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MOJAJIBHAS YIIPABJIIEMOCTD OJTHOM
JABYMEPHOU CUCTEMBbI 3AIIA3IBIBIOLIEI'O TUIIA
C YETBIPBMSA COUZMEPUMBIMMU 3AIIA3/IBIBAHUAMU

B nyGnukanum paccMOTpEHO peleHre 3a/1a4l MOJIAIBHOTO YIIPAaBJICHUS IS IBYMEPHOM CTaly-
OHApHOW AMHAMHUYECKOW CHCTEMBI C 3ala3/bIBalOIlUM apryMEHTOM C OJHHUM BXOJOM U YETHIPbMS
COM3MEPUMBIMH 3ala3AbIBAaHUSIMU B OJTHOM BBIJICJICHHOM citydae. [IpuBeneHo onpeneneHue 3agaun
MOJQJIEHOT'O YNPaBJICHHUS I UCCIEAYyeMOI CHCTeMBl. 3ajlaya MOJAILHOTO YIPaBICHHS SBISETCS
OJHOM M3 OCHOBHBIX 3a7a4 TCOPUH yrpaBieHus. OHa 3aKIII0YAaeTCs B IPUBEACHUH KOYDPHUIUSHTOB
XapaKTepUCTHYECKOTO KBAa3UIIOJIMHOMA 3aMKHYTOH CHCTEMBI K 3aJaHHOMY BHJY, YTO NO3BOJISET,
HanpuMep, CTabUIM3UPOBATh CUCTEMY. 3aada MOAAIBHOTO YIIPABICHUS XOPOIIO U3yUYeHa JUIS CH-
cTeM 0e3 3ana3abiBanus. [yt cucTeM ¢ 3ama3/ibIBaloIMM apryMEeHTOM ¥ CUCTEM HEHTPajIbHOIO THIIA
pelIeHne 3a/1a41 MOIaIbHOT'0 YIIPAaBJICHUs 3HAUUTEIBHO ClIOKHEe. B cTarbe moy4yeHo perieHune mno-
CTABIICHHOM 3a1a4H IIPH ONPEACICHHBIX YCIOBUAX HAa 3HAUCHHS IIAPAMETPOB UCCIIEAYEMOIl CHCTEMBI
¢ 3ama3eiBaHueM. Takke MOMy4YeHbl PEryJIsATOPhI 10 THITY 0OpaTHOW CBSI3HU, pEeIIaroIIUe 3aJaqy MO-
JaIbHOTO YNpPaBJICHUS A PAacCMaTPUBAEMOH CHCTEMBI. DTH PETYJSATOPHl HaiIIeHBI B YaCTOTHOH
o0JacTH Kak jeMeHTapHble QyHKIMH KO3QPUIMEHTOB UCXOAHOM cucTeMbl. Takxke npuBeeHbI Ipa-
BWJIA, COTJIACHO KOTOPBIM ITOJIY4YECHHBIE PEryJIsiTOPhI IEPEBOJISATCS U3 YACTOTHOM 00JIacTH B peryis-
TOPHI 110 TUITY 0OpATHOMN CBSI3M IS UCCIIEyeMOH CUCTeMBl. PaccMOTpeH MIUTFOCTpaTHBHBIN IpUMEp
pelleHHs 3aa4d MOJAJIBHOTO YIPABICHHS JUIA M3Yy4aeMOW CHCTEMBI. [IpHBeNeH CIMCOK JnTepa-
TYpBI, B KOTOPOH 3ajJlada MOJAJIbHOTO YIPABJICHUS peIIaeTcs Ul APYTUX CHCTEM C 3ara3bIBaHueM
U CHCTEM HEHTPaJBHOTO THIIA.

KiaroueBble cioBa: 3arnas/ibIBaromue CUCTEMbl, MOAAJIbHOC YIIPABJIICHUC, PETYJISATOPHLI, 06paTHa91
CBsA3b, 3al1a3/IbIBAHUC, COUSMCPUMBIC 3a11a3/ibIBaHUs.

Jas nutnpoBanus: Skumenko A. A. MopanbHas ynpaBisieMOCTh OAHOM JByMEPHOI CUCTEMBI 3a-
MA3]IBIBAIOIIETO TUIIA C YETHIPEMS COM3MepUMBIMH 3arna3asiBanusmu // Tpymet BI'TY. Cep. 3, ®usuko-
MaTeMaTH4ecKre HayKu u nHpopmatuka. 2025. Ne 2 (296). C. 5-10.

DOI: 10.52065/2520-6141-2025-296-1.

A. A. Yakimenka
Belarusian State Technological University

MODAL CONTROLLABILITY OF ONE TWO-DIMENSIONAL
DELAYED SYSTEM WITH FOUR COMMENSURATE DELAYS

The publication considers the solution of the modal control problem for a two-dimensional
stationary dynamic system with a retarded argument with one input and four commensurate delays in
one selected case. The definition of the modal control problem for the system under study is given.
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MoaanbHag YNpaBAAEMOCTb OAHOM ABYMepHOVI CUCTEMDI 3aria3AbliBalowlero Tmirna

The modal control problem is one of the main problems of control theory. It consists in reducing the
coefficients of the characteristic quasi-polynomial of a closed system to a given form, which allows,
for example, to stabilize the system. The modal control problem has been well studied for systems
without delay. For systems with a retarded argument and neutral type systems, the solution of the
modal control problem is much more complicated. In the article, a solution to the problem is obtained
under certain conditions on the values of the parameters of the system with delay. Feedback-type
controllers are also obtained that solve the modal control problem for the system under study.
These controllers are found in the frequency domain as elementary functions of the coefficients
of the original system. The rules according to which the obtained regulators are transferred from the
frequency domain to the feedback type regulators for the system under study are also given.
An illustrative example of solving the modal control problem for the system under study is considered.
A list of literature is given in which the modal control problem is solved for other systems with
delay and neutral type systems.

Keywords: delayed systems, modal control, regulators, feedback control, delay, commensurate
delays.
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BBeaenne. 3amaua MOJAJIBHOTO YIPaBICHUS
SIBIIIETCS] OTHOM M3 OCHOBHBIX 3a/1a4 TEOPHUH YIIPAB-
nenus. Takas 3agada IOCTaTOYHO XOPOIIO H3Y-
YeHa JJ1sl cucTeM Oe3 3amasasiBaHus. J{Jst cucteM ¢
3aIa3AbIBaOIUM apIYMEHTOM U CUCTEM HEHTpallb-
Horo tuna [1-7] pelieHue 3amayd MOJAIBHOTO
YIpaBJIeHHs 3HAYUTEIHHO CloKHEe. ITO 00yCIOB-
JICHO TEM, YTO IPOCTPAHCTBO COCTOSIHUN TaKUX CHU-
CTeM, Kak MpaBuiio, OeCKOHEYHOMEpHO. B nanHOi
pabore pemaeTcs 3agada MOJAIBHOIO yNpaBie-
HUS 1 JABYMEPHOW CTalMOHapHOW AMHaMude-
CKOW CHCTEMBI C OJTHUM BXO/IOM H YETHIPbMSI COU3-
MEPUMBIMH 3alla3AbIBAaHUSMHU B OJHOM CIIELUAJIb-
HOM ciyyae. [lorydeHsl peryiaTopsl Mo IPUHIUITY
00paTHOHN CBA3M, pelIAroIUe 3a7ady MOAAIbHOTO
ynpasieHus. Takue peryjsiTopel B YacTOTHOH 00-
JIACTH SIBJISIIOTCS JIEMEHTapHBIMU (PYHKIMAMU KO-
3¢ duureHToB paccmarpuBaeMoi cucteMsl. [Ipuse-
JIeH WTIOCTPATUBHBINA MPUMep pelIeHUs yKa3aH-
HOM 3aJa4u.

OcHoBHas1 yacTb. PaccMoTpuM nuHEHHYIO cTa-
LHOHAPHYIO CHCTEMY C 3alla3[bIBAIOIINM apryMeH-
TOM C OJTHMM BXOJIOM H YETBIPbMS COU3MEPUMBIMH
3ana3abIBaHUsAMU:

jﬁ x(t= jh)+bu(t), 0

rae A;, j =0, 1, 2, 3, 4 — mocTostHEBIE (2%2)-MaT-
punbl; £ > (0 — MOCTOSTHHOE 3ama3IbIBaHue; b — M0-
CTOSIHHBIN 2-BEKTOp; U — CKAJISIPHOE yIpaBJICHUE.
He orpannumBas oOmMHOCTH, MOXHO CYHTATh,
gro b’ = (0 1) (urpux (-)” 03HaAYaET TPAHCIIOHUPO-
BaHUE).

XapakTepuUCTHIECKOE YpPaBHEHHE Pa3OMKHY-
TOH (C HyJIEBBIM yIIpaBIeHHEM) CUCTEMHI (1) mme-
€T BH]
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det[Mz — 4, —Ale_)”h —Aze_m’ _ A3e_3}”h —A4e_4)‘h] =
—12 -\ -2\ -3h —4h
=7+ (04 + e 06 o™ + o, e A +
+ 0(03e73“’ + %4640\11

+ 0l M+

Y 0
+ O + 0 e — + 0pe

+ o 4e4w’ + 0(056_5 M

+ oM+ ogge ™M =0, )

rie Ae C, ¢~/ — omeparop capura (e M x(¢) =

=x(t=jh)).

[Ipucoenunum k cucteme (1) peryasarop Buja
M 0
= Zq;.x(t - jh)+ I g (sh(r+s)ds, (3)
j=0

“Ih
rne [, M €N, q;, j=0,1,...,

g(s),
QyHKIHS.

B uyacrorHoii obsactu perynstop (3) ume-
eT BHT

M — 2-BEKTODHI;

se[-h, 0] — nenpepsiBHas 2-BekTOp-

M
M=2ae +G(0) “)

rie G(A) — menas QyHKuus, ompeaensiomas
WHTETPaNbHYIO 9acTh (3).

Onpeoenenue. Cucrema (1) MomapHO yIIpaB-
JieMa peryisTopoM BH/a (3), eciim s Hamepen
3aJIaHHBIX YHCE OLU, i=0,;=0,8i=1,/=0,1,
2, 3, 4 HaiineTcs Takol peryusaTop, Npu KOTOPOM
XapaKTepUCTUIECKOe ypaBHEHHE 3aMKHYTOH CH-
cremsl (1), (3) Oynmer umets BuA (cpaBHUTE C (Hop-
MyJtoit (2)):
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det[ M, — 4y — Ae™ = Ae ™M — A — 4,7 -
—bU(M) =\ +
+ (g + Oy + 8y 0y ye ™ + Gy e )M+

< ~ —\h = —2\h = —3\h < —4\h
+ Oy + Opie  + 0g,e + 0yz€ + Olg4€ +

—5\h —6Ah —TA\h —8\h 0

+ Oyse + Qo€ + 0 e + Qg€ =

ITycTe

== o2 3 x4
My =0y + 0y m+0ypm™ +0ym +0ym-; (5)
8
My = 2 8g;m’, (©)
=0

rae a,,i=0,/=0,8 i=1,7=0,1, 2,3, 4 - mpo-
n3BOJbHBIC yncia. Torma cucrema (1), 3aMKHyTas
pEeryIsaTOpOM, pemaloluM 33J1a9y MOJAIbHOTO
YIPAaBICHHUS, UMEET CICAYIOIIee XapaKTepUCTHYC-
CKO€ ypaBHEHUE:

A+ +u, =0. @)

Ah

O6o3HauumM m=e ' — omneparop cIBHUra

(mx(t)=x(t—h)), A(m):A0+iz4im[. He orpa-

HUYMBAs OOLIHOCTH, MOYKHO CUMTATh, YTO MaTPHIA
A (m) umeer Buzn

3
by+ Y bm' +m’

i=1 s

ay, (m)

3
3
a, + Z am
i=1

ay (m)

A(m)=

THE ) (1) = gy + gy o+ gy + iy + s
(M) = @y +ayy m+ Oy + gt + iy’ (®
B nannOI paboTe paccMOTpHUM CiTydai
a=a,=a;=0. ©)
Torna matpuua A (m) npuMeT BUL
a, b, +bm+b,m* +bm® +m*

a, (m) ay, (m)

A(m)=

Perynsarop, pemaromuii 3a1aqy MOIaIBHOTO
yIpaBIeHHs], IPEJCTABUM B BUJIE

U(A, m) Z[ul (A, m) (A, m)} =
= I:nll(m)_an(m) (A m)—aaz(m)} (10)
rae My, (m) — IIOJIMHOM OTHOCUTEIBHO m.

Komnonenry M, (2, m) perynsaropa (10) pas-
nennM Ha auddepeHmanTbHO-pa3HOCTHYIO (e CO0T-

BETCTBYET HEKOTOPBIH KBAa3UIIOJWHOM) M HHTE-
rpaJbHYIO YacTH:

M, (7»,'71)=1121(m)+ﬂzz (X,m), (11)

r1e M, (m) — NONMMHOM OTHOCHTEIIBHO 11 T, (A, m)

COOTBETCTBYET MHTErpajibHOM yactu. byaem uc-
KaTh 3Ty QYHKIHIO B CIEIYIOIIEM BUJIE:

m—k

Ny (A, m)=(c1 +czm+c3m2+c4m3)—k o
—4

roe k = e’”Oh, C|, C,, C3, C, — HEKOTOPHIC YUCIIA,

MOJIJISKAIUE OTPEIEICHUI0. XapaKTepUCTUIECKOE
ypaBHeHHE 3aMKHYTO# perynstopoM (10) cucre-
™Mbl (1) mpuMeT BUA
2 3, 4
a, — A\ by +bm+b,m” +bm’ +m

m—k_ =

A

My Mo +(a+em+em’ +em’) -
%

=A% +(=ay =My )A = b, m’ +chm® —c,m* -
= nym* =bnm® + eshm® —c;m’ = b m+
+ ¢ km—c,m* +n,,a, —b,, +ck —cm=0.
UToOBI MONyYUTh U 3aMKHYTOH CHCTEMBI Xa-

pakrepuctuieckoe ypaBHeHue (7), BbIOEpeM B Ka-
yecTBe M, CIEYIOMUN KBA3UIIOIUHOM:!

Ny == — Uy,

rae W, ompeneneH B popmyie (5).
Torma xapakTepucTHUecKoe ypaBHEHHE 3a-
MKHYTOW CHCTEMBI IPUMET BHJ
2 3 3 4 4
A +WwA=bmm’ +ckm’ —c,m” —mym” —
— bn,m° +cskm® —cym® — b, m + c,km —

2_ 2 -
- c,m” —ay —Wa, —bm,, +ck—cm=0.

UroOsl mocnenHee ypaBHeHHe uMeno Bux (7),
HYKHO BBITIOJIHEHHE CJIEAYIOIIEro paBeHCTBA:

3 3 4 4
—bn,,m” +c,km’ —c,m” —n,m” —
— bn,m* + cskm® — cym® — b, m + c,km —

2

2 -
= Cm” —ay —Way —bny, +ek—cm=u,.

BeIpasus orcroga m;,, MOIy4uM

e = —c o’ +c,m” —chm® +c;m’ — e km
1= -
by +bm+b,m’ +bm’ +m*

cm” +ag +Wa, —ck+cem+ i,

2 3, 4
by +bm+b,m” +bym” +m

(12)

ITocnenssst ApoOH B OOIIEM CITydae HE SIBIISICTCS
MOJIMHOMOM OTHOCUTENbHO m. [logdepeM ¢y, ¢y, ¢3
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U ¢4 W TaK, 4TOOBI TIpaBas 4yacth popmynsr (12)
craza MoJMHOMOM. [y 9TOTO BHa4aje BBIACIHM
ey 4acts B popmyne (12).
My =—¢ +
by’ +c km’ +byc,m® + cykm® — c;m’ +bie,m
1 5% 4 2C4 3 3 1M

by +bm+bym* +bym’ +m*

N c,km—c,m* —al —Wwa, +byc, +ck —cm—,
by +bm+b,m* +bym’ +m* '

[ToTpebyem, 4TOOBI YUCITUTEINb MTOCTEAHEH ApodH
ObL1 OBI paBeH Hymt0. MiMeem

by, + c,km® +byc,m* + cikm® —cym’® +be,m+

+ e km—c,m® —a; —Wwa, +byc, +ck—cm—p, =
=(bye, + ek —cs)m’ +(byey + sk —cy )m” +

+(eyby +erk —c )m—ag —Wa, +bye, +ck—p, =0.

Otcrona O4YE€BHUJIHO, YTO B KA4YE€CTBE C, MOXHO
B3ATb

¢y, = by, +4k, (13)
B KauecTBE C, BO3bMEM
¢, =byc, + ¢k, (14)
a B KauecTBE ¢, —
o =bey + ok (15)
Torma ¢ yuetom cootromrenuit (13), (14), (15)
bye,m’ +c km® +b,c,m* + c;km® —c;m’ +beym+

> —al —Wa, +byc, +ck—cem—p, =

= (by+bk+bok” +bk> +k* )y —ag —ay, —u, =0.

+ ¢ km —c,m

Orcroma

_ g + agly + 1, .
by + bk +b,k* + bk’ +k*

(16)

G

HerpyzaHo yBuaeTh, YTO AJs TOTO, YTOOBI ¢,
u3 popmyisl (16) OBLIO MOTUHOMOM OTHOCUTEIb-
HO m, HEOOXOJUMO W JOCTATOYHO BBITIOJHEHUS
YCIIOBHS

by + bk +b,k* + bk’ +k* #0. (17)
C y4eToM TOro, 4To

m—k

2 3
My (A, m):(cl+czm+c3m +c,m )n,
%

u npuauMas Bo BHuManue (13), (14), (15), (16),
[IOCJIe HECIOXKHBIX MpeoOpa3oBaHUil MOIydHM
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B (ag T4, "'Hz) o
by + bk +b,k* + bk’ + k*
X(k* +(m+by ) k> +(m* +bym+b, )+

)(m_k).

—-a,

Ny, (A, m)

+ m’ +bym® +b,m+ b,

Takum o6pa3zom, ¢ yaerom (10) perymnsTopsl B
YaCTOTHOM 00JIacTi

ay +al, +1U, _
b, +bk +bk* +bk’ +k*
uy (A, m)=—a, —, —ay, (m)+
N (ag T4, +Mz)
by + bk +b,k* + bk’ +k*
X(K* +(m+by )k +(m* +bym+b, )+

(m—k)

w (A, m)=

ay (m); (18)

(19)

+m’ +bym’ +bm+b)
a,

peIaroT 3a7a9y MOJAIILHOTO YIIPaBIEHUS IS CH-
cremsl (1) ipu BemmonHennu ycnosus (17).

OTtcroma BHUJHA CIPABEIUIMBOCThH CIICTYIOIIEH
TEOPEMBL.

Teopema. Jlns toro 4to0Obl cuctema (1) Obuta
MOJTbHO YIIpaBiiieMa peryisTopoM Buaa (3) B
ciydae (9), He0OXOAMMO M JAOCTATOYHO BBITIOJIHE-
Hus ycnosus (17). Ilpu 3TOM perymsTopsl, pemnraro-
IIKe 33729y MOJJAJIBHOTO YIIPABJICHUS, B YaCTOTHOMN
obmactu umerot Bux (18), (19).

[Ipu mepexope OT peryasTopoB B YaCTOTHOM 00-
JACTH K peryyistopaMm Buja (3) HyXHO ClIeJJOBaTh
CIICAYIOIINM TPaBHIIAM.

1. CnaraemsIM Buza m'x ; COOTBETCTBYET
x; (1 —ih).
2. CnaraempIM BUJa M, X; oTBE4aeT
0yox; () +0yx; (1= h)+0yx; (£=2h)+
+03x, (£ =3h).
3. CmaraembIM BHJIa |1,X; COOTBETCTBYCT
Oloo (t)+6c01xj (t—h)+6cozxj (t—2h)+
+ 0gyx; (£ =3h)+0g,x,; (1 —4h)
+ 0lysx; (£ =5h)+0gex; (1 —6h).

4. CnaraeMbIM BHIA X; COOTBETCTBYET

0
J H(t+s)H (h+ s)e_(hﬂ)&xj (t+s)ds,
Zh

rae H (t)— dyrxuus Xesucaiina.
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, m—k Ycnosue (17) Bemmonneno. Tornma perynsTops
5. CimaraeMbIM BHAA 7 - At X; OTBEYaeT (18), (19) mpumyT BHA
_Ih _ 4+ 2}11 + W, _
[ He+s)((+)hs)e R (rag)as, )= S S

—(I+1)h _ _ _ 2 3 4,
Ay1o = QoM — Gy MM — Ay 31 — Ay 0

1=1,2. thy (A 1) =—2—y =Gy —apym —
IIpumep. Paccmotpum cuctemy (1) ¢ matpuriamu 5 3 4
= QyppM = Aop3M” = Ay +

[ } { 0 1 } N (4+2u, +1,) y

o a0 1 yy Ay | d+e +2e 437 471

) [ } _{ 0 3 } X(e™ +(m+3)e™ +(m* +3m+2)+
3 = ’

> lay, am 3 Ay (m—e_y’)
1 0 +m3+3m2+2m+4)-—

A, = , b=| |, A-2

Q14 Ay 1

Herpynuo mposeputs, uto cuctema (1), 3a-
rie Matpuna A (m) MMeeT BHJL MKHYTasi STHM PETYyJISTOPOM, UMEET XapaKTePHCTH-
YecKOoe YpaBHEHHE BHIA

A A+, =0,

A(m)z{

2 4+m+2m2+3m3+m4}

ay (m) ay, (m)
rae W,, W, onpeneneHsl B popmynax (5), (6).
e a,, (m) =,y +a,m+ ammz + a213m3 + 0214’”42 3akaouenne. B crathe monydeH cnoco§
5 5 A HAaXOXKJICHUS PETYJIATOPOB M0 IPHHIUITY 00paTHON
Ay, (M) = g + Ay M+ Gy + Gyt + Ay CBSI3HU, PEIIAIOIIUX 3aJady MOJAIBHOIO yIIpaBlle-

HUS IUI JBYMEPHOW CHCTEMBI 3aIta3/IbIBaoIIero
TUTIA C YETBIPHMS COM3MEPHUMBIMHU 3aIa3/IbIBAHU-
MU ¥ OJTHUM BXOZOM B ciy4ae (9). YkazaHsl J0-

OGosHaunm k=e " =" e R. [IpoBeprM BbI-
nosHeHue ycnosus (17):

2 3 4 _ IIOJIHUTCEIBHBIC YCIOBHA CYIIECCTBOBAHUS TAKHUX PEC-
by + bk +byk* + bk +k* = y Y be:
ryiasTopoB. Takxke MpUBENEH WILTIOCTPATHUBHBIN

=44 42 43 471 >, IpuMeED.
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