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MOJIAJIBHASL YIIPABJISAEMOCTD OJJHOM IBYMEPHOM CUCTEMBI
3ANTA3ABIBIOHIEI'O THITA B CIIEHUAJIBHOM CJIYYAE

B nmy6nukanuy paccMOTPEHO pelleHHe 3a/1a4d MOJAJIBHOM YIPaBIIeMOCTH I JBYMEPHOH cranu-
OHapHOﬁ ﬂHHaMM‘IeCKOﬁ CHUCTEMBI C 3ala3JIbLIBAOIINM apryMeHTOM C OAHUM BXOJOM U IBYMSA COU3ME-
PUMBIMU 3ala3/bIBAHUSMU B OJHOM CIELHATBHOM ciydae. Jl[aHO ompeaeneHue 3aAaddl MOJAAIbHOIO
yIpaBIeHUS ISl UCCIEAYeMOM CHCTEMBI. 3aJada MOAAIBHOTO YIIPABICHUS SBJISAETCS OAHOW M3 OCHOB-
HBIX 3a7ad TEOPUH ympasieHus. Takas 3ajada XOpOIIO M3y4yeHa JUIi CHCTEM Oe3 3ama3[bIBaHus.
I[J'IH CHUCTEM C 3amnasJibIBaroliuM apryMmeHTOM U CUCTEM HeﬁT‘paﬂbHOFO TUIla pEIICHUE 3aa4 MOdaJIb-
HOTO YINPaBJIECHUs 3HAYUTEIILHO CIIOXKHEE. DTO 00YCIOBIEHO TEM, YTO IPOCTPAHCTBO COCTOSHUN TaKHX
CHCTEM, KaK ITPaBUII0, OECKOHEYHOMEPHO.

B cTarse momydeHO pelieHHe MOCTAaBICHHOH 3aJaudl MPH ONpPECICHHBIX 3HAUCHUSX [apaMeTPOB
UCCIIeyeMOil CUCTEMBI C 3ara3/ipiBaHneM. TakxkKe MOIyueHbl PEryJISITOPbI [0 THITy 00paTHOM CBSI3H, pe-
LIAIOIIUE 3a/1a4y MOAAJIBHOTO YIPABJICHUS ATl pACCMaTPUBAEMON CUCTEMBI. DTH PETYJISITOPhl HaliieHbI
B YaCTOTHOH 00JIaCTH Kak 3JeMeHTapHbIe GYHKINU K03(DUItneHToB cucteMsl. Jlanee mpuBeaeHH mpa-
BIJIA, COTJIACHO KOTOPBIM ITOJIyYEHHBIE PETYJIATOPBI IEPEXOAAT U3 YACTOTHOM 00JIaCTH B PETYJIISITOPHI 110
THUITy 0OpaTHOW CBSI3W JUIsl UCCIieyeMoil cucTeMbl. [IpuBeneH MILTIOCTPaTUBHBIN NPUMEp peLeHus 3a-
Jlauu MOJAJIBHOTO YIPABIEHUS AJIS pACCMAaTPUBAEMON CHCTEMBL.

JlaH crIMCOK JIUTEpaTyphl, B KOTOPOH 3a/1a4a MOJAIBHOTO YIIPABJICHHS PEIIASTCs JUI APYTUX 3ara3-
JBIBAIOLINX CUCTEM U CHCTEM HEHTPAIbHOIO THIIA.

KiroueBble cioBa: 3ama3/pIBaIOIME CUCTEMBI, MOJAIBHOE YIIPABICHHUE, PETYIATOPHI, 0OpaTHas
CBfI3b, 3ama3/bIBaHuE.
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A. A. Yakimenka
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MODAL CONTROLLABILITY OF ONE TWO-DIMENSIONAL DELAYED
SYSTEM IN A SPECIAL CASE

The publication considers the solution of the modal controllability problem for a two-dimensional
stationary dynamic system with a retarded argument with one input and two commensurate delays in one
special case. The definition of the modal control problem for the system under study is given. The modal
control problem is one of the main problems of control theory. Such a problem has been well studied for
systems without delay. For systems with a retarded argument and neutral type systems, the solution of
the modal control problem is much more complicated. This is due to the fact that the state space of such
systems is usually infinite-dimensional.
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The article obtains a solution to the problem for certain values of the parameters of the system with
delay under study. Feedback-type controllers are also obtained that solve the modal control problem for
the system under study. These controllers are found in the frequency domain as elementary functions of
the system coefficients. Below are the rules according to which the obtained controllers pass from the
frequency domain to feedback-type controllers for the system under study. An illustrative example of
solving the modal control problem for the system under study is given.

A list of literature is given in which the modal control problem is solved for other delayed systems

and neutral type systems.

Keywords: retarded systems, modal control, regulators, feedback control, delay.
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Brenenue. 3agaua MOJATBHOTO YIIPABICHUS SB-
JsieTcsl OJJHOM M3 OCHOBHBIX 3aJa4 TE€OpUM YIpaBIie-
Hus. Takast 3a1a4a XOpOIIO M3y4YeHa Ui CHCTeM Oe3
3ama3apIBaHus. [ cucTeM ¢ 3ama3/pIBaroIiM apry-
MEHTOM U CUCTeM HelTpasibHOrO THMa [1-7] pemenue
3a/1a4¥ MOJIAJIBHOTO YIIPABJICHUS 3HAYUTEIBHO CIIOXK-
Hee. DTo 00yCIIOBIEHO TEM, YTO IIPOCTPAHCTBO COCTO-
SIHUH TaKUX CHCTEM, KaK MPaBUII0, OECKOHEYHOMEPHO.
B nmannoit paboTe pemaercsi 3agaya MOAAILHOTO
YTIpaBIIEHUs I IBYMEPHOH CTallMOHAPHOW TUHAMU-
YECKOI CHCTEMBI C OIHMM BXOJIOM U JIByMsI COU3MEPH-
MBIMHU 3ala3/AbIBaHUSAMU B OHOM CIIELMAIBHOM CIIy-
yae. [TomydeHs! peryisaTopsl 0 NPUHLHITY 00paTHON
CBS3H, PELIAIOIINE 3aady MOJAIBHOIO YIPABICHUSL.
[IpuBeaeH npuMep pereHns Takon 3a1a4n.

OcHoBHast 4YacTth. PaccmMoTpuMm JnHHENHHYIO
CTallHOHAPHYIO CHCTEMY C 3ala3/bIBAIOLIUM apry-
MEHTOM C OJTHUM BXOJOM U JIBYMSI COU3MEPUMBIMU
3arna3/bIBaHUsIMHU:

x(1)=Ayx(t)+ Ax(t —h)+ Ax(t —2h) +bu(t), (1)

rned;, j=0,1,2 — nocrosHHble (2X2)-MaTpuIbl;

h > 0 —ToCcTOSIHHOE 3aIa3/IbIBaHKe; b — IMOCTOSTHHBIHA
2-BEKTOp; u — CKaJISIpHOE ynpasieHue. He orpanuuu-

Bas OOIIHOCTH, MOKHO CUMTAaTb, YTO b':(O 1)

’
(wtpux (-) O3HAYaET TPAHCIOHUPOBAHHE).

XapaKTepUCTHUECKOE YPaBHCHUE PAa30MKHYTOMH
(c HynmeBBIM yTipaBiieHHEM) cucTeMsl (1) nmeer BU

det[M2 — A, —Ae™ —Azefnh]E A+

—\h

(0 +0yye™ +o,e M)A+ 0t + 0 e +

—2\h )
+ (xozefz}”h + 0(03e7w' + o, 4674M =0, (2)

rae Ae C, e /™ — OTIepaToOp C/IBUTA (e’~’”’x(r) =
=x(t— jh)).

IIpucoenunum k cucreme (1) perynstop Buaa

u(t)zéq;x(t—jh)+ [ &(s)e(t+5)ds. 3)

~Ih
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rane [, MeN, q; j=0,1,..., M — 2-BeKTOpHI;

g(s), se [—h, O] — HeTpepbIBHasK 2-BeKTOP-()YHKIHL.
B wacrotHoi1 00actu perynarop (3) UMeeT BH

M
UM)=> g™ +G(A), (4)

J=0
rae G(A) — uenast pyHKLKSL, ONPEAEISIOIIAs HHTE-

rpajbHYIO 9acTh (3).

Onpeoenenue. Cucrema (1) MOIanbHO ympas-
JsieMa peryasTopoM Bua (3), eciu sl Hanepe[ 3a-
maHHBIX wmeen O, i=0, j=0,1,2,3,4; i=1,

Jj =0, 1, 2 nHaiinercs Tako# perysisTop, pyu KOTOPOM

ij >

XapaKTepUCTUUECKOE YpaBHEHHWE 3aMKHYTOW CH-
cremsl (1), (3) Oynet umets BUL (cp. ¢ hopMyoii (2)):

det[?d2 — Ay~ Ae ™ — g, —bU(k)} =

—12 ~ ~ —\h ~ —2M\h
=07 + (G + 0y + 6,67

A+6, +
+ ﬁcme_M’ + &Oze_m’ + 6(036_3M + 6(046_4M =0.
Ilycts
Wy =04, +6L11m+6L12m2; (5)
My = Blyg + Olgy + Gloym? + Blgzm’ +8y4m”, (6)
i=1,j=0,1,2 —

MpoOU3BOJIbHBIE umciaa. Torga cuctema (1), 3a-
MKHYTasi peryiIsiTOPOM, PEIIAoNINM 3a7ady Mo-
JMalbHOTO YNpPaBICHUS, UMEET CIEIyIoIlee Xa-
PaKTEpUCTUUECKOE YpaBHECHUE:

A+ A+, =0. (7)

rne  @,,i=0,j=0,1,3,4

~Mh
O003HaUNM M = e

—omeparop caBura (mx (t) =
=x(t—h)), A(m)= 4, + Am+ A,m> He orpann-
yuBasg OOIIHOCTH, MOXXHO CUHTATh, YTO MaTpHUIA
A (m) HMeEET BUI

2
a, +aym by +bm+m

Alm)= ay (m) ay, (m)
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rae
ay (m)=ay, +ay,m+ ay,m’;
ay, (M) = gy + oy m + ayyym’. (®)
B pabotax [6], [7] TpeOoBaioCh BBIMOIHEHUE
ycnousi @, #0. B nannoii paboTe paccMoTpum
ciayuain
a, =0. )]
Torpa matpuua A(m) npumer Buj
a by + bym +m’
ay (m) ay, (m)

Perynarop, pemaromuii 3agady MOJAIbHOTO
yIpaBieHus, OyJeM UCKaTh B BUE

U (A, m) =[u1 (A, m)  u, (A, m)}
=[n11 (’”)_azl (m) N> (7», m)—a22 (m)], (10)

rac T]“ (m) — IIOJIMHOM OTHOCHUTCJIBHO mi.

A(m)=

Kommnonenty m, (7\,, m) perymnsropa (10) paz-

nenuMm Ha auddepeHiranbHO-pa3HOCTHYO (e co-
OTBETCTBYET HEKOTOPHIN KBA3WUIIOJIMHOM) U HHTE-
TPATLHYIO YaCTH:

N, (A, m)=n,, (m)+n,, (A, m), (11)

rae My (m)
Ny (A, m) COOTBETCTBYeT MHTErPAIBHON YACTH.

IIOJIJMHOM OTHOCHTCJIIBHO M1,

Bynem uckath 5Ty GYHKUUIO B CIEAYIOIIEM BHIE:
m—k

A-a,’

rie k=e“"; ¢, ¢, — HeKOTOpbIE YHCIIa, TOIIEHKA-
e ONpeaeNeHN0. XapaKTepHCTHIeCKOe ypaBHEHHE
3amMKkHyTOH perymstopoM (10) crcremsi (1) mpumer Buz

a, — A

Ny, (A, m)=(c; +c,m)

by +bm+m’
m—k =

A

Ny My + (¢ +em)

=07 +(=ay =My )A —bny,m+ cykm —c,m” —
=My’ +Mya, ="Myby + ek —em=0.

UTOOBI TOTYYHTD I 3aMKHYTOH CHCTEMBI Xa-
pakTepucTHueckoe ypaBHeHue (7), BIOEpeM B Ka-

4eCcTBE 1,; CIEAYIOMUM KBa3UIIOIMHOM:

Moy =g —ly,
rae U, ompeneneH B popmyine (5).
Torma xapakTepuCTHYECKOE YpaBHEHHE 3a-

MKHYTOW CUCTEMBI IIPAMET BUJ

2 2 2 2
A+ WA —bn,m+cykm—cym” —nm” —ay —

—Wa, =byny; +¢k—m=0.

UroOsl mocnenHee ypaBHeHHe uMeno Bua (7),
HYKHO BBITIOJIHEHHE PaBEHCTBA

2 2_ 2
b, m+ckm—c,m” —n;,m” —ay —
—Way =bny, ek —em=u,.
Bripasus orcrona 1;,, MOIy4uM

2_ 2
_ +ckm—c,m” —ay —Wa, +ck—cm

.(12)

" by +bm+m’
ITocnenusst npoOb, B 00IIEM cirydae, HE SIBIISI-
eTcs MOJIMHOMOM oTHocutenbHo m. [lonGepem ¢
U ¢, TaK, 4ToOBI IpaBas yacTsb hopMysl (12) crana
noJMHOMOM. [J1 3TOro BHavaje BBIAECIUM IENyI0
yacTh B (12).

Ny =—6+
+blczm+czkm—a§ —-Wa, +byc, +ck—cm—nu,

by +bm+m’

[Totpebyem, ITOOBI YUCITUTENH TTOCTICTHEH TpOoH
0511 OBI paBeH HyI0. IMeem

bc,m+ cykm —ay —W,a, +byc, +ck—cm—p, =
=(bc, +c,k—c)m—a; —Wa, +bye, +
+c¢ k-, =0.
Orcrona BUITHO, YTO B KAUECTBE C; MOXKHO B3ATh
¢ =bc, +c,k. (13)
Torna ¢ yuerom cootHomeHus (13)
bc,m+c,km—a; —W,a, +byc, + ¢k —cm—p, =
— 2 2 —
=(by + bk +k*)c, —ag —ag, —p, =0.
Orcrona
2
I i
by + bk + k*

HerpynHo yBHIETbH, 4TO AJI TOTO, YTOOBI C, U3

(14)

%)

(hopmyiiel (14) OBLIO MOJMHOMOM OTHOCHTENBHO 771,
HEOOXONMO M IOCTATOYHO BBHIITOJTHEHHS YCIIOBHS

by + bk +k* #0. (15)
C Y4€TOM TOIO, 4TO

m—k
Ny (A, m)= (¢, +c,m) N ,

—a,

U npuHsaB Bo BHUManue (13), (14), mocne Hecnox-
HBIX Pe00pa30BaHUM ITOITYIHM

(a5 +myay +1, ) (m+b +K) g
by + bk + k* A—a,

Taxum o6pazom, ¢ yuerom (10) perymstopsl B
YacTOTHOH o0nacTu

Ny (7" m) =
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)=_ag+aou1 T,
by + bk +k*

uy (A, m)==ay =W, — ay (m)+
+(a§ 4, +p2)(m+b1 +k) m—k
by + bk +k* A—a,

pelaT 3a7ady MOJAILHOTO YIIPAaBICHUS NS CH-
cremsl (1) mpu BeimoaHeHUN ycnoBus (15).

Otcroma BHIHA CIPaBEUIMBOCThL CIIEAYIOIIEH
TEOPEMBI

Teopema. JIns toro utoObl cucrema (1) Obuia
MOJaJbHO YIIpaBiigieMa peryisTopoM Buaa (3) B
ciryyae (9), BeimonHenue ycnosus (15) Heo0xoanmo
U 10CTaTo4yHO. [Ipu 3TOM perynsiTopbl, peraromnue
3aJaqyy MOAAJIBHOTO YNPAaBJIEeHUs, B YaCTOTHOH 00-
nactu umeroT Buja (16), (17).

ITpu nepexojie OT PeryIsaTOPOB B 4HACTOTHOM 00-
JacTU K peryistopaMm Buzaa (3) Hy>KHO ClIeIoBaTh
CIIEAYIOIIUM IIPABUIIAM.

u (A, m —ay (m); (16)

(17

1. CnaraembIM Buja mi)c_j COOTBETCTBYET
x; (t—ih).
2. CnaraeMbIM BUa [, X ; COOTBETCTBYET
00X, (2)+ 0y, x; (2= h)+0,x, (1—2h).
3. CiaraeMbIM BUJI@ WL, X; COOTBETCTBYET
Ogox, (£)+ 0y x, (8= h)+0g,x; (1= 2h)+

+ Olosx; (8= 3h)+ 6o, x; (1 —4h).

4. CnaraeMbIM BuUaa X i COOTBETCTBYCT

0
I H(t+s)H (h+ s)e_(h”)éxj (t+s)ds,
—h

roe H (t) — ¢yskius XeBucaiaa.

m
5. CraraembIM BUza 1 - "t X; COOTBETCTBYET
—h

I H(t+s)H (2h+ s)e_(y'“)ng (t+s)ds.

=2h

Ilpumep. Paccmotpum cuctemy (1) ¢ matpuriamMu

-3 2 0 5
4, = A= ’
10 Ao A1 Ay

? IV %)) ’ 1]

Torma maTpuna A(m) HAMEET BU

) -3 2+5m+m’
(m)_ 2 21"
Qyi9 T Ay M+, Qyyg + oy M+ Gy

O6osHaunm k=¢ " = e R. [IpoBepum BBI-
nonHeHue ycioBus (15):

by + bk + k> =2+5¢" + ¢ >0.

Ycnosue (15) BemonHeHo. Torma perynsaTopsl
(16), (17) mpuMyT ciaexyromuii BUA:
) —_ 9— W Tl

u, (A, m
! 2+ 5k + k2

2
—ay0 — Gy M —aym,

_ 2
U, (7“’ m)—3 Uy Ay — Ay —ayp,mt +

9=3u + ) (m+5+k) m—k
2+ 5k + k? A+37

Herpyano mpoeputs, uto cucrema (1), 3a-
MKHYTasi 3THUM PETyJIITOPOM, UMEET XapaKTePUCTH-
YEeCKOE ypaBHEHUE BUIA

K

A+, =0,

roe U,, W, ompenenensl B popmynax (5), (6).

3akamouenne. B cTaTthe mOIydeH cmocod
HaXOXJICHUsI PETYJIATOPOB IO MPUHIMITY O0OpaT-
HOW CBS3M, pEINAIIMX 3a7a4yy MOJAIBHOIO
YOpPABIICHUS ISl [BYMEPHON CHCTEMBbI 3ara3/ibl-
BAaIOIETO TUMA C JBYMS COM3MEPHMBIMH 3ama3-
IBIBAaHUSMH U OJTHUM BXOJ0M B ciydae (9). Yka-
3aHBI JOMOJHUTEIbHBIC YCIOBUS CYIICCTBOBAHUS
TaKuX peryiasiTopoB. Takke pacCMOTPEH WILTIO-
CTPaTHUBHBIA TIPUMED.

Cnucok JuTepaTypsl

1. Mapuenko B. M. O mpobieMe MOIATLHOTO YIPaBICHUS B JIMHEHHBIX CHCTEMax C 3ala3bIBa-
HueM // Jloxmansr Axagemun Hayk BCCP. 1978. Ne 5. C. 401-404.
2. Sflkumenko A. A. MopansHOe yIpaBiIeHUE OJTHOM 3ama3biBarolei cucremoit / Tpyast BI'TY. 2013.

Ne 6: ®u3.-mat. Hayku 1 nHpopmaTuka. C. 3-7.

3. Skumenko A. A. MonansHoe ympaBlieHHE OIHOW cUcTeMo HelrpaipHoro tumna // Tpynst BI'TY.
2016. Ne 6: ®u3.-mat. Hayku u uHGOpMaTuka. C. 18-21.

4. SIxkumenko A. A. MoganbpHOE YITPaBJICHHE OJTHOW CUCTEMOW HEUTPAIHLHOTO THIIA B OOIIECITHKIHIECKOM
ciydae // Tpymet BI'TY. Cep. 3, ®u3.-mar. Hayku u uadpopmatuka. 2017. Ne 2 (200). C. 25-27.

5. Slkumenko A. A. MonansHoe ynpaBieHHe OTHOH CHCTEMON HEHTPaIbHOTO TUIIA B OOILEIMKINIECKOM
ciyuae rpu KpatHbix kopHsx // Tpyast BI'TY. Cep. 3, ®u3.-mat. Hayku u uHpopmatuka. 2018. Ne 1 (206).

C.5-8.

Tpyabl BITY Cepusi3 Ne2 2024



A. A. AKMMeHKo 9

6. Slkumenko A. A. MopaibHas yIpaBsieMOCTh OJHOM IByMEPHOM CHCTEMBI 3ala3AbIBaroIero Tuma //
Tpynet BI'TY. Cep. 3, ®uzuxo-matemarnueckue Hayku U nHGopmaruka. 2023. Ne 1 (266). C. 15-19. DOLI:
10.52065/2520-6141-2023-266-1-3.

7. Slkumenko A. A. MoganbHast ynpaBiasieMOCTh OHOW ABYMEPHON CHCTEMBI 3ala3/IbIBalOLIETO TUIIA B
ciyuyae kpaTHbIX KopHeii // Tpynet BI'TY. Cep. 3, ®usuko-maremaTnyeckue Hayku U uHpopmartuka. 2023.
Ne 2 (272). C. 18-22. DOI: 10.52065/2520-6141-2023-272-2-3.

References

1. Marchenko V. M. On problem of modal control in linear systems with delay. Doklady Akademii nauk
BSSR [Reports of the BSSR Academy of Science], 1978, no. 5, pp. 401-404 (In Russian).

2. Yakimenka A. A. Modal control for one delayed system. Trudy BGTU [Proceedings of BSTU], 2013,
no. 6: Physics and Mathematics. Informatics, pp. 3—7 (In Russian).

3. Yakimenka A. A. Modal control for one neutral type system. Trudy BGTU [Proceedings of BSTU],
2016, no. 6: Physics and Mathematics. Informatics, pp. 1821 (In Russian).

4. Yakimenka A. A. Modal control for one neutral type system in general cyclic case. Trudy BGTU [Pro-
ceedings of BSTU], issue 3, Physics and Mathematics. Informatics, 2017, no. 2 (200), pp. 25-27 (In Russian).

5. Yakimenka A. A. Modal control for one neutral type system in general cyclic case with double roots.
Trudy BGTU [Proceedings of BSTU], issue 3, Physics and Mathematics. Informatics, 2018, no. 1 (206),
pp. 5-8 (In Russian).

6. Yakimenka A. A. Modal controllability of one two-dimensional delayed system. Proceedings of
BSTU, issue 3, Physics and Mathematics. Informatics, 2023, no. 1 (266), pp. 15-19. DOI: 10.52065/2520-
6141-2023-266-1-3 (In Russian).

7. Yakimenka A. A. Modal controllability of one two-dimensional delayed system in the case of multiple
roots. Trudy BGTU [Proceedings of BSTU], issue 3, Physics and Mathematics. Informatics, 2023, no. 2
(272), pp. 18-22. DOI: 10.52065/2520-6141-2023-272-2-3 (In Russian).

HNndopmanus o0 aBTope

SIxumeHnko AHapeii AlekcaHIPOBUY — KaHAUIAT QU3UKO-MAaTEeMaTHUYECKUX HAYK, JOLEHT, JOICHT Ka-
¢denpsl BeICIIEH MaTeMaTHKU. benopycckuii TocyAapcTBEHHBIH TeXHONMornueckuii yausepcuret (220006,
r. Munck, yin. CBepaiioa, 13a, Pecriyonuka Benapycs). E-mail: yakimenko@belstu.by

Information about the author

Yakimenka Andrei Aliaksandravich — PhD (Physics and Mathematics), Associate Professor, Assistant
Professor, the Department of Higher Mathematics. Belarusian State Technological University (13a, Sverd-

lova str., 220006, Minsk, Republic of Belarus). E-mail: yakimenko@belstu.by
Hocmynuna nocine dopabomru 17.04.2024



