb. B KauecTBe MOATIOKKH HC-
MOJB30BANUCH 00pa3Lbl M3 KPEMHUs, HAa KOTOpHIE
HaHOCHJIMCh METAJUICOAEPIKAIe MOKPBITHA Ha OC-
HoBe Cr, Ti, Zr. OcaxxaeHne MOKPHITUI OCYIIECTBIIS-
sock npu U = 5-10 kB, MIOTHOCTH MOHHOIO TOKa
~6—20 MKA/cM?, BpeMsl OCaKIEHHUs TOKPBITHH CO-
cTaBysIo 1-12 4, YTO COOTBETCTBOBAJIO MHTETPalb-
HBIM IIOTOKAaM acCCHCTHPYIOUIMX HOHOB ~(1-12) x
x 10" non/cm?. B paGoueii kamepe B mpomecce oca-
KJIEHUA TOKPBITUM TMONAEp)KUBAICI BaKyyM IIpH
JaBJICHUN ~1072 Ia. TToCIOMHbIA SIEMEHTHBIN aHa-
JIU3 TPOBOAMIICS METOJIOM pe3ephopIoBCKOTO 00-
patHoro paccesiHus (POP) oHOB remnust B coueTaHuu
C KOMITbIOTepHBIM MozienupoBanueM RUMP [4]. Mo-
JIeTMPOBaHNE HA OCHOBE HKCIIEPUMEHTANbHBIX J1aH-
HBIX criekTpoB POP, nomyyeHHBIX OT 00pa3LoB nocie
HMOHHO-aCCUCTUPYEMOT0 OCAXK/IEHHU, T0Ka3aJio, UTO B
cocTaB C(h)OPMHUPOBAHHBIX CTPYKTYp, MOMHMO aTo-
MOB OC@KAEHHOTO MeTaija, aTOMOB KpPEMHHUS W3
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MOJUTOKKH, aTOMOB TEXHOJIOTUYECKON MPUMECH YT-
Jiepoa ¥ KUCIopoa, NOoHKHO BXxoauTh ~20-30 at. %
Boztopoza (puc. 1).
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I'ny6una, HM

Puc. 1. [Ipodumm pactpenencHns 2IEMEHTOB
o riryouHe B cTpykType Cr/Si, momydeHHbIe
mojenupoBanuem RUMP

Metox POP He mo3BosisieT HAPSIMYIO YCTaHO-
BUTh HaJM4YUE BOJOPOJa B TPHIIOBEPXHOCTHBIX
closiX CTpyKTyp. st ompeneneHus copepikaHus
BOJIOpoJa B chopMupoBaHHBIX Me/Si-cTpyKTypax
OBUIM TPOBENIEHBI SKCIIEPUMEHTHI ¢ IPUMEHEHHUEM
MeToja sAepHbIX peakuuit (SIP). s aToro ucnons-
30Bajlacb ~ pEe30HAHCHAas  sJepHas  peakius
"H("*N,ory)'*C. Pacnipesienenue Boaoposa B IOKpbI-
THUSAX IO TTyOrHEe OBITIO YCTaHOBIIEHO MPH MPOBEIe-
HUHU TIPSIMBIX 3KCIIEPUMEHTOB C HCIIOJIb30BAHUEM
pesonancHoii (I' = 1,86 k3B) snepHoii peakiuu npu
B3aMMOJECUCTBUM HOHOB a30Ta C BOJOPOJOM.
g 5TOr0 NMpPUMEHANIOCh CKAaHWPOBAaHUE IHEPTUU
vnoHoB N’ B wmHTepBane 3HaueHmii or 6380 mo
6830 MaB u 7000 M»B uyepes 10 k3B B 3aBucumo-
CTH OT TOJIIHMHBI MOKPBITUNA. UTOOBI OMpeneinuTh
a0COJIOTHYIO KOHIIGHTPAIMIO BOJOPOAA B TIOKPHI-
THH, UCTIOJH30BAJIACh M3BECTHAs KaJauMOpOBKa CH-
crembl [5]. IlpeoOpazoBaHue IIKaIBl JHEPTHU
WOHOB a30Ta B IIKaJTy TITyOWHBI OBLIO CIENIaHo, HC-
MOJB3YysT TOPMO3HYIO CIIOCOOHOCTh HMOHOB a30Ta
(~1,2-1,3 k3B/HM), ONy4EHHYIO C MIOMOIILIO MPO-
rpamMbl TRIM [6] Ha OCHOBaHWU CMOJECIUPOBAH-
Horo 1o nanHeiM POP coctaBa mokpeitus (puc. 1).
OKCIepUMEHTaIbHBIE PE3yNbTaThl MPEACTABICHBI
Ha puc. 2. OHU TOATBEP)KIAIOT TaHHBIE MOJIEIHPO-
Banuss RUMP o manuuuu Bomopona B copmupo-
BaHHBIX CTPYKTypax. Pe3ynbTarsl, momyueHHbIE Me-
toaoM P, cormacyrotcst ¢ manHeIME [7], TIe ObLIO
MOKa3aHo, YTO IUICHKH, MOJyuyeHHbIEe TIPU Hcape-
HUU METAJJIOB, MOTYT COJiepXkaTh 3HAYUTEIbHbBIE
KOHIIEHTpAIMH aTOMOB BoJIopoia. VICTOYHHKOM BO-
JIOpoJia B MOKPBITHSX, KAK ¥ KUCIOPOAA U YIIIepoaa,
TaKKe, Ha HaIll B3TJISAA, ABJIAETCS JeTy4as ppakuus
VTICBOJOPOJIOB BaKyyMHOTO Macna nuddy3noH-
HOTO ITapOMacIITHOTO Hacoca.
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Puc. 2. Pacnpenenenne Bogopoa mo riryOnHe 3
B Z1/Si-CTpYKType, MOTydeHHOH PN BPEMEHU g
OCaXKIEHUA =3 4

Ilocne mATOrO CKaHMPOBAHHSA ITOBEPXHOCTH 00-
pasiia My4YKoM aHATU3UPYIONX HOHOB (PHC. 2) cioe-
Bast KOHIICHTPALUS BOJIOPO/A B aHAIM3UPYIOIIEM CIIOe
MPaKTHYECKA HE M3MEHSETCS U CTAHOBHUTCS PaBHOW,
COTJIACHO JIAHHBIM 3KcriepumenTa, ~1,1 - 10" ar./cm”.
OnHako mpu MepBOM CKaHUPOBAaHUH (puc. 2) n3Me-
psieMast cioeBasi KOHIICHTPAIHs BOJOPOJIa B TIOKPHI-
T B ~1,8 pasa Oomblue, yeM u3MepsieMas MpU
MSTOM CKAaHUPOBAHUH. YMEHBIICHHE KOJIMYEeCTBA
BOJIOPO/Ia B MMOKPBITHH 110 BO3JICHCTBUEM aHAJIM3H-
PYIOILIETO JTy4a MbI HHTEPIIPETHPYEM KaK JIeTa3ainio
TEX aTOMOB BOJIOPOJIa, KOTOPBIE OKa3aJINCh XUMHYE-
CKH cJ1ab0 CBSI3aHBI C APYTUMH aTOMaMH MOKPBITHSL.

B tabnuiie nmpeacTaBieHbl JaHHbIE OTHOCHTEIb-
Holi KoHIIeHTpauu C aTOMOB BOZOPO/Ia B HCCIIEY-
eMbIX Me/Si-cTpykTypax, cPOpPMUPOBAHHBIX IPH
Pa3INYHBIX YCIOBHSIX.

Konuentpanun Bogopoaa B crpykrypax Me/Si

CrpykTypa Bpews U, kB [nyGuna C,ar. %
OCaXKICHHUSL, U CII0s1, HM
Cr/Si 162 g gg 193’,87
e e
Zisi ; ig 18434 ig

OKCIIEpUMEHTAIbHBIC JaHHBIC TOKa3bIBAIOT,
4TO 1715 MOKpBITHH Ha ocHOBe Cr, Ti HaOmronatorcs
aHaAJIOTUYHBIE pe3yibTaThl. Hanbombimee koimde-
CTBO BOJIOpPOJIa TIPU MEHBIIUX 3HAUCHUSIX BPEMEHU
ocaxxieHus1 ObUT0 oOHapykeHo B Ti/Si-cTpykrype.
OT10T 3 (HEKT MOKHO CBSI3aTh C BRICOKO# afcopOrm-
OHHOU CIOCOOHOCTHIO THUTaHA U €T0 COCHMHCHMIA.
Takxe clnemayer OTMETUTh, UYTO COJIEPIKAHUE BOJO-
polla yBEeIHMUMNBAETCS C YBETHYEHNEM BPEMEHH Oca-
xpaenus nokpeitus s Cr/Si- u Ti/Si-cTpykTyp, a
TUTst Zt/Si-CTPYKTYp — YMECHBIIIAETCA.

Macca, a.e.m.

Puc. 3. JlanHbIe Macc-CIIEKTPAIBHOTO aHAIN3a
COCTaBa 3JIEMEHTOB, BBIACIAIONINXCS 13 00pa3IoB
IIPY NIPOBEJICHNH SKCIepUMeHTa MeToaoM SP:

1 — Cr/Si-ctpykrypa; 2 — Si

B kadectBe cpaBHeHUs Ha puc. 3 (kpuBas 2)
NpUBEACHBI JaHHBIE aHAlM3a COCTaBa JJIEMEHTOB,
BBIICIISIFOIIAXCS U3 YUCTOTO KPEMHUS 1O/ BO3/ICH-
CTBHEM Iy4Ka HOHOB N

AHanu3 nokasai, 4To Mo/ BO3/IeHCTBUEM aHa-
JMU3UPYIOMEr0 MyYyKa HOHOB a30Ta U3 MOKPHITUH
Beigensatorcs H, Hy, C, CH,, CHy, O, O,, CO, COs».
[TomyueHHbIE pe3yIbTATHI MOATBEPKAAIOT BEIBOJ
0 TOM, YTO IOJ BO3ACHCTBHEM MyYKa HOHOB
a30Ta U3 TMOKPHITUS BBIACISIOTCA aTOMapHBIN U
MOJIEKYJISIPHBIA BOJOPOJ, & TaKKe COCIHHEHUS
BOJIOpOJa.

3akarouenue. Meronom POP B coueranuu ¢
KOMITBIOTEPHBIM MOJICIIMPOBAHUEM  OIPEIEIICHO,
YTO TPH HOHHO-aCCHCTUPYEMOM OCAKICHHH Ha
KPEeMHUH MeTaJICOAepKalluX MOKPBITHA Ha Oc-
HoBe Cr, Ti, Zr dopMupyrOTCS MOBEPXHOCTHBIE
CTPYKTYPBI CO CIIOKHBIM 3JIEMEHTHBIM COCTaBOM.
B cocTaB CTpYKTYp BXOHASAT aTOMBI OCa)IaeMOTO
MeTalljla, aTOMBl KPEMHUS U3 TOAJIOKKHA W aTOMBI
comyTcTBytonux npumecu C u O.

Hccnenosanne chopmupoBaHHbBIXx Me/Si-
CTPYKTYp, IPOBEACHHOE C MPUMEHEHHEM MEeToJa
pPE30HAHCHOM SIAEPHOU peaklnu, MoKa3ano, 4YTo B
MPUTIOBEPXHOCTHBIX CJIOSX MOXET COAEpPIKATHCS
no 20 at. % BogopoJa B 3aBUCHMOCTH OT Iapa-
METpOB ocaxJeHusa. HamOoimpmiee KOIHYIECTBO
Bogopoa Obuto oOHapyxkeno B Ti/Si-cTpykrype,
YTO MOXHO OOBSICHUTH BHICOKOH acOpOIIMOHHON
CITOCOOHOCTBIO THTAaHA W ero coenuHeHui. Hc-
TOYHHKOM BOJIOPOJIa B IMOKPHITHSX SBIISETCS Jie-
Tydas (pakmus yrIeBOIOpPOIa BaKyyMHOTO
Macia AugQy3noOHHOTO MapoOMacisiHOI'0 Hacoca.
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Konnentpanus Bogoposna ymessiaercs B ~1,5— CJIOBJICHO Jera3alued aToMOB BOJOPOJAA, KOTO-
2 pa3a py HOBTOPHBIX CKAHMUPOBAHUAX 00pa3lOB  pbIe HE CBS3aHbBI WK €1ab0 CBA3aHBI C aTOMaMHU
[yYKOM aAHAIU3MPYIOIIUX HOHOB N, 4r0o 00y- MOKPBITHS.
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