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Abstract The tensors of friction coefficients and 
relaxation times are calculated in the Enskog 
approximation at fixed orientation of a target 
particle. The angular dependence of the latter
makes possible to introduce the velocity
relaxation time spectra. So the Enskog theory 
originally operating with a single relaxation time 
allows to incorporate the whole spectrum when the 
selfdiffusion coefficients are considered.

THEORETICAL BACKGROUND
Recent progress in molecular dynamics simulations 

of a hard ellipsoids fluid1-4 stimulated their
theoretical investigations. The ideas of local 
orientational ordering and coupling between the two 
relaxation times3'5 were useful for understanding of the 
selfdiffusion phenomena in such systems. It seems 
worthwhile to develop these ideas further.

The procedures that have led to the self diffusion 
tensor expression in the Enskog approximation are 
well documented.6-10 This expression can be written as

D 1(e1) = (Pm)"1T(e1), ( l)

T-1(e,) = /nç(ei) = - J = = J j i / k / ( e l)^c(e1,e2,k)(7 / fi)kk,
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where P =(kBT)A is the inverse temperature, p is the 
number density, m is the particle mass, ej and e2 are 
the unit vectors along the symmetry axes of the two 
particles, k is the outward directed unit normal to the 
surface of particle 1 at the point where it touches the 
particle 2, J is the surface-to-angle Jacobian,B is the 
rotational-to-translational energy transfer function.8

For the one-particle distribution function we 
adopt the Mayer-Saupe exponential form

f(ej)=Aexp(cP2(xj)),

P2{x) = (3x — 1) / 2, xj=n-ej, j = 1,2,
where the force constant c is self-consistently 
determined to reproduce the desired order parameter and 
n is the unit vector along the axis of orientational 
order of the system (director).

The usual practice 4,5,10 is to approximate the two- 
particle correlation function gc(e1;e2,k) by its average 
value according to Song and Mason.11

Unlike the previous investigations expressions (1) 
and (2) do not contain averaging over orientations of 
particle 1. So the tensors of selfdiffusion D1( 
relaxation times x and friction coefficients q are 
determined as functions of the angle 0 between the 
director n and the symmetry axis of particle 1. The 
usual diffusion tensor D is calculated as the mean 
value of D, over the angle 0 .

The transition from q to x and includes a
nonlinear inversion operation. So the results of
averaging over 0 before (<q>) and after (<x>) the
inversion are not equivalent to each other
(m <x >^<q>_1). Nonspherical particle Brownian motion 
representations, hydrodynamical analogies and computer 
simulations clearly indicate that the averaging
procedure should be applied after the inversion 
operation. This point of view requires the full
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revision of the existing scheme of the selfdiffusion 
tensor calculation. But for the case when
reorientational motion of particles is almost
immeasurably slow 2 one can prove calculations 7 for
the center of mass velocity autocorrelation function for 
the fixed orientation of the nonspherical particle and 
as a consequence expressions (1) and (2) have become 
proved.

Let Du x, q and D denote dimensionless quantities and

q = ̂ j=(a/b)2'3jde2jdk(j /¿?5)/(e2)kk , (4)

where a and b are the semiaxes perpendicular to and 
along the symmetry axis of the ellipsoid, respectively, 
P = p!PcP PcP is the close-packed density. Then one can
write

t = 8tt, q = 5s?, (5)
Dj = x = i;_1 , (6)

where the dimensional multipliers are determined as:

&D =G/-Sjfim, 8 = Pra8D, 8i=(p/SD) 1, G3=8atf. (7)
For molecules of MBBA liquid crystal at T = 290K
8d= 7.4*10”® m /c , 8T= 8.2*10”12 c , 8?=5.4 10“14 

kg/c.
According to (6) the dimensionless tensors of 

selfdiffusion and relaxation times are equal to each 
other and to inverse of q .

COMPUTATIONAL RESULTS
Some computational results are presented in Fig. 1 for 
the systems of prolate and oblate particles with
semiaxes ratio 10:1 at p=0.5. Elements of tensor D : (or 
x) are represented in the body-fixed coordinate system.
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The axis Z is directed along the particle symmetry axis, 
the axis X is perpendicular to the plane (i^ej, and the 
axis Y is also perpendicular to the particle symmetry 
axis and lies in the plane (n^).

There are five nonzero elements of the tensor 
Dj! D ta, D lyy, D^, D lyz = D Xzy. The figure demonstrates strong 
angular dependence of the elements. The angular 
dependences of the transversal mobilities D ixx and D lyy 
are very different for prolate particles and similar for 
oblate ones. These features are intuitively reasonable 
and can be explained by the ordering character in the 
systems.

W

40

30

20

10

FIGURE 1 Angular dependence of the selfdiffusion tensor 
for prolate (a) and oblate (b) particles. 

i - aD lxx, 2,2- - aD lyy, 3,3- - y 4 - ^Diyz, 5 - \|/.
a) a = iob, a = 2 0 , y = l, £ = -20,-
b) a = o.ib, a = l, y = io, £ = l.

Curves 5 in Fig.l illustrate how the principal axes 
of the selfdiffusion tensor are oriented with respect to 
the body-fixed coordinate system:

2v|/ = arctg (2D lyy / (Dlyy - )). (8 )
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The principal axis Z lies between the directions n 
and ej if 0 < 71 /2 and for 0<7t/3 one can approximately 
find cp ~ /70 with p growing as p and the semiaxes ratio 
increase; p=0.08 for p=0.5, a=5b, and p=0.5 for p =0.6, 
a=0.1b. The coefficient p is appreciably higher for 
oblate ellipsoids at the same p and the semiaxes ratio.

Only those of the principal values of the tensor D, 
are shown in Fig.l (curves 2 1 ,3' ) that differ
appreciably from its responsible diagonal elements in 
the body-fixed coordinate system XYZ. All stated about 
D, is true for the relaxation times tensor T .Three 
principal relaxation times vary in broad bonds and form'•35“relaxation time spectra (Fig.2). Distribution of states 
in time intervals was calculated as

<f>a(T) = f M  Sin 0 /(dTa / dQ),
0 = 0a(x), a =x'y'z'. (9)

There are two regions of high density in the spectra 
because the one-particle distribution function has a 
sharp maximum at 0 = 0. This regions reveal themselves 
in the time dependence of the velocity autocorrelation 
functions.

When Dj was averaged over 0 the results of Tang and 
Evans 5 for prolate ellipsoids were reproduced within 2 
percent except for isotropic phase values at a=10b where 
our data were 5 percent lower than those of Tang and 
Evans.

The transversal (with respect to n) element D± of D  
includes both Dlzz and DXxx,DXyy approximately in equal 
parts due to the fact that D lzzsin20 is not very 
different from D Xxx A y y  cos2 0 at most probable small 
values of 0. Alternatively D, sin2 0 « D lzz COS2 0 at the
same condition and the contribution of Dlyy to the 
longitudial element Dl{ does not exceed a few percent. 
So the time autocorrelation function of the transversal
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velocity is characterized by two relaxation times 
whereas the longitudial velocity autocorrelation 
function has a single relaxation time.

t-ioo

-T-ioo

0.1 0.2 0.3 0.4
L-----

FIGURE 2 Normalized to unity relaxation time
spectra for prolate (a)and oblate (b) particles.
1 - <px,, 2 - cpy, 3 - (pz>.

For oblate ellipsoids our computations mainly 
overestimate the molecular dynamics data2 for Dj_ and 
underestimate those for Du The difference between ours 
and molecular dynamics data does not exceed 40 percent
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except for D n at a=0.lb and p= 0.5; 0.6 where the
difference becomes equal to 80 and 140 percent, 
respectively. Probably the cage effect and chattering 12 
are of great importance in these states.

For small values of the semiaxes ratio ( ^3 - 4) one 
can not neglect reorientational motion of molecules and 
translational and rotational selfdiffusion cannot be 
investigated separately.

The Enskog approximation in representation cosidered 
produces the wide relaxation time spectrum and the 
problem arises how to incorporate this complicated 
spectral properties to calculate other transport
coefficients of hard particle fluids.4
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