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benopycckuit rocy1apCTBEHHBIN TEXHOJIOTUYECKUN YHUBEPCUTET

MOJIAJIBHASI YIIPABJISEMOCTH OJJHOM JIBYMEPHOI CUCTEMBI
3AITA3JIBIBAIOIIEI'O THUIIA C IIATBIO
COUBMEPUMBIMMH 3AITIA3ABIBAHUAMU

B my6nukammm paccMOTpEHO peleHue 3a1aqi MOJATbHOTO YIIPABICHNUS TSl AByMEPHOH CTallHOHAPHOU
JUHAMHYECKOM CHCTEMBI C 3alla3IbIBAIOIUM apTyMEHTOM C OJHUM BXOJOM H IIATBIO COM3MEPHUMBIMH 3a-
Ma3/IbIBAHUSIMH B OJJHOM BBIJICIICHHOM citydae. [laHo onpezelieHre 3a4a4d MOJAIbHOIO YIIPaBICHUS IS
HCCIIEIyeMOH CHCTEMBI. 3ajjadya MOJAIBHOTO YIIPABJICHUS SABJSAETCA OJHOM M3 OCHOBHBIX 3a/lad TEOPHUHU
yrpasieHus. OHa 3aKJII04aeTcs B IIPUBEICHUN KO3((HUIMEHTOB XapaKTePUCTUIECKOTO KBA3UIIOIMHOMA 3a-
MKHYTOH CUCTEMBI K 3aJJaHHOMY BUAY, YTO TIO3BOJISIET, HAIIPUMED, CTaOMIIN3UPOBATh CUCTEMY. 3aadya Mo-
JAIBHOTO YIIPABJICHUS XOPOLIO U3yUueHa Ui cucTeM Oe3 3ama3apiBaHus. 1 cucteM ¢ 3ama3ablBatoLInM
apryMEHTOM U CUCTEM HEUTPAILHOIO TUIIA PELICHHUE 331a4d MOAAJIBLHOIO YIPABICHUS 3HAYUTEIILHO CIOXK-
Hee. B craThe mpUBENEHO pelleHre TOCTaBIEHHOM 3aJaull IPU ONPEAETIEHHBIX YCIOBUAX Ha 3HAYEHUS Mapa-
METPOB UCCIIEAYEMOM CUCTEMBI C 3ama3ablBaHueM. TakKe MoIy4eHb! PEryJIiTOphI 10 THILy OOpaTHOM CBSI3H,
pelarolye 3aa4qy MoJIalbHOT0 YIPABISHUS AJIS pacCMAaTPUBAEMOM CUCTEMBI. DTH PETyIATOPhI HallIeHbI
B YaCTOTHOM 00JIaCTH KaK dJieMeHTapHbIe (PyHKIMN KO3 PHUIIMEHTOB HCXOJHON cUCTeMBI. TakxKe MPUBEICHBI
MIpaBUJIa, COTJIACHO KOTOPBIM TOJYYEHHBIE PEryJsSTOpPhI MEPEBOISITCS U3 YAaCTOTHOM 00NacTh B PEryNsSTOPHI
10 TUITy 0OpaTHOU CBS3U JJIS UCCIIEAYEeMON CUCTEMBL. J|aH MILTIOCTPATHUBHBIN MPUMEpP PELICHHS 331a4l MO-
JTAITBHOTO YIIPABJIEHHS ISl pacCMaTpUBAEMON CUCTEMBI. I IpUBEIeH CIMCOK TUTEpaTyphl, B KOTOPOH 3aa4a
MOJAJIBHOTO YIIPABJIEHUS PEIIASTCs I APYTUX CUCTEM C 3ala3JblBAHUEM U CUCTEM HEUTPAIBHOIO THUIIA.

KnioueBbie ciioBa: 3ama3ipIBaloOlIMe CUCTEMBI, MOAAIBHOE YIPAaBJIECHHE, PEryJSTOphL, oOpaTHas
CBSI3b, 3AM1a3bIBAHNE, COU3MEPUMBIE 3aa3/bIBaHMs.

s nutupoBanns: Slkumenko A. A. MonanbHas ynpaBisieMOCTh OJHON IBYMEPHOM cUCTEMBI 3a-
Ma3IBIBAIOIIETO THTIA C TIATHI0 COM3MEpUMBIMU 3ama3asiBanmsiMu // Tpyasr BI'TY. Cep. 3, ®usuko-mare-
MaTHYecKre Hayku U uHpopmartuka. 2026. Ne 1 (302). C. 5-14.

DOI: 10.52065/2520-6141-2026-302-1.

A. A. Yakimenka
Belarusian State Technological University

MODAL CONTROLLABILITY OF ONE TWO-DIMENSIONAL
DELAYED SYSTEM WITH FIVE COMMENSURATE DELAYS

The publication considers the solution of the modal control problem for a two-dimensional stationary
dynamic system with a retarded argument with one input and five commensurate delays in one selected
case. The definition of the modal control problem for the system under study is given. The modal control
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6 MoaaabHas YNpaBAAEMOCTb OAHOWM ABYMepHOVI CUCTEMbI 3aMna3AbiBalowWero Tmna

problem is one of the main problems of control theory. It consists in reducing the coefficients of the
characteristic quasi-polynomial of a closed system to a given form, which allows, for example, to stabilize
the system. The modal control problem has been well studied for systems without delay. For systems
with a retarded argument and neutral type systems, the solution of the modal control problem is much
more complicated. In the article, a solution to the problem is obtained under certain conditions on the
values of the parameters of the system with delay. Feedback-type controllers are also obtained that solve
the modal control problem for the system under study. These controllers are found in the frequency
domain as elementary functions of the coefficients of the original system. The rules according to which
the obtained regulators are transferred from the frequency domain to the feedback type regulators
for the system under study are also given. An illustrative example of solving the modal control problem
for the system under study is considered. A list of literature is given in which the modal control
problem is solved for other systems with delay and neutral type systems.

Keywords: delayed systems, modal control, regulators, feedback control, delay, commensurate
delays.

For citation: Yakimenka A. A. Modal controllability of one two-dimensional delayed system with
five commensurate delays. Proceedings of BSTU, issue 3, Physics and Mathematics. Informatics, 2026,
no. 1 (302), pp. 5-14 (In Russian).

DOI: 10.52065/2520-6141-2026-302-1.

BBenenme. 3a1aua MOJaIbHOTO YIPABJIEHUS SBJISIETCS OAHOM M3 OCHOBHBIX 3ajad TEO-
pun ynpasineHus. Takas 3aa4a JOCTATOYHO XOPOLIO M3y4yeHa Ui CUCTEM Oe3 3ara3/bIBaHusl.
Jlns cucteM ¢ 3ana3qbpIBalOIIMM apryMEHTOM U CHUCTEM HeWTpanbHoro tuma [1-8] pemenne 3a-
JJa4l MOJAJIBHOTO YIPABJIEHUs 3HAUUTEIBHO CI0KHEe. ITO 00YCIOBIEHO TEM, YTO IPOCTPaH-
CTBO COCTOSIHMM TaKUX CUCTEM Kak MpaBuiIo OecCKOHeYHOMEpHO. B nanHoO# paboTe pemaercs
3a/la4a MOJAJIBHOIO YIIPABJICHMS I IBYMEPHOW CTAllMOHAPHOW IMHAMHUYECKOW CHCTEMBI C
OJHMM BXOJIOM M IISITHIO COM3MEPHMBIMU 3alla3AbIBAHUSAMHU B OJTHOM CIIELIMAIBHOM cirydae. [o-
Jy4YeHbl PEryJSTOPHl IO MPUHIUIY OOpPAaTHOM CBS3M, PELIAIOLINE 33a1ady MOJAJILHOTO yIpaBJe-
Husl. Takue perynsaTopsl B YaCTOTHOM 00JIACTH SBISIOTCS 3JIEMEHTAPHBIMH (DYHKIHSIMH KO3 (-
(GULMEHTOB paccMaTpUBAeMOIl cCUCTEMbl. B cTarhe maH WILTIOCTPATUBHBIN MPUMEp PELICHUS
TaKOM 3a7a4H.

OcHoBHast YacTh. PaccCMOTpUM JIMHEHHYIO CTAMOHAPHYIO CUCTEMY C 3alla3/bIBAIOIINM ap-
TYMEHTOM C OJTHUM BXOJOM U IISITBIO COM3MEPUMBIMH 3a11a3bIBAHUSAMMU:

%(t) = io Ax(t— jh) + bu(e), 0

rae 4;, j= 0, 1, 2, 3, 4, 5 — nocrosiHHbIC (2X2)-MaTpuiisl;, 4> (0— MOCTOSHHOE 3ara3/IbIBaHuUE;

b — TOCTOSIHHBIN 2-BEKTOD; 1 — CKAJIApHOE yrpasieHue. He orpannanBast 0OIIHOCTH, MOYKHO CUH-
’

TaTh, uto b’ = (0 1) (IuTpHx (-) O3HAYACT TPAHCIIOHHUPOBAHKE).

XapaKTepuCcTUYEeCKOE ypaBHEHHE PAa30OMKHYTOW (C HYJIEBBIM YIpaBiieHHEeM) cucTeMsbl (1)
UMEET BUJL

5 o
det [MZ - ZAie_’M'} =\ + (0(10 +oye M+ o,e M+ ase ! + oy e 4o )7» +
i=0
+ 0Ly + Oy ™ + 0Ly M + 0ty M + e+ e M o e M +

~6Mh ~6Mh ~Thh ~8Mh _
+0lge T F0ge T F0ee T oyee T =0, (2)

rae A e C, e/ — oneparop cusura (e /M x(¢) = x (¢ — jh)).
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A. A. AknuMeHKo 7

[Tpucoenuanm k cucreme (1) perymnstop Buma

u(z)

M 0
Zq;x(t—jh)+ j g (s)x(t+s)ds, (3)
Jj=0 lh

rne [, M e N, qg;,j=0,1, ..., M — 2-Bextopsl; g(s), s € [~h, 0] — HenmpepbIBHAS 2-BEKTOP-
GyHKIHS.
B yactoTHoii o6macTu perynstop (3) umeeT BUA

U(R)=3 e ™ +G(h), @
=0

3nech G(A) — nenast pyHKIMs, ONPEAEIISIoNas HHTErPaabHy 0 YacTh (3).
Onpeoenenue. Cucrema (1) MoganpHO ympaBisieMa peryssiTopoM Buza (3), eciy 11sl Harie-

pen 3amanHbiX uncen O, i =0, j=0,10; i=1, j=0,5 Haiigercs Takoi peryyisarop, Npu KOTO-

ij°
POM XapaKTEpUCTUYECKOE YpaBHEHUE 3aMKHYTOM cuctemsl (1), (3) Oyzaer umeth BUA (CpaBHUTE
¢ dhopmyoii (2))

5 .
det {k]z > Ae™ —bU(K)} =\ + (6(10 + 0y e M e M 4 et 4 e+ 6y ge )k +
i=0

+ &'00 + (’2016—7»/1 + doze—zxﬁ + d03e—37xh + (104@_47\}! + dose—47\,h + aoée—Skh +
~ M & M~ AR & 8hh _
+ 0ly,€ + Qg€ + Qo€ + Q€ =0.
[Tyctb
5 .
.
My =2 0m'; (5)
i=0
10 ‘
~ l
My =2 G’ (6)
i=0
rae 0,,i=0, j=0,10; i=1, j=0,5 — npoussosbHble uncia. Toraa cuctema (1), 3aMKHyTas

PEryjsiTopoM, pCllarolinuM 3aa4y MOAAJIbHOTO YIIPABJICHUA, UMCCT CICAYIOMICC XapaKTCPHUCTU-
94eCKOe ypaBHEHHE!

A +uA+u, =0. (7)

Ah

5 )
OGosuaunm m =e¢ ' — oneparop capura (mx(t)=x(t—h)), A(m)=> Am'. He orpann-
=0

=

YHuBas O6H_[HOCTI/I, MOX>XHO CYHUTAaTh, YTO MaTpHlia A(m) UMECT BU/J

Sam' > bm'+m’
=1 i=0 i=0

ay, (m) ay, (m)

A(m)

9
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8 MoaaabHas YNpaBAAEMOCTb OAHOWM ABYMepHOVI CUCTEMbI 3aMna3AbiBalowWero Tmna

rae
5 l_ 5 i
azl(m)ZZazum ) (m)=2azzim . (8)
i=0 i=0

B nanHoii paboTe paccMOTpuM ciyuait

a=a,=ay=a,=as;=0. 9)

Torma matpuia A(m) MIPUMET BUJT

4
bm' +m’
Am) = a, i;) m' +m

23 (m) ay (m)
Peryssrop, pemaronuii 3a1a4y MoJAaabHOIO YIIPaBJIE€HHs, IPEACTABUM B BHJIE

U(Ah,m)= [ul(k, m) u, (A, m)} :[nll(m)—aZI(m) n, (A, m)—azz(m)], (10)

rac nll (m) — IIOJIMHOM OTHOCHUTCJIIBHO m.

Kowmnonenry M, (A, m) perynsropa (10) pasnenum Ha nuddepeHuranbHO-pasHOCTHYIO (eii

COOTBETCTBYET HEKOTOPBIN KBA3UITOJIMHOM) U HHTETPAILHYIO YaCTH:

N, (A, m) =ny; (m)+1,, (A, m), (11)
rae My, (m) — nonuHOM OTHOCHTENBHO M; My, (A, M) cOOTBETCTBYET MHTErpaNLHOMN YacTH. By-
JIEM HCKATh 3Ty (BYHKIIHIO B CIIEIYIOIIEM BHJIC:

m—k
Ny (A, m) = (cl +cym+ csm® + cym? +c5m4) ,
—a
0

—agh
rae k=e “"; ¢, ¢,, ¢3, ¢4, C; — HEKOTOPBIC YHCIIA, TIOUICKAIHE ONPEACICHHIO. XapaKTePHCTH-

YecKoe ypaBHEHHE 3aMKHYTOM perynsitopoMm (10) cuctemst (1) mpumet Bujg

A

My Mo +(c +eom+cym® +cm’ +cgm’)
—d
0

5 4 3 3 4 2 2 3
Ny m =Ny by =My bym” +km’c, +m’cy —nm by + km c; —m’cy —

UT0oOBI MOIYYUTH JUIsl 3aMKHYTOM CUCTEMBI XapaKTepucThuueckoe ypaBHeHue (7), BeIOepemM
B KaYeCTBE 1|,; CICAYIOUINI KBa3UIIOINHOM:

Tpyabl BITY Cepua 3 Nel 2026



A. A. AknuMeHKo 9

Ny =—ay — Ly,

31ech W, onpeneneH B popmyie (5).
Tornma xapakTepuCTHYECKOE YpaBHEHHE 3aMKHYTON CUCTEMBI IIPUMET BU]I

A + WA+ cshm® —cam® —mym® —n by + km’c, —m’c, —n, m°b, + km’c; —

3 2 2

UtoO0kI mocneaHee ypaBHeHHE UMeIo BUJ (7), HYy’KHO BBIMIOJTHEHNE PAaBEHCTBA

4 5 5 3 3 4
cskm™ —csm” =y m” —n,mby + km’c, —m’c,

2

2 2 3 2

Bripasus orcroga 1, MOJIy4um

4 5 3 4 2 3
_cskm” —csm® +kmcy —m’c, + km“cy; —mcy

N =

by +bm+b,m* +bym® +b,m* +m’
kme, —m*c, — ag — agl, + ke, —me, — 1,

by +bm+b,m”* +bym® +b,m* +m’

o T 2 3 4

(12)

[Tocnenusist ApoOB B 00IIEM cTydae He SBISIETCS TIOJTMHOMOM OTHOCUTENBHO m. [logdepem
¢y, Cy, C3,C4 U Cs TAK, YTOOBI IpaBast 4acTh GopMyisl (12) crana nonnHOMOM. {7151 3TOrO BHAa-

Yasie BbIICINM LIeTyto 4yacTh B (12).

cskm® + csm®b, + csm’by + km’c, —m*c, + c;m®b,

by +bm+bym* + by’ +bym* +m’

My =—¢+

kmPcy —micy + csmby + kmey, —mc,  —ag —agW, + csby + ke, —me; — L,
by +bm+bym* +bm’ +bym* +m® by +bm+bym® +bym® +bym* +m’

[TorpeOyem, 4TOOBI YUCAUTEND MTOCTEHEH Tpodu ObLT ObI paBeH HyI0. MeeM

cskm® +csm®b, + cgm’b, + kmc, —m*c, + csm®b, + km*c, —m’c; + csmb, + kmc, —m*c, —
— ag — agl\, +csby + ke, — me, — W, = by’ + e km’ + by’ + cskm® — ey’ + beym +
+ cykm —cym” — ag —Way +bycy + ek —em—(, = (csk +csby —cy )m* +(csby +hey —c3 )’ +

+ (eshy +key —cy ym? +(cshy + key — ¢, )m— —ag — agll, + csby + ke, — 1,
Otcrozia BUJIHO, YTO B KAYECTBE €, MOYKHO B3SATH

¢, =b,cs +csk, (13)

B KQUeCTBE C; BO3BMEM
¢y =byes + ¢4k, (14)

Tpyabl BITY Cepusi3 Nel 2026



10 MoaaabHas YNpaBAAEMOCTb OAHOWM ABYMepHOVI CUCTEMbI 3aMna3AbiBalowWero Tmna

B Ka4ecTBE C, —
¢, =bycs + ik, (15)
a B Ka4ecTBe ¢ —
¢ =bcs +cyk. (16)
Tornaa ¢ yuetom cootHomenuit (13), (14), (15), (16)

cskm® +cgm’*b, + cn’by + ke, —m’c, + cn®hy + km*c; —m’c; +

+ cgmb, + kmc, —m’c, — ai — ag, + cshy + ke, —me, — W, =

(By + Bk + byk™ + by’ +bk* + k) es — ag — aght, — i1, = 0.
Orcrona

_ ag"‘“olh"‘“z
- 2 3 4 5° (17)
by +bk +bk” +bk” +b,k™ +k

Cs

HerpyzaHo yBUIETB, UTO [UIS TOTO, YTOOBI ¢5 U3 GOpMyJsl (17) OBIIIO IONMHOMOM OTHOCH-

TCJIBHO m, HeO6XOI[I/IMO N JO0CTATOYHO BBIIIOJIHCHUS YCIIOBUSA
2 3 4 5
by +bk+bk” +bk” +bk™ + k> #0. (18)

C Y4€TOM TOT'O, YTO

m—k

5

Ny (A, m) = (c1 +cym+cym® +cm’ + csm4)

u npuHuMas Bo BHUMaHue (13), (14), (15), (16), (17) mocne HeCT0XKHBIX TTpeoOpa3oBaHU
MOJIy4YUM

(ag Tay + P«z)

by + bk +b,k* + bk + bkt +

Ny (A, m) = X (K (m+b,) I +(m? +bym+by )k +

m—k
+(m3+b4m2+b3m+b2)k+m4+b4m3+ b3m2+b2m+b1)><( )
Taxum oOpaszom, ¢ yaeroM (10) perynsaropsl B 4acTOTHOI 001aCTH
2
ay +agl, +
u (A, m)=- 0 ¥ Gty T Hy ay (m); (19)

by + bk +b,k* + bk + bkt + &

Tpyabl BITY Cepua 3 Nel 2026
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(ag 4 +H2)
+ 2 3 4 SX
by +bk+bk”+bk” +bk" +k

x(k“ +(m+by)k> +(m2 +b4m+b3)k2 +(m3 +b,m* +b3m+b2)k+

uy (A, m) ==ay =y = ay (m)

—k
+m* + by’ + bym’ +bym+ b)) Lm=k) (20)

pelaoT 3a/1a4y MOJIaJIbHOTO yIpaBieHus Ajs cucteMsl (1) npu BeimonHenuu ycnosus (18).

OTcrona BUJIHA CIIPABEIJIMBOCTD CIEIYIOIICH TEOPEMBL.

Teopema. JInsa toro utodOnl cuctema (1) ObuTa MOTANIBHO yIpaBisieMa PEryIsTOPOM
Bujaa (3) B ciaydae (9), He0OOXOUMO M JOCTATOYHO BhIOHEHHs ycioBus (18). [Ipu aTom pe-
TYJISITOPBI, pelIaloline 3aayy MOJaJIbHOTO YIPaBICHHS, B YaCTOTHON 00JaCTH UMEIOT BUJ
(19), (20).

[Tpu mepexojie OT PeryJIATOPOB B YACTOTHOM 00JIACTH K peryssitopaM Buaa (3) HyKHO clie-
JIOBATh CIEAYIOLIHUM IIPaBUIIaM.

1. CnaraeMbIM Buga m'x ; COOTBETCTBYET

x;(t—ih).
2. CraraeMbIM BUJIA |1,X; COOTBETCTBYET
0yoX; (¢)+ 0y, X (t—h)+ 0ppX; (t—2h) +0U3X; (t—3h).
3. CiiaraembIM BUJIA W,X; OTBEYACT

OlooX (2) + 0 X; (t—h) + 00X, (t—2h)+ Olo3X; (t—3h)+

+ Oy yX; (£ —4h) + Oysx; (£ —5h) +Oyex; (£ —6h).

4. CnaraemMbIM BUJla ——X; COOTBETCTBYET

g

0
f H(t+s)H (h +s)e_(h+s)§xj (t+s)ds,
S

rne H (t) — ¢pyHkus XeBucaiia.

!
CnaraeMbIM BuUga m -

X, OTBCYHACT

A_E
—Ih

[ H(t+s)H((1+1)h+s)e T (145 ds,
—(1+1)h
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Ilpumep. Paccmotpum cuctemy (1) ¢ MmaTpunamu

2 4 0 1 0 2
/40: ’ ’41: B /42: B
ar19 Ao dr11 Ay Ar1p Gy

0 3 0 5 0 1 0
’43 = > ’44 = 5 '45 = , b= )
i3 dyps g Gppy dy15  Ays 1

Torma marpuna A(m) HAMEET BUJI

A( ) 2 A+m+2m* +3m> +5m* +m’°
m)= s
azl(m) azz(m)

rae
> i
ay; (m) = Zaznm ;
i=0
15 l
ay (m) = Za22im .
i=0

h —
“h = 72" ¢ R, TIpoepum BbinonHenue ycnosus (18):

O6o03HaunM k =e
by + bk +byk” + bk + bkt + k> = 4+ + 267 4378 4571 1 e > 0,

Ycnosue (18) Bemmonueno. Toraa perynarops (19), (20) npumyT Bua

4420 1, : i,
“ (k’ m) T 4+ e 2 4207 43078 4 57100 4 o320 - ;)az]im ’
2 ' (4+2u; +4,)
Uy (A, m)=-2—-p,— ) aym + X
2( ) Hi ,;) 2 A+e2" 427 43078 4 57100 4 o320

x(e‘16h +m+5m +3m® +2m + 1+ k(m3 +5m? +3m+2)+
(m=e™")

+ I (m® +5m+3)+ 1\73(m+5))><v

HerpyaHno npoBeputh, uto cuctema (1), 3aMKHYTast 3TUM PETyJIATOPOM, UMEET XapaKTepu-
CTHYECKOE ypaBHEHUE BUAA

A +pd+p, =0,

rae W, W, ompeneneHsl B popmynax (5), (6).

3akauyeHne. B craThe mosydeH criocod HAX0XKACHUS PETYJISITOPOB MO MPUHITUITY 00-
pPaTHOM CBSI3M, PEUIAIONIUX 3a]auyy MOJAIbHOTO YIPABICHUS JJIsI ABYMEPHOW CHUCTEMBI 3a-
Ma3/bIBAIOLIETO THIIA C TATHI0 COM3MEPUMBIMHU 3aIa3/IbIBAHUSIMU M OJJHUM BXOJIOM B ciydae (9).
VYka3aHbl JOMOJHUTENbHBIE YCIOBUS CYIIECTBOBAHMS TAKUX PETYISTOPOB. Takke MPUBEACH WUII-
JIFOCTPATUBHBINA MPUMED.
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