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A. A. SIkumeHnko
Bbenopycckuii rocyaapcTBEHHbIH TEXHOJIOTHYECKUI YHUBEPCUTET

MOJIAJIBHAS YIIPABJIIEMOCTD OTHOM IBYMEPHOM CUCTEMBI
3AIMA3ABIBIOIIEI'O TUIIA C TPEMS 3AITA3/IBIBAHUAMU

B myGnukanny paccMOTPEHO pelIeHHe 3a/1a49i MOJIBHON YIPaBIsieMOCTH U JBYMEPHOH cranu-
OHAPHOM AMHAMUYECKON CHCTEMBI C 3aa3AbIBAIONIMM apIyMEHTOM C OJHUM BXOJZIOM M TPEMs COU3MEPH-
MBIMHU 3aI1a3/bIBAaHUSIMU B OJIHOM CIELUAILHOM cilydae. [IpuBeneHo onpeneseHue 3a1a4u MOJalbHOIO
yIpaBIeHUs Ul UCCAeLyeMOl cucTeMsl. 3ajada MOJAILHOTO YIIPABIEHUS SIBIISIETCSL OHON U3 OCHOBHBIX
3a/a4 TeopHuHu ynpasieHus. OHa 3aKI09aeTcs B MPUBEACHUN KO3 PHUIIMEHTOB XapaKTepHCTHIECKOTO
KBa3MIIOJIMHOMA 3aMKHYTOH CHCTEMBI K 3aJaHHOMY BHy. Takas 3a/1a4a XOpOILIO U3y4YeHa JJIsl CHCTEM
0e3 3anazpIBanus. J[jis cucteM c 3amaspIBarolM apryMEHTOM U CUCTEM HEHTPaJIbHOTO TUIIA PEILICHUE
3aJa4ll MOJAJILHOIO YIIPABJIECHUs 3HAUUTEIBHO CI0XKHEE. B cTaThe nomydeHo pelleHre NOoCTaBIeHHOI 3a-
Jla4u IIPH ONPEAEICHHBIX YCIOBHAX HA 3HAYEHUS TaPaMETPOB UCCIIETYyEMOI CHCTEMBI C 3aI1a3/(bIBAHUEM.
Taxoke mosryueHsl peryJsITOphI 0 TUITY 00paTHOI CBSI3HU, PELIAONINE 3a1a1y MOAATBHOTO YIIPABICHHS
JUISL PACCMaTPHUBAEMON CUCTEMBI. DTH PEryJIsITOpbl HAlIEHbI B YaCTOTHOM 00J1aCTH KaK JIeMEHTapHbIe
¢yHKIMH K03 UINEHTOB NCXOJHOM cucTeMbl. Takke NMpHUBEAEHBI IPaBHIIa, COTIaCHO KOTOPHIM IOJY-
YEHHBIE PETyJIATOPHI IIEPEBOISTCS M3 YACTOTHOM OOJIACTH B PETYJIATOPHI 110 THUITY OOPaTHOM CBSA3M VIS
HCCIIEAyEMOM CUCTEMBL. PacCMOTpEH MILTIOCTPATUBHBIM IPUMEP PELIEHHUS 331a41 MOJATIBHOIO YIIPABICHHS
JUIsl paccMaTpuBaeMoil cucteMsl. [IpuBeieH CIIMCOK IMTEpaTyphl, B KOTOPOM 3a1a4a MOJIaJIbHOIO YIIpaB-
JIEHUs pelaeTcs Al IpyTUX CUCTEM C 3ala3/IblBAHUEM U CUCTEM HEUTPanIbHOIO TUIIA.

KroueBble c10Ba: 3ama3apIBaroONINe CHCTEMBI, MOJIAJIBHOE YIIPABIICHUE, PETYIISITOPHI, 00paTHast CBS3b,
3amna3/ibIBaHue, COM3MEPHUMBIC 3aI1a3/IbIBAHUSL.
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MODAL CONTROLLABILITY OF ONE TWO-DIMENSIONAL
DELAYED SYSTEM WITH THREE DELAYS

The publication considers the solution of the modal controllability problem for a two-dimensional
stationary dynamic system with a retarded argument with one input and three commensurate delays in
one special case. The definition of the modal control problem for the system under study is given. The modal
control problem is one of the main problems of control theory. It consists in reducing the coefficients of
the characteristic quasi-polynomial of a closed system to a given form. Such a problem has been well
studied for systems without delay. For systems with a retarded argument and neutral type systems, the so-
lution of the modal control problem is much more complicated. In the article, a solution to the problem
is obtained under certain conditions on the values of the parameters of the system with delay. Also, feed-
back-type controllers are obtained that solve the modal control problem for the system under study. These
controllers are found in the frequency domain as elementary functions of the coefficients of the original
system. The rules according to which the obtained regulators are transferred from the frequency domain
to the feedback type regulators for the system under study are also given. An illustrative example of
solving the modal control problem for the system under consideration is considered. A list of literature is
given in which the modal control problem is solved for other systems with delay and neutral type systems.
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BBenenue. 3amaua MOJANEHOTO YIIPABICHUS SIB- cucteM 0e3 3ana3apiBanus. /s cucteM ¢ 3anas3zpl-
JISIETCSI OTHOW M3 OCHOBHBIX 33]1a4 TEOPUH yIpaBJe- BaIOIINM apTyMEHTOM U CUCTEM HEHTPaIIbHOTO THTIA
Hus. Takas 3a1a4a JOCTATOYHO XOPOIIIO H3YYeHa ISt [1-8] pemenne 3agaum MOIATBHOTO YIIPaBIECHUS
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3HAYUTEJIBLHO ClIoKHee. B naHHo# pabote perraercs
3a/laya MOJAJIBHOTO YIPAaBIEHUS IS JBYMEPHOH
CTaIlMOHApHOM TMHAMHYIECKON CHCTEMBI C OTHUM BXO-
JIOM U TpeMsI COM3MEPUMBIMH 3aTIa3IbIBAHUSMHU B OJI-
HOM cIle[iiabHOM ciaydae. [TomyueHs! peryasTopsl
[0 IPUHIUITY OOPaTHOM CBSA3M, pELIAIOLINe 3aJauy
MOJAJIBHOTO yNpaBiieHus. Takue peryssTopsl B 4a-
CTOTHOHM 00JIacTH SIBJISIFOTCS AJIEMEHTAPHBIMU (DYHK-
IUAMH KO3 (QUIIMEHTOB paccMaTpUBaEMON CHCTEMBI.
IIpuBeneH MILTIOCTPATUBHBIN IPUMED PELICHUS Ta-
KOM 3aJ1auu.

OcHoBHasi yacTb. PaccMoTpuM NHHEHHYIO CTa-
LMOHAPHYIO CUCTEMY C 3ala3JbIBalOLINM apryMeH-
TOM C OJTHMM BXOZIOM M TPEMSI COU3MEPUMBIMH 3ara3-
JBIBAaHUSMU:

i(1)

3

D Ax(t— jh)+bu(r), (1)

J=0

rae A i, )= 0,1, 2, 3 —mocTosiHHBIE (2X2)-MaTPHUIIHL,
h > 0 — ITOCTOSIHHOE 3ara3AbIBaHNe; b — ITOCTOSIHHBII
2-BEKTOp; u — CKaJIsipHOE ynpasienue. He orpanu-
4rBas OOIUIHOCTH, MOXKHO CYUTATh, YTO =01
(wrprx () O3HA4YaeT TPAHCIIOHUPOBAHKE).

XapaKTepUCTHUECKOE YPaBHEHUE PA30MKHYTOM
(c HyneBBIM ympaBieHuEeM) cucTeMbl (1) nmeer
BHJT

det [MZ -4, - A,e‘“’ _ Aze‘”‘h _ A3e—3xh] _

—12 —\h —2\h —3h
=17+ 0y + 0y e +oyye M + oy A+

+ 0y + O e M + o e+ o e M +
+oge M+ ogge M +oe M =0, 2)
rae Ae C, e/™ — omepatop casura (e Mx(t)=

=X (t - jh) ).
[Ipucoenuanm k cucteme (1) perymsitop Buaa

u(t)ziq;x(t—jh)+ ])‘g'(s)x(t+s)ds, 3)

J=0

rnel, MeN, g;,j=0,1, ..., M — 2-BexTopsr; g (5),
s€ [~h, 0] — nenpepbiBHAs 2-BeKTOP-PYHKLIMSL.
B gacrotHo#t o0mactu perynsatop (3) uMeeT BT

UR)=Y e +GH). @

j=0

rie G(k) — menast QYHKITHS, ONTPEIeTIIONas HHTE-
rpajibHYyIO 9acTh (3).

Onpeodenenue. Cuctema (1) MoaIbHO yIpaBsieMa
perymaropom Buza (3), ecnu Ui Harepe 3a1aHHbIX
ancen G, i=0, j=0,6;i=1,/=0, 1,2, 3 Haiinercs
TaKoH peryysiTop, Py KOTOPOM XapaKTePUCTUUECKOE
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ypaBHeHHe 3aMkHYTOH cucteMsl (1), (3) Oyner umeThb
Buj (cpaBHUTE ¢ popmyoii (2)):

det[ AL, — 4y — Ae™ — e — 4™ —bU (1) | =

—12 ~ ~ —\h ~ —2A\h ~ —3h
=07+ (0 + 0y + e M+ Bye " A+

~ ~ —Ah ~ —2M\h ~ —3A\h
+ Oy + Oy€ + 0,€ + 0ys€ +

X 4k~ S~ —6Mh _
+ Ggge T F0pse T H0e T =0.
ITycTh
~ ~ X2~ 3
W, =0 + 0lyym +0ym” + 0 m; (5)
6 .
— A J
Hy =D 0 ,m’, (6)
=0
rae &U,i:O, j=0,6; i=1, j=0,1,2,3 — npous-

BOJIbHBIC guncia. Torma cucrema (1), 3aMKHyTas pery-
JSTOPOM, PEIAFOIIUM 3324y MOJAIbHOTO yIpaB-
JICHHUSI, IMEET CIeAYyIoNee XapaKTepUCTHIECKOE
ypaBHEHUE:

A +uA+p, =0. (7)

OGo3HaunM m=e ™ — orieparop capura (mx(f) =
=x (t—h)), A(m) = Ao + Aim + Aym* +43m’. He orpa-
HUYMBast OOLTHOCTH, MOXKHO CUUTATh, YTO MaTpHUIla
A(m) umeer Bux

by +bym +b,m* +m’

ay, (m)

A(m) a, +a,m+ a,m’
m)=
ay, (m)

ay, (m)=ay, +ay,m+ ayym” + ay m’;
ay, (M) = gy +ayym+ a222m2 + a223m3. (8)
B nmanHO# paboTe paccMOTpHUM ciydaid
a,=a,=0. )
Torzxa matpuua A(m) IpuMeT Bz
a, by +bym +b,m* +m’
ay (m) ay, (m)

A(m)=

Perynsartop, pemaromuii 3ajauy MOJaJIbHOTO
yIpaBJIeHHs], IPEACTAaBUM B BHIIE

U(A, m):[u1 (A, m)  uy (A, m)] =

:[nll (m)=ay (m) My (A, m)=ay (m)], (10)

rze 1, (m)— moMMHOM OTHOCUTEIBHO .

Kowmmonenry M, (A, m) peryasropa (10) pas-
nenuM Ha auddepeHnuanbHO-pa3HOCTHYIO (et
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COOTBETCTBYET HEKOTOPBIN KBa3UIIOJIMHOM) U UHTE-
TPaJIbHYIO YaCTH:

N, (A, m)=n,, (m)+n,, (A, m), (11)

7€ N21(71) — HOJIMHOM OTHOCHTENBHO 715 M22(A, m) co-
OTBETCTBYET UHTETPAIbHON 4YacTH. byjem nckathb
3Ty (DYHKIHIO B CICAYIOIIEM BUIEC:
2 m— k
Ny (A, m)=(cl+czm+c3m ) ,
A—a,

rae k=e“"; ci, ¢a, 3 — HeKOTOPBIE YHCIIA, TOUIE-
JKalllie ONpeIeleHNI0. XapaKTepUCTHUECKOE ypaB-
HeHHe 3aMKHYTOH perynstopoM (10) cucremsr (1)
MIpUMET BUJ

2, 3
a,—A by +bm+b,m” +m

m—k _a =

2
M n21+(01+czmﬂ‘3m ) P
%

12 3 2
=A +(_a0_n21)7‘_n11m —bmym—>b,n,m” +
2 2 3
+ckm—c,m” +eymk —cym” +
+My @y — by, +ck—cm=0.

YroObl MOMYYUTD I 3aMKHYTOH CHCTEMBI Xa-
pakTepucTuueckoe ypaBHeHue (7), BBIOepeM B Kaue-
CTBE T)21 CIEAYIOINI KBa3UITOJIMHOM:

Mo =—ay —ly,
rae W, ompezeneH B popmyie (5).
Torna xapakTepucTH4ecKoe ypaBHEHUE 3aMKHY-
TOW CHCTEMBI IPUMET BH]
2 3 2 2 2
A+ WA=, m’ —bn, m” +c,km—c,m” —ay +
+eym’k —c;m’ —Wwa, —bgn,, +ck—c,m=0.

UYroObl mocneanee ypaBHeHue umeno Bug (7),
HY’KHO BBITIOJTHEHHE PABEHCTBA

N, —bn,m’ +c,km—c,m’ —aj +
2 3 _
+e;mk—c;m’ —Wa, —bmn,, ok —cm=,.
BeipasuB oTcrona M1 1;;, HOTy4uM

_ T+ c,km—c,m* +c;m’k
By +bm+b,m* +m’

M
—c3m3

—ag —Wa, +ck—cm
by +bm+b,m* +m’ '

(12)

[Mocnenuss npoOb B 001IEM cllydae He SBISIETCS
HOJIMHOMOM OTHOcuTeNnbHO m. IlondepeM ci, ¢z M ¢3
Tak, 4ToOBI MpaBas yacTh popmyisl (12) crana no-
HOMOM. J[7151 3TOTO BHAUasIe BBIIEINM LIETYIO YacTh

B ¢opmyie (12).

My =-¢G+

N b,c;m* +c;m’k +bie;m+ c,km —c,m® —ag

2, 3 +
by +bm+b,m™ +m

—W,a, +byc; +ck—em—u,
by +bm+b,m* +m’

IToTpebyem, ITOOBI YUCTUTEN ITOCIIEAHEH ApooH
0BT OBI paBeH HyI0. MiMeem

bycym® +cym’k +beym + cykm —c,m® —ag —
—-Wa, +bycy +ok—cm—p, =
= (bye; +csk—cy )m® +(bey + ek — ¢ )m -
—al —W,a, +byc; +ck—u, =0.
Otcrona BUTHO, UTO B KAYECTBE ¢, MOKHO B3STh
¢, =b,c; + ik, (13)
a B KauecTBe ¢, BO3bMEM
¢ =bc; +c,k. (14)
Torna ¢ yuerom cootHomennii (13), (14)
bycsm” + csm’k + bycym + cykm — c,m® —ag —
—Wa, +bye; +ek—cm—u, =
= (by + bk +byk> +K ), —ag — agh, —pt, = 0.
Orcrona

— ag +a0u1 +2M2 <. (15)
by +bk+bk™ +k

%)

HerpynHo yBHIETH, 4TO JUIS TOTO, YTOOBI ¢2 U3
(hopmyusi (15) OBUTIO OJIMHOMOM OTHOCUTEIILHO 71, He-
00XOIMMO U JIOCTATOYHO, YTOOBI BBINOHSIOCH YCIIOBHE

by + bk +bk* + k> #0. (16)
C y4eToM TOr0, 4TO
m—k

Ny (A, m):(c1 +c2m+c3m2) —
—a

u npuHuMas Bo BHuManue (13), (14), (15), nocne
HECJIOKHBIX TIpe0o0pa3oBaHuil OTYYUM

B (ag T4, +|,L2)
by + bk +b,k* + &

n22 (}\'5 m)

(Bok +mb, + & +km+m* +b; ) (m—k)
A—a, ’

X
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Takum o6pazom, ¢ yueroM (10) peryasitopsl B ua-
CTOTHOH oOnacTu

2
a, T a1,

?\’, =- - 5
(%, m) by + bk + bk + I @ (m)
(17)
uy (A, m)=—a, — W, —a,, (m)+
(aé TH4q +H2)
by + bk +b,k* + &
bk +mb, +k* +km+m* +b |(m—k
X(z ) 1)( ).(18)
A—a,

perraroT 3a1a4y MOJAIBHOTO YIIPaBICHUS I CH-
ctemsl (1) ipu BeImoTHEHUH yeaoBus (16).

Orcro/a BUAHA CIIPaBEIJIUBOCTD CIEAyIOMIeit
TEOPEMBI

Teopema. []is Toro uro0sI cuctema (1) Obi1a Mo-
TaIBHO yIpaBisieMa peryasaTopoM Buma (3) B ciy-
qae (9), He00X0UMO U TOCTATOYHO, YTOOBI BHITIOJI-
Hs10¢h yenoBue (16). [lpu aToM peryasaTopsl, pemra-
OIIIM€ 3a/1a9y MOJIAITBHOTO YIIPABJICHUS], B YaCTOTHOU
obnacta umeroT BuA (17), (18).

[Ipu mepexome OT peryasaTOpOB B YaCTOTHOM 00-
JIACTH K PETyJIATOpaM Bra (3) Hy»KHO CIIeZIoBaTh Clie-
TYIOIIIUM TIPaBUIIaM.

1. CnaraeMbIM BUaa m'x ; COOTBETCTBYET

X; (t—ih).

2. CnaraembIM BUJ@ W, X; COOTBETCTBYET
QX (t)+6cnxj (t—h)+6c12xj (t—2h)+
+05x, (1= 3h).

3. CiraraeMbIM BUJI@ W,X; COOTBETCTBYET
Ol (£)+0gyx; (1= h)+0u,x; (£ —2h) +
+ 03X, (£ =3h)+0,x, (£ —4h)

+ 05X, (£ =5h)+0yex; (1 —6h).

4. CnaraeMbIM Buaa X b COOTBCTCTBYCT

0
I H(t+s)H (h+ s)e_(h”)éxj (t+s)ds,
Zh

rae H (t)— dynkums Xesucaiiza.

A=t

I
5. CnaraeMbImM BUga m - X ¥ COOTBCTCTBYCT

—lh
H(t+s)H ((Z +1)h+ s)e_((m)hﬂ)&xj (t+s)ds,
~(I+1)h

[=1,2.
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Ilpumep. Paccmotpum cuctemy (1) ¢ MaTpuamu

[ 2 3] 0 2
4, = » A= ’
| %10 9220 | a1 Ay
[0 4] 0 1 0
4,= , A= ,b=| |
L%z G | ay;3 Ayy 1

Torzxa matpuua A(m) uMeer BUL

A(m) =
— 2
ay (m)

_ 2 3.
ay, (M) = ayyg + ayy M+ aym” +ay s

34 2m + 4m? +m3}
azz(m) ’

e

_ 2 3
yy (M) = Ay + Ay M+ ayyym” + ayysm’.

—agh
O6o3HaunM k =¢e

noytHeHne ycimoBus (16):

=e?" € R. IIpoBepuM BbI-

by +bk+bi* +k* =3+2e +4e + e > 0.

Ycnorue (16) Bemomnmeno. Toraa perysstopst (17),
(18) mpumyT BUA

_ A2 4,
342k +4K* +k°

u (A, m)=

dr10 —
_ _ 2 3.
Ay M —dy M —dy3M-,
uy (A, m)==-2—W, —ayy —aym—a m? —a,,.m> +
2 (A m) = Wy = ayp —ap 222 223

(4+2u, +u,)
342k +4k*+ K

(4K +4m+ & +km+m’ +2)(m—k)
A-2 '

HetpynHo poBepuTs, uto cuctema (1), 3aMKHY-
Tast STUM PEryJISITOPOM, UMEET XapaKTEPUCTHIECKOE
ypaBHEHHUE BUIA

X

A? +IA+p, =0,

rae W,, W, onpeneneHsl B popmynax (5), (6).

3akuouenne. B craThe oTydeH Criocod HaxokK-
JISHVsI PETYIIATOPOB IO MPHUHITUITY OOPAaTHOM CBSI3H,
pearoIuX 3a1a4y MOJIAILHOTO YIIPABICHUS IS
I[BYMepHOﬁ CUCTEMBI 3al1a3JIbIBAIOIIECIO TUTIA C TPEMA
COM3MEPUMBIMH 3aI1a3IbIBAHUSIMH U OJHUM BXOI0M
B ciydae (9). Yka3aHbl JOMOTHUTENbHBIE YCIOBUS
CYIIIECTBOBaHUS TAKUX PEryIsATOPOB. Takxke nmpuse-
JIEH WUIIOCTPATUBHBIN pUMEP.
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