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0. H. Kapacuk!, A. A. TIpuxoxmuii
"MHocTpanHOE MPOU3BOACTBEHHOE YHUTAapHOE TIpeanpusatue «Mccodt Comormuensy
’BenopyccKuii HAlMOHAIBHBINA TEXHUIECKHI YHHBEPCUTET

PEKOH®UI'YPUPYEMBII HEOJJHOPOIHBIN BJIOYHBINA AJITOPUTM
MOUCKA KPATYAMIIUX MIYTEX B KJIACTEPU30BAHHBIX TPA®AX

CucteMbl TPaHCIIOPTHOTO COOOIIEHUS, COLMANBHBIC CETH, CETEBbIE KOH(GUTYypalUU a TAK)Ke MHOTHE
JPYTHE CUCTEMBI OKPYIKAIOIIIEr'0 MUPa MOT'YT OBITh IIPEICTaBIICHbI KIIACTEPU30BAHHBIMU I'padhaMu, COCTOSIIMMU
u3 cabo CBSI3aHHBIX IUIOTHBIX KinacTepoB (0710koB). [Tonck kpardalmmx myTei B Takux OOMbIIMX Tpadax —
aKTyalbHasi, HO BEIYUCIUTENIBHO TPyAHAS 3aaa4a. ['eTeporenHble OJ04YHbBIE aIrOPUTMBI, HCIOJIB3YIOIINE
uHGOPMAILMIO O KJIacTepax M CBS3AX MEXIY HUMH, SBISIOTCA INEPCIEKTHUBHBIM ITOAXOJ0M K PEIICHUIO
9TOM 3aaun. B maHHOI cTaThe MBI pa3pabaTbiBaeM HOBBII PEeKOH(UTYPHUPYEMBIil TeTepOreHHbIH OJ0YHBIH
ANTOPUTM UIS TIOMCKa KpaT4aliuX MyTed MeXIy BCEMHU MMapaMu BEPIIMH B KIaCTEPU30BaHHOM rpade.
ANTOpUTM OCHOBaH Ha JBYX HOBBIX MOJAJTOPUTMAaX PacdyeTa NepeKPeCcTHBIX OJI0KOB, KOTOPHIE YUUTHIBAIOT
c1a0yIo CBA3HOCTH KJIACTEPOB U clieluprudeckre 0cOOEHHOCTH MHOTOSIIEPHBIX MPOLieccOpoB. B cTaThe
MpeACTaBICHBI Pe3YIbTATHl ABYX CEPHI SKCIIEPUMEHTOB, TPOBEICHHBIX Ha BEIOOPKaX KJIACTEPHBIX TpadoB
¢ 9600 BepmIMHAMHU B IEJIAX aHAJIN3a U CPABHEHHS HOBOI'O alrOpUTMa ¢ CYHIECTBYIOIIMMH METOJaMHU.
OKCIIepUMEHThl yOAUTENIBHO IEMOHCTPUPYIOT, YTO HOBOE CBOWCTBO alrOpUTMa, MO3BOJIIOIIEE OCY-
HIECTBIISATh PEKOH(UTYpaIIUIO B 3aBUCIMOCTH OT CBOWCTB Trpada, odecrieunBaeT yBeIMUeHUEe CKOPOCTH C
17,05% 10 29,62% B 0AHONIOTOYHBIX peanu3auusix u ¢ 5,03% 1o 14,72% B MHOTOITOTOYHBIX pealu3alusiX.

KuroueBble ci1oBa: KpaTIalInil My Th, OJJOYHBIN alTOPUTM, Pa3HOPOIHBIA aITOPUTM, peKOH(UTY-
parysi, MHOTOSJIEpHasl CUCTEMa, TIPOU3BOIUTENBHOCTb.
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Introduction. The problem of finding shortest paths in a graph is a classic computer science
problem. It remains an important research topic in terms of performance, security, privacy and opera-
tional planning [1-5]. The problem can be formulated in two ways. One is to find shortest paths
from one vertex to all other vertices in the graph (Single Source Shortest Path or SSSP). Another
is to find shortest paths between all pairs of vertices (All-Pairs Shortest Path or APSP).

Both, SSSP and APSP have well-known classic solutions — Dijkstra algorithm [6] for SSSP
and Floyd-Warshall algorithm [7] for APSP. In scope of this work, we are focusing on the APSP
formulation of the problem.

The Floyd-Warshall (FW) algorithm works with graph G of V vertices and E edges, repre-
sented with a weight-adjacency matrix D of N X N size (where N is the number of vertices in G).
The algorithm iterates over all vertices and checks the path from a pair of vertices (from i to j)
through an intermediate vertex k. The algorithm has O(n*) computational complexity and suffers
performance penalties when the matrix does not fit into CPU LLC (Last Level Cache).

In [8] authors propose Blocked Floyd-Warshall (BFW) algorithm, which divides matrix D
into blocks of size S to create a block matrix B of size M. The algorithm calculates these blocks
in a particular order to maintain data dependencies. All blocks are calculated using the same sub-
algorithm. BFW has O(n?) time complexity the same as FIW. However, the block-based calculation
introduces spatial locality and enables the algorithm to work with matrices that do not fit in the
CPU LLC.

In our previous works [9—-12], we have introduced multiple algorithms which extend and
significantly modify the BFW algorithm to use different sub-algorithms for every type of block,
to work with blocks of unequal sizes, to use information about graph’s clusters, and to calculate
blocks through bridge vertices. BFW and the algorithms introduced in our earlier works calculate
the same number of blocks of four types (M diagonal; M>~M vertical, M>~M horizontal, and
M (M — 1)? peripheral blocks). Because of such decomposition, the execution time is dominated
by the calculation of peripheral blocks, which in large graphs diminishes the impact of diagonal,
vertical and horizontal blocks. In our latest work [13], we introduced the Heterogenous Blocked
Shortest Path algorithm for Clustered Graphs (HBSPCG) (Fig. 1), which uses information about
clusters to calculate horizontal blocks through output vertices of cluster, the vertical blocks
through input vertices, and the peripheral blocks through the smallest number of input or output
vertices. This results in situations when HBSPCG might skip some blocks or significantly reduce
the number of operations to calculate them. For instance, when the cluster has only input or output
bridge vertices, peripheral blocks won’t be calculated.

HBSPCG changes how the computations are distributed between different types of blocks,
making the optimisation of the block calculation sub-algorithms extremely actual.

In this work, we introduce a new Reconfigurable Heterogeneous Blocked Shortest Path algo-
rithm for Clustered Graphs (RHBSPCG), which extends the HBSPCG with a new logic to dynami-
cally select the most effective sub-algorithms to calculate vertical and horizontal blocks depending
on the cluster information. We also propose new highly efficient sub-algorithms for calculating
the vertical and horizontal blocks.

Main part. The CICGE and C2CGE sub-algorithms. In [14] we proposed new sub-algo-
rithms C/CGE and C2CGE for the calculation of vertical and horizontal blocks (these sub-algo-
rithms work with the same input graph as the C/CG and C2CG sub-algorithms from HBSPCG).

CICGE and C2CGE use information about the clusters to avoid unnecessary calculations.
They do so by starting the most outer £ loop from the first bridge vertex (input for C/CGE and
output for C2CGE) and by checking in the loop body whether the vertex is a bridge.

As was proven in the original work [14], C/CGE and C2CGE reduce the number of itera-
tions and improve data locality. However, the final performance of sub-algorithms depends on the
configuration of the input graph:

1. When the first bridge index is in the beginning of the vertex list, then the sub-algorithms
would perform (cluster size) — (index of first bridge vertex) — (count of bridge vertexes) unneces-
sary iterations of the outermost loop k.
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2. When checking if a vertex is a bridge inside the innermost j loop — the check is on the hot
execution path and impacts branch prediction and vectorization.

algorithm HBSPCG(B, C)
for (m = ©@; m < SIZE(B); ++m)
DOCG(B[m,m])
for (i = 0; i < SIZE(B) & & i !=m; ++i)
C1CG(B[i,m], B[m,m], C[m])
C2CG(B[m,1], B[m,m], C[m])
for (i = 0; i < SIZE(B) && i != m; ++1i)
for (j = 0; j < SIZE(B) && j != m; ++j)
P3CG(B[i,j], B[i,m], B[m,j], C[m])

function DOCG(B1)

for (k = 1; k < SIZE(B1); ++k)
for (i = 0; i < k; ++1i)
for (j = 0; j < k; ++3)

B1[i,j] = MIN(B1[i,j], B1[i,k-1] + B1[k-1,3j])
B1[i,k] = MIN(B1[i,k], B1[i,j] + B1[j,k])
Bi[k,j] = MIN(B1[k,j], B1[k,i] + B1[i,j])

x = SIZE(B1)-1

for (i = 0; i < x; ++1)
for (3 = 0; j < x; ++3)
B1[i,j] = MIN(B1[i,j], B1[i,x] + B1[x,]]

function C1CG(B1, B2, CM)
for (i = ©; i < HEIGHT(B1); ++i)
for (k in INPUT(CM))
for (j = 0; j < WIDTH(B1); ++j)
B1[i,j] = MIN(B1[i,j], B1[i,k] + B2[k,j])

function C2CG(B1, B2, CM)

for (i = ©; i < HEIGHT(B1); ++i)
for (k in OUTPUT(CM))
for (j = @; j < WIDTH(B1); ++3j)

function P3CG (B1, B2, B3, CM)
for (i = ©; i < HEIGHT(B1); ++i)
for (k in MIN ARRAY(INPUT(CM), OUTPUT(CM))
for (j = @0; j < WIDTH(B1); ++3j)
B1[i,j] = MIN(B1[i,j], B2[i,k] + B3[k,j])

Fig. 1. Pseudocode of algorithm HBSPCG
and sub-algorithms DOCG, CICG, C2CG, and P3CG

In the original work, we pointed out that these unnecessary computations could be avoided
by grouping all bridges at the end of the vertex list. In this case, the sub-algorithms would perform
a certain number of iterations over the bridges and would eliminate all checks to see if a vertex is
a bridge. The pseudocode of the modifications of C/CGE and C2CGE that assume that the bridge
vertices are at the end of the list is shown in Fig. 2.

Weight-adjacency matrix representation of the graph. To accommodate the requirements of
CICGE and C2CGE sub-algorithms the vertices in every cluster of the matrix need to be reor-
dered. The sub-algorithms operate on a graph represented as a blocked weight-adjacency matrix
where diagonal blocks describe clusters (this configuration is achieved through a matrix transfor-
mation that groups the vertices of clusters together [12]).

All vertices in the cluster are divided into four categories: ordinary (Vo), input (¥v), output
(Vour), and input-output (Viv-our). Table 1 presents arrangements that provide the best conditions
for the new sub-algorithms (when the sub-algorithm performs the minimal number of iterations).

Clearly, if a cluster contains all three types of bridge vertices, the vertex permutation can be
performed to ensure the best conditions for one of the sub-algorithms. However, if the cluster has
(Vv and Vin-our, or Vour and Viv-our, or just Vin-our), then the vertex permutation can ensure best
conditions for both C/CGE and C2CGE sub-algorithms.
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function C1CGE(B1, B2, CM)

first = FIRST(INPUT(CM))
w = WIDTH(B1)
h = HEIGHT(B1)

for (k = first+l; k < w; ++k)
for (i = 0; i < h; ++i)
for (j = 0; j < k; ++3)
B1[i,j] = MIN(B1[i,j], B1[i,k-1] + B2[k-1,3])
B1[i,k] = MIN(B1[i,k], B1[i,j] + B2[j,k])
for (i = 0; i < h; ++1i)
for (j = J < wW-1; ++3)
B1[i,j] = MIN(B1[i,j], B1[i,w-1] + B2[w-1,3])

5
9;

function C2CGE(B1, B2, CM)
first = FIRST(OUTPUT(CM))
w WIDTH(B1)
h HEIGHT(B1)

for (k = first+1l; k < h; ++k)
for (i = 0; i < k; ++1i)

for (j = 8; j < w; ++J)
B1[i,j] = MIN(B1[i,j], B2[i,k-1] + B1[k-1,3])
B1[k,j] = MIN(B1[k,j], B2[k,i] + B1[i,]])

for (i = 0; i < h-1; ++1i)
for (j = 0; j < w; ++j)
Bl[i)j] = Mlﬂ(Bl[i,j], BZ[i,h-l] + Bl[h'l)j])

Fig. 2. Pseudocode of CICGE and C2CGE sub-algorithms. B1 is a vertical rectangular block
in C/CGE and is a horizontal block in C2CGE, B2 is a diagonal square block.
The FIRST function returns the first bridge in the array

Clusters in which vertices can be rearranged to provide the best conditions for both sub-algo-
rithms simultaneously are referred to as VHC (Vertical Horizontal Cluster).

Fig. 3 shows an example of the input graph and the corresponding blocked matrix after all
transformations.

0 010}

1]5]11[13[18[10]15

QG | i
QO | i

Ci

(VHC)

C
(VHC)

I

[0)

(not VHC)

Fig. 3. Illustration of graph G divided into three weakly-connected clusters C;, C; and C; (on the left)
and weight-adjacency matrix representation of the graph with the clusters aligned along
the matrix’s principal diagonal (on the right); vertices marked I are input bridges,

marked O are output bridges, and marked 10 are input-output bridges;

the vertices are ordered and moved to the end of the cluster’s vertex list

Improvement of sub-algorithms C1CGE and C2CGE. In their current form, the C/CGE and
C2CGE sub-algorithms offer more opportunities for improvements.
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Modification of C/CGE sub-algorithm:

1. Update the loop order from k-i-j to i-k-j.

2. Split the innermost loop j into two loops (from 0 to FIRST — hereinafter loop 4, and from
FIRST to k — hereinafter loop B).

3. Use transposed diagonal block B2T in loop B to compute the B[i, k] values.

4. Remove computation of BI[i, k] from loop A because it is required only for the input vertices.

Together, steps 3 and 4 avoid column access and unnecessary computation of the BI[i, k]
values. The CICGE sub-algorithm with above modifications is denoted C/CGEX.

Modification of C2CGE sub-algorithm:

1. Split the outermost loop k into two loop nests (the first nest — hereinafter nest C — where
outer loop 7 is from 0 to FIRST and the second nest — hereinafter nest D — where outer loop i is
from FIRST to k).

2. Update the order of loops from k-i-j to i-k-j in nest C.

3. Use transposed diagonal block B2T in nest D to compute B/[i, j] values.

4. Remove the computation of the B[k, j] values from the nest C because it is required only
for the output vertices.

Together, steps 3 and 4 avoid column access and unnecessary computation of B1[i, k] values.
The C2CGE sub-algorithm with above modifications is denoted C2CGEX.

Fig. 4 depicts the pseudocode of the C/CGEX and C2CGEX sub-algorithms.

function C1CGEX(B1, B2, B2T, CM)
first = FIRST(INPUT(CM))

w = WIDTH(B1)

h = HEIGHT(B1)

for (i = 0; i < h; ++1)
for (k = first+1l; k < w; ++k)
for (j = 0; j < first; ++j) // A
B1[i,j] = MIN(B1[i,j], B1[i,k-1] + B2[k-1,j])
for (j = first; j < k; ++j) // B
B1[i,j] = MIN(B1[i,j], B1[i,k-1] + B2[k-1,j])
B1[i,k] = MIN(B1[i,k], B1[i,j] + B2T[k,j])

for (i = 0; i < h; ++1i)
for (j = 0; j < w-1; ++3j)
B1[i,j] = MIN(B1[i,j], B1[i,w-1] + B2[w-1,3])

function C2CGEX(B1, B2, B2T, CM)
first = FIRST(OUTPUT(CM))

w = WIDTH(B1)

h = HEIGHT(B1)

for (1 = 0; i < first; ++i)
for (k = first+1l; k < h; ++k) // C
for (j = 0; j < w; ++j)
B1[i,j] = MIN(B1[i,j], B2[i,k-1] + B1[k-1,j])
for (k = first+l; k < h; ++k) // D
for (i = first; i < h; ++1i)
for (j = 0; j < w; ++3j)
Bl[i.vj] M(Bl[i.vj]: BzT[k-l,i] + Bl[k'l.vj])
B1[k,j] = MIN(B1[k,j], B2[k,i] + B1[i,j])

for (i = 0; i < h-1; ++i)
for (j = 0; j < w; ++j)
B1[i,j] = MIN(B1[i,j], B2[i,h-1] + Bi[h-1,3])
Fig. 4. Pseudocode of sub-algorithms C/CGEX
and C2CGEX. Bl is a vertical rectangular block in C/CGEX and is a horizontal block
in C2CGEX. B2 is a diagonal square block, and B27 is transposed B2 block

Reconfigurable Heterogeneous Blocked Shortest Paths algorithm for Clustered Graphs
(RHBSPCG). The main idea of the RHBSPCG algorithm lies in using the C/CGEX and C2CGEX
sub-algorithms to calculate vertical and horizontal blocks in the cases of best conditions presented
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in the Table 1. In the rest of the cases, the RHBSPCG algorithm yields to the C/CG and C2CG
sub-algorithms from the HBSPCG algorithm.

Table 1. Arrangement of vertices in a cluster that provide the best conditions for the CICGE
and C2CGE sub-algorithms. A — when the cluster has Viy, Vour and Vin.our vertices,
B — when the cluster has V;y and Vin.our or Vour and Vivour,
and C — when the cluster has Viv.ourvertices. The cells in bold indicate the arrangements
that are best conditions for both sub-algorithms. In all arrangements,
the Vo vertices are grouped at the start of the cluster

Sub-algorithm A B C
Vour = Vin = Vivoour Viv = Vinvour

CICGE Vin.
Vour = Vin.our — Viv Vin-our = Viv n-our

C2CGE Vivn = Vour = Vin-our Vour — Vinour Viv-our
Vin = Vin.our = Vour Vin-our = Vour

To implement the idea, the RHBSPCG algorithm extends (Fig. 5) the main loop of the HBSPCG
algorithm:

— It creates a transposed block BMT made from the B[m, m] block.

— If the current cluster is VHC, then horizontal and vertical blocks are calculated using
CICGEX and C2CGEX sub-algorithms.

— If the current cluster is not VHC and Viv> Vour then vertical and horizontal blocks are
calculated using C/CGEX and C2CG sub-algorithms.

— If the current cluster is not VHC and Viv< Vour then vertical and horizontal blocks are
calculated using C/CG and C2CGEX sub-algorithms respectively.

function RHBSPCG(B, C)
s = SIZE(B)

for (m = 0; m < s; ++m)
DOCG(B[m,m])
BMT = TRANSPOSE(B[m,m])
for (i =0; i < s & i !=m; ++1)
if ISVHS(C[m]) then
C1CGEX(B[i,m], B[m,m], BMT, C[m])
C2CGEX(B[m,i], B[m,m], BMT, C[m])
else
if INPUT(C[m]) > OUTPUT(C[m]) then
C1CGEX(B[i,m], B[m,m], BMT, C[m])
C€2cG(B[m,1i], B[m,m], C[m])
else
CicG(B[i,m], B[m,m], C[m])
C2CGEX(B[m,i], B[m,m], BMT, C[m])

for (1 =0; i< s & i !=m; ++1)
for (j =0; j < s & j != m; ++3)
P3CG(B[i,j], B[i,m], B[m,j])
Fig. 5. Pseudocode of RHBSPCG algorithm. B is the matrix of blocks.
C describes clusters. Function SIZE returns the matrix size, function ISVHC returns true
if the cluster is VHC, functions /INPUT and OUTPUT return lists of input
and output bridges respectively, function TRANSPOSE creates a transposed block

Experiments. The experiments were conducted on the rack server equipped with 2 Intel
Xeon E5-2620 v4 CPUs and 32 GB of RAM. The experimental algorithms were written in the
C++ programming language and compiled using GCC v14.2.0 compiler with O3 optimisation level.
The parallelization was done using OpenMP v4.5.

We performed two sets of experiments with HBSPCG and RHBSPCG algorithms.

First set of experiments. These experiments were conducted on three specially crafter random
graphs of 9600 vertices — XGI graph with all clusters having large number of Vour and small
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number of Vi, XG2 with all clusters having large number of /v and small number of Vourand XG3
graph with all clusters having large number of Vin-our (Table 2).

Table 2. Detailed information about clusters and bridge vertices of XG1,
XG?2 and XG3 experimental graphs

Graph XGl XG2 XG3
Cluster Vertex Count Viy Vour Viy Vour Viy Vour
0 1841 162 1266 1243 152 1226 1226
1 1871 164 1248 1246 164 1226 1226
2 2102 155 1245 1257 160 1226 1226
3 2084 165 1245 1249 167 1226 1226
4 1702 152 1244 1257 159 1226 1226

In these experiments, we measured the execution time of all sub-algorithms, and the total
execution time of the HBSPCG and RHBSPCG algorithms (Table 3).

Table 3. Results of the “first series” of experiments running RHBSPCG
and HBSPCG on three experimental graphs XG2, XG1, and XG3.
Time is in milliseconds. The diagonal block execution time includes
the cost of creating a BMT block transposed from a diagonal block

All time values XG2 XG1 XG3
are in milliseconds (ms) RHBSPCG | HBSPCG |RHBSPCG |HBSPCG| RHBSPCG |HBSPCG
Algorithm Total Time 37418 39378 34844 39278 118803 127096
Peripheral Block |Average Time 128 134 128 133 980 1014
Horizontal Block | Average Time 128 133 847 1024 835 1012
Vertical Block | Average Time 974 1026 128 133 927 1008
Diagonal Block |Average Time 1011 1089 1013 1087 1016 1093

On the XG1 graph, RHBSPCG outperformed HBSPCG by 12.73% because of the faster pro-
cessing of the horizontal blocks with the C2CGEX sub-algorithm, which outperformed C2CG
by 20.98%, and the faster processing of the diagonal, vertical and peripheral blocks (by 7.24%,
3.75% and 3.91% respectively).

On the XG2 graph, RHBSPCG outperformed HBSPCG by 5.24% because of the faster processing
of the vertical blocks with the C/ CGEX sub-algorithm, which outperformed C/CG by 5.36%, and
the faster processing of diagonal, horizontal and peripheral blocks (by 7.78%, 3.91% and 4.38%
respectively).

On the XG3 graph RHBSPCG outperformed HBSPCG by 6.98% because of the faster pro-
cessing of the horizontal and vertical blocks with he C/CGEX and C2CGEX sub-algorithms which
outperformed C/CG and C2CG by 8.69% and 21.25%, and because of the faster processing of
diagonal and peripheral blocks (by 7.60% and 3.51% respectively).

The reason why on the XG3 graph the RHBSPCG demonstrated smaller speedup compared
to XG1 (6.98% on XG3 compared to 12.73% on XG1) is because of the clusters configuration —
in XG3 all clusters have only Viv.our vertices, which means, all peripheral blocks were calculated
from the Vinv-our vertices (contrary to XGI where all peripheral blocks were recaluclated through
smallest vertical or horizontal vertices), which lead to a longer total execution time and therefore
to a smaller speedup.

The speedup in the calculation of the diagonal, vertical, horizontal (when calculated by
CICG and C2CG sub-algorithms), and peripheral blocks in the RHBSPCG algorithm is caused by
the matrix transformation which aligned all bridge vertices at the end of the clusters. This alignment
enables better spatial locality and therefore better utilization of CPU caches.
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Second set of experiments. These experiments were conducted on four random graphs of
9600 vertices where each graph has a different number of clusters, from five to twenty. All graphs
have Vin, Vour and Viv-our bridge vertices in random proportions for every cluster (Table 4).

Table 4. Clusters and bridge vertices of 9600-10, 9600-15 and 9600-20 experimental graphs

Graph Cluster Count VBRrIDGE Vin Vour Vin-our
9600-5 5 5940 3038 4071 1169
9600-10 10 5772 3381 3193 802
9600-15 15 5984 3819 3151 986
9600-20 20 5340 2137 3618 415

In these experiments, we measured total execution time of HBSPCG and RHBSPCG algo-

rithms in single-threaded and multi-threaded variants (Table 5). In the single-threaded variant the
RHBSPCG outperformed HBSPCG by 17.05% on 9600-5, by 23.45% on 9600-10, by 29.37%
on 9600-15 and by 29.62% on 9600-20. In the multi-threaded variant, the RHBSPCG outperformed
HBSPCG by 14.72%, 5.40%, 6.93% and 5.03% respectively.

Table 5. Results of the “second series” of experiments of running RHBSPCG
and HBSPCG algorithms in single-threaded and multi-threaded variants
on three experimental graphs 9600-5, 9600-10, 9600-15 and 9600-20. Time is in milliseconds

Graph HBSPCG RHBSPCG (gf;iﬁl\c/{g) I(Q(I;iiiﬁlg
9600-5 58702 50152 22586 19688
9600-10 59224 47975 6045 5735
9600-15 70762 54700 4612 4313
9600-20 44686 34475 3208 3055

In all experiments. RHBSPCG outperformed HBSPCG from 17.05% to 29.62% in single
threaded variant and from 14.72% to 5.03% in multi-threaded variant.

On average, the achieved speedup was 27.48% for the single-threaded implementations and
5.79% for the multi-threaded implementations.

Conclusion. We introduced new versions C/CGEX and C2CGEX of sub-algorithms for the
fast computation of horizontal and vertical blocks of the shortest path distance matrix when solving
the all-pairs shortest paths problem. We proposed a new reconfigurable blocked RHBSPCG algo-
rithm for solving the problem. The algorithm uses the newly introduced C/CGEX and C2CGEX
sub-algorithms together with the input matrix transformation (which aligns bridge vertices at the
end of the cluster vertex list) and uses the dynamic selection of the sub-algorithms for calculation
of vertical and horizontal blocks based on the cluster reconfiguration. These advancements allowed
the RHBSPCG algorithm to demonstrate an average speed up of 27.48% over the HBSPCG algorithm
in a single-threaded variant, and an average speed up of 5.79% for the same experimental graphs
in multi-threaded variant.
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